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Abstract

Let Π be a projective plane of order n and ΓΠ be its Levi graph (the point-line
incidence graph). For fixed k ≥ 3, let c2k(ΓΠ) denote the number of 2k-cycles in
ΓΠ. In this paper we show that

c2k(ΓΠ) =
1

2k
n2k + O(n2k−2), n→∞.

We also state a conjecture regarding the third and fourth largest terms in the
asymptotic of the number of 2k-cycles in ΓΠ. This result was also obtained inde-
pendently by Voropaev [26] in 2012.

Let ex(v, C2k, Codd ∪{C4}) denote the greatest number of 2k-cycles amongst all
bipartite graphs of order v and girth at least 6. As a corollary of the result above,
we obtain

ex(v, C2k, Codd ∪ {C4}) =

(
1

2k+1k
− o(1)

)
vk, v →∞.

1 Introduction

Over the years, many questions have surfaced regarding counting the number of certain
substructures within a projective plane. In this paper we contribute to an open question
in the area. We omit the standard definitions related to finite geometries and graph
theory. For all undefined notions in finite geometries we refer the reader to Casse [7], and
to Bollobas [5] for all graph theoretic notions. We will also need the following definitions
and notation.

Let Π denote a projective plane of order n. Then N = n2+n+1 represents the number
of points and the number of lines in Π. If A and B are points of Π, we write AB for the
line containing them. We write Sk for the group of all permutations of {1, 2, . . . , k}, the
symmetric group.

The point-line incidence graph ΓΠ of Π, also known as the Levi graph of Π, is the
bipartite graph with the set of points of Π to be one vertex part and the set of lines of
Π to be the other vertex part. A point P is adjacent to a line ` in ΓΠ if P lies on ` in Π.
We write P ∼ ` to denote adjacency of a point and line in ΓΠ.

Let H be a graph and F be a family of (forbidden) graphs. Let ex(n,H,F) denote
the maximum number of copies of H in an n-vertex graph containing no graphs in F
as a subgraph. When H = K2 (just an edge), then a simplified notation is used for
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ex(n,K2,F), namely ex(n,F), and it is often called the Turán number of F . Clearly,
ex(n,F) denotes the largest number of edges an n-vertex graph can have without contain-
ing any subgraphs from F . Any n-vertex graph with ex(n,F) edges is called an extremal
graph for F . The problem of determining ex(n,F) is usually referred to as a Turán
type problem. For the extensive literature related to Turán type problems, see Bollobas
[6], Füredi [11], Füredi and Simonovits [12], Verstraëte [19], Mubayi and Verstraëte [24],
Lazebnik, Sun, and Wang [23].

Let Ck denote a cycle of length k, Ck = {C3, C4, . . . , Ck}, and Codd = {C3, C5, C7, . . . }
the set of all odd cycles. Some early attention that ex(n,H,F) received was from Erdös [9]
who stated a conjecture regarding the extremal graph of ex(n,C5, {C3}). This conjecture
was resolved by Hatami, Hladkýi, Král, Norine, and Razborov [18] and independently
by Grzesik [16], building on the work of Györi [17]. The more recent wave of interest in
ex(n,H,F) was initiated by Alon and Shikelman [2]. There have been several new results
regarding the growth rate of ex(n,H,F) where F = C2m or F = {C2m}, with resolution
up to the leading term in certain cases. We refer the reader to the papers [13], [14], and
[25] for the most up to date reading regarding ex(n,H, C2m) and ex(n,H, {C2m}).

Note that (Codd ∪ {C4})-free graphs are bipartite graphs of girth at least 6. Given
that the Levi graph of a projective plane is bipartite and has girth 6, it serves as a good
candidate for obtaining lower bounds on ex(n,H,F). In this paper, we will be counting
the number of cycles of length 2k in the Levi graph, and consequently we obtain lower
bounds on ex(v, C2k, Codd ∪ {C4}). We denote the number of cycles of length 2k in a
graph G by c2k(G).

As a simpler problem, one can count the number of closed walks of length 2k in the
Levi graph of a projective plane Π of order n. One can easily show that this number
depends only on k and n, and not on the actual plane. Let Π be a projective plane of
order n and ΓΠ its Levi graph. Let A be the adjacency matrix of ΓΠ. As A is a real
symmetric matrix, then all of its eigenvalues are real. Let λ1 ≥ λ2 · · · ≥ λ2N be the
eigenvalues of A. By considering eigenvalues of A2, it can be deduced that λ1 = n + 1
and λ2N = −(n + 1), each with multiplicity one, and all other eigenvalues are equal to
±
√
n each with multiplicity N − 1. It follows, see [4], that the number of closed walks of

length 2k in ΓΠ is given by

Trace(A2k) =
2N∑
i=1

λ2k
i = 2(n+ 1)2k + 2(N − 1)nk

and so the number of closed walks of length 2k in ΓΠ depends only on n and k, and so
it is the same for all projective planes of order n.

This may lead one to ask, what other structures appear in a finite projective plane Π
and does the number of these structures depend only the order of the plane? In general
the answer is no, as can be observed in the case of Desargues and Pappus configurations.
Another interesting example concerns the number of k-arcs. Define a k-arc in a projective
plane Π to be a set of k points of Π, no three of which are collinear. For k ≤ 6, Glynn
[15] showed that the number of k-arcs in a plane of order n does not depend on the
plane. Furthermore, in [15], Glynn computes an expression for the number of 7-arcs
in any finite projective plane, and using this expression deduces that there do not exist
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projective planes of order 6, as evaluating the formula at 6 yields a negative value. Glynn’s
work counting k-arcs was recently extended by Kaplan, Kimport, Lawrence, Peilen and
Weinreich [20] who determined an expression for the number of 9-arcs in an arbitrary
projective plane. It is worth mentioning that for k = 7, 8, 9, the formula for the number
of k-arcs depends on more than just k and the order of the plane.

In [21] Lazebnik, Mellinger, and Vega demonstrate that it is possible to embed a
2k-cycle of every possible size into the Levi graph of any finite affine or projective plane.
This was further extended by Aceves, Heywood, Klahr, and Vega [1] who showed that
one can embed a 2k-cycle of every possible size into the Levi graph of the projective space
PG(d, q). Moreover, in a different paper Lazebnik, Mellinger, and Vega [22] motivated
the study of counting 2k-cycles in the Levi graph with the following two questions. For
fixed k ≥ 3:

1. Which C4-free bipartite graphs with partitions of size N contain the greatest num-
ber of 2k-cycles?

2. Do the Levi graphs of all affine or projective planes of order n contain the same
number of 2k-cycles?

Fiorini and Lazebnik [10] show that the Levi graph of a projective plane has the largest
number of C6’s among all C4-free bipartite graphs with size parts. This work was extended
by De Winter, Lazebnik, and Verstraëte [8] who show that the same holds when k = 4
and n ≥ 157. In [22], progress towards question 2 is made as the exact value of c2k(ΓΠ)
is determined for k = 3, 4, 5, 6, showing that in these cases, c2k(ΓΠ) depends only on the
order of Π. This work was further extended by Voropaev [26], again demonstrating that
c2k(ΓΠ) depends only on the order of Π up to k = 10. Determining explicit formulas for
larger k may very well have interesting consequences just like in the example of formula
for the number of 7-arcs in a projective plane.

In this paper, we make some progress towards resolving question 2 as we determine the
first and second leading terms in the asymptotic of the number of k-gons in an arbitrary
projective plane. The magnitude of the leading term for the number of k-gons is shown
to be the same as that of the number of closed walks of length 2k in the Levi graph of a
finite projective plane, but with a different leading coefficient.

Here we list our main results.

Theorem 1. Let Π be a projective plane of order n and ΓΠ be its Levi graph. Then for
fixed k ≥ 4,

c2k(ΓΠ) =
1

2k
n2k +O(n2k−2), n→∞

Theorem 2. Let k ≥ 4, then

ex(v, C2k, Codd ∪ {C4}) =

(
1

2k+1k
− o(1)

)
vk, v →∞.

The structure of our paper is as follows. In section 2 we state some definitions and
prove some important lemmas. In section 3 we begin to place bounds on the number of
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certain types of subgraphs in ΓΠ. In section 4 we prove Theorems 1 and 2 mentioned
above. Finally, in our concluding remarks, we give a table of coefficient data on the
number of 2k-cycles in ΓΠ for small k and leave the reader with a conjecture.
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2 Symmetries of QGk

Let Π be a projective plane and ΓΠ be its Levi graph. For k ≥ 3, we define a quasi
k-gon to be a sequence QGk = (P1, P2, . . . , Pk) of k distinct points of Π. Here, Pk and
P1 are thought of as consecutive elements in QGk. All arithmetic done in the indices is
considered to be modulo k, where we will use {1, 2, . . . k} as the representatives of each
equivalence class mod k. We call PQGk

= {P1, . . . , Pk} the set of points of QGk and
LQGk

is the set of all distinct lines amongst P1P2, P2P3, . . . , PkP1. For convenience, we
will write LQGk

= {PiPi+1 : 1 ≤ i ≤ k}. If |LQGk
| = k, meaning all lines of the form

PiPi+1 for 1 ≤ i ≤ k are distinct, then we call QGk a k-gon and instead denote it by Gk.
We will denote the number of k-gons in a projective plane Π by ck(Π). It will be shown
later that in fact

1

2k
ck(Π) = c2k(ΓΠ).

Define the subgraph ΓQGk
of ΓΠ corresponding to QGk as follows: The set of vertices

V (ΓQGk
) is given by PQGk

∪ LQGk
. The edges E(ΓQGk

) are obtained by joining a vertex
Pi to all vertices in the set {Pi−1Pi, PiPi+1} for 1 ≤ i ≤ k. If Pi−1Pi = PiPi+1 then Pi
has only one neighbor. It is clear that in the case where QGk is actually a k-gon, the
corresponding graph ΓQGk

is a cycle of length 2k.
Here we provide an example. Let QG7 = (P1, P2, . . . , P7) be a quasi 7-gon given by

the following figure. We use QG7 to demonstrate the corresponding graph ΓQG7 .

P5 P3

P1 P4 P2

QG7 ΓQG7

P6

P7

P1

P2

P3

P4

P5

P6

P7

P1P2

P2P3

P3P4

P4P5

P5P6

Let us take a moment to comment on the above figure. Here QG7 = (P1, P2, . . . , P7), with
the corresponding set of lines {PiPi+1 : 1 ≤ i ≤ k}. We assume that P1P2, P2P3, P3P4,
P4P5, P5P6 are all distinct lines. Observe that P4 lies on the line P1P2, however, P4 6∼
P1P2 in ΓQG7 . By definition of ΓQG7 , we have only that P4 ∼ P3P4 and P4 ∼ P4P5.
Furthermore, note that P5P6 = P6P7 = P7P1 and therefore P6 and P7 each only have one
neighbor, namely P5P6.
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The symmetric group Sk acts on quasi k-gons in Π in the following way: If QGk =
(P1, . . . , Pk) and σ ∈ Sk, then σ(QGk) := (Pσ(1), . . . , Pσ(k)). Hence,

Pσ(QGk) = {Pσ(1), . . . , Pσ(k)} = {P1, . . . , Pk} = PQGk

and the set of lines of σ(QGk) is

Lσ(QGk) = {Pσ(i)Pσ(i+1) : 1 ≤ i ≤ k}.

Note that in general, LQGk
is not necessarily equal to Lσ(QGk).

We call two quasi k-gons QGk = (P1, . . . , Pk) and QG′k = (P ′1, . . . , P
′
k) equivalent,

and write QGk ≡ QG′k, if ΓQGk
= ΓQG′k , that is, they have the same vertex set and the

same edge set. It is obvious that equivalence of quasi k-gons is an equivalence relation
and if QGk ≡ QG′k, then there exists σ ∈ Sk such that σ(QGk) = QG′k. Therefore
S(QGk) := {σ ∈ Sk : QGk ≡ σ(QGk)} is a subgroup of Sk.

Remark: Given a quasi k-gon QGk and permutation σ ∈ Sk we stress the following
point: We do not view QGk as a partial plane in Π defined by the points and lines of
QGk. Therefore, if QGk ≡ σ(QGk), then σ should not be thought of as a collineation.
As an example, we refer to the figure above of QG7 and consider σ = (1234567). In the
lemma that follows, we demonstrate that QG7 ≡ σ(QG7), however, observe that while
P5, P6, P7, P1 lie on one line in Π, Pσ(5) = P6, Pσ(6) = P7, Pσ(7) = P1 and Pσ(1) = P2 are
not collinear in Π.

Let Dk denote the dihedral group of order 2k, which is defined as the group of auto-
morphisms of the graph Ck. It is well known that Dk = 〈a, b〉 where an = b2 = (ab)2 = 1.

Lemma 1. Let Π be a projective plane and QGk = (P1, . . . , Pk) in Π. Then S(QGk)
contains Dk as a subgroup.

Proof. Let σ = (12 . . . k), so that σ(QGk) = (Pσ(1), . . . , Pσ(k)) = (P2, . . . , Pk, P1). We wish
to show that σ(QGk) ≡ QGk. Note that the vertex set V (Γσ(QGk)) = Pσ(QGk)∪Lσ(QGk) =
PQGk

∪ Lσ(QGk). Here

Lσ(QGk) = {Pσ(i)Pσ(i+1) : 1 ≤ i ≤ k} = {Pi+1Pi+2 : 1 ≤ i ≤ k}

= {PiPi+1 : 1 ≤ i ≤ k} = LQGk
.

Thus we have V (Γσ(QGk)) = V (ΓQGk
). The edge set E(Γσ(QGk)) is given by joining

Pσ(i) = Pi+1 to all distinct lines in {Pσ(i−1)Pσ(i), Pσ(i)Pσ(i+1)} = {PiPi+1, Pi+1Pi+2} where
1 ≤ i ≤ k. These are exactly the same edges that appear in ΓQGk

. Thus, σ ∈ S(QGk)
and has order k.

Now consider the permutation ρ of {1, 2, . . . , k}, such that ρ(i) = k + 1 − i. That
is, ρ(QGk) = (Pk, Pk−1, . . . , P1). Set j = k + 1 − i, then ρ(i) = j and ρ(i + 1) = j − 1.
Observe that V (Γρ(QGk)) = PQGk

∪ Lρ(QGk) where

Lρ(QGk) = {Pρ(i)Pρ(i+1) : 1 ≤ i ≤ k} = {PjPj−1 : 1 ≤ j ≤ k}

= {Pj−1Pj : 1 ≤ j ≤ k} = LQGk
.
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Therefore V (Γρ(QGk)) = V (ΓQGk
). The edge set E(Γρ(QGk)) is given by joining Pρ(i) = Pj

to all distinct lines in {Pρ(i−1)Pρ(i), Pρ(i)Pρ(i+1)} = {Pj+1Pj, PjPj−1} for 1 ≤ j ≤ k. These
are exactly the same edges that appear in ΓQGk

. Thus, ρ ∈ S(QGk) and has order 2.
Now to demonstrate that Dk is in fact the Dihedral group, we show that (σρ)2 = 1.

Since σ(i) = i+ 1 and ρ(i) = k+ 1− i then (σρ)(i) = σ(k+ 1− i) = k+ 2− i. Therefore

(σρ)2(i) = (σρ)(k + 2− i) = k + 2− (k + 2− i) = i.

Therefore σk = ρ2 = (σρ)2 = 1, and so Dk is a Dihedral group of order 2k.

We now provide an example showing that it is possible to have S(QGk) be strictly larger
than Dk. We refer to our previous example of QG7, and we consider the permutation
σ = (67).

P5 P3

P1 P4 P2

QG7 σ(QG7)

P6

P7

P5 P3

P1 P4 P2

P7

P6

The reader should convince themselves that both QG7 = (P1, P2, P3, P4, P5, P6, P7) and
σ(QG7) = (P1, P2, P3, P4, P5, P7, P6) have the same corresponding graph, namely the
graph ΓQG7 which we have drawn in the previous figure.

Lemma 2. Let Π be a projective plane, and Gk = (P1, . . . , Pk) be a k-gon in Π. Then
the group of symmetries of Gk is precisely Dk.

Proof. In the following proof, all arithmetic is assumed to be taken modulo k. Let Dk

represent the subgroup of S(Gk) described above. Suppose τ ∈ Sk such that for each i,
1 ≤ i ≤ k, τ(i + 1) = τ(i) + 1 or τ(i + 1) = τ(i) − 1. Then in fact, exactly one of the
following must be true

• τ(i+ 1) = τ(i) + 1 for all 1 ≤ i ≤ k,

• τ(i+ 1) = τ(i)− 1 for all 1 ≤ i ≤ k.

7



Indeed, if this was not the case, then there would exist a j such that τ(j + 1) = τ(j) + 1
and τ(j + 2) = τ(j + 1) − 1 = τ(j) + 1 − 1 = τ(j). Clearly this is a contradiction, as
τ(j+ 2) = τ(j) implies τ is not a bijection. Note that by definition of σ and ρ in Lemma
1, any permutation satisfying either condition above must in fact be an element of Dk.

Suppose then that τ ∈ Sk \ Dk, which implies that there exists an i, 1 ≤ i ≤ k for
which τ(i + 1) 6= τ(i) ± 1. For this i, let τ(i) = ` and τ(i + 1) = j. Therefore in Γτ(Gk)

we have P` ∼ P`Pj ∼ Pj. In ΓGk
we know that

P`−1P` ∼ P` ∼ P`P`+1 and Pj−1Pj ∼ Pj ∼ PjPj+1.

If τ(Gk) ≡ Gk, then we must have that P`Pj = P`−1P` or P`Pj = P`P`+1 and P`Pj =
Pj−1Pj or P`Pj = PjPj+1. So we are left with four possibilities:

1. P`−1P` = Pj−1Pj.

2. P`P`+1 = PjPj+1.

3. P`−1P` = PjPj+1.

4. P`P`+1 = Pj−1Pj.

Each leads us to a contradiction, because all the lines of a k-gon are distinct. Cases
1 and 2 imply ` = j, a contradiction. Case 3 implies ` − 1 = j and case 4 implies
` = j− 1, both are contradictions since we assumed j 6= `± 1. Thus, if τ ∈ Sk \Dk, then
Gk 6≡ τ(Gk), and so S(Gk) = Dk.

Remark: Since the order of S(Gk) is precisely 2k for any k-gon, then this demonstrates
the assertion we made in the beginning of this section that

1

2k
ck(Π) = c2k(ΓΠ).

For positive integers x and k, let x(k) = x(x − 1) · · · (x − k + 1). Let Qk be the
collection of all quasi k-gons in Π of order n. Clearly, we have that |Qk| = N(k) where
N = n2 + n + 1. Define Qk,j = Qk,j(Π) = {QGk ∈ Qk : |LQGk

| = j}. The the sets Qk,j

form a partition of Qk and therefore

|Qk| = |Qk,k|+ |Qk,k−1|+ · · ·+ |Qk,1| (1)

where in fact |Qk,k| = ck(Π). Given this fact and the remark above, we may re-write (1)
in the form

c2k(ΓΠ) =
1

2k
(|Qk| − |Qk,k−1| − · · · − |Qk,1|). (2)

Our end goal is to obtain equality of the first and second terms in the lower and upper
bounds of c2k(ΓΠ). We aim to do this by use of (2), combined with bounds which we will
obtain for |Qk,j| where j < k. We consider several cases, and obtain bounds in each case
independently. We count:
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(a) The number of QGk’s with |LQGk
| = k − 1 and such that there exists an m such

that PmPm+1 = Pm+1Pm+2. Let the set of all such quasi k-gons in Π be denoted by
Ak(Π).

(b) The number of QGk’s with |LQGk
| = k − 1 and such that for all m, PmPm+1 6=

Pm+1Pm+2. Let the set of all such quasi k-gons be denoted by Bk(Π).

(c) The order of Qk,j for each 1 ≤ j ≤ k − 2.

Lemma 3. Let k ≥ 4 and QGk = (P1, . . . , Pk) be a quasi k-gon with |LQGk
| = k − 1.

Suppose further that there exists an m such that PmPm+1 = Pm+1Pm+2. Then |S(QGk)| =
2k.

Proof. Suppose QGk is as defined above. This implies that Pm, Pm+1, Pm+2 are collinear.
Without loss of generality, we may assume Pm+1 = Pk, since we may apply σ =
(12 . . . k) ∈ S(QGk) to QGk, until we have moved Pm+1 into the position of Pk and
then relabel the points as (P ′1, . . . , P

′
k). We bring attention then to the fact that the lines

PiPi+1 are distinct for 1 ≤ i ≤ k− 1 and that the only lines in QGk equal to one another
are Pk−1Pk = PkP1.

From here, we follow in the foot steps of the proof of Lemma 2. Recall that if
τ ∈ Sk \Dk, then there exists an i such that τ(i+ 1) 6= τ(i)± 1. For this i, let τ(i) = `
and τ(i + 1) = j. This implies that in Γτ(QGk) we have P` ∼ P`Pj ∼ Pj. On the other
hand, in ΓQGk

we know that

P`−1P` ∼ P` ∼ P`P`+1 and Pj−1Pj ∼ Pj ∼ PjPj+1.

If τ(QGk) ≡ QGk, then we must have that P`Pj = P`−1P` or P`Pj = P`P`+1 and P`Pj =
Pj−1Pj or P`Pj = PjPj+1.
So we are again left with the same four cases:

1. P`−1P` = Pj−1Pj

2. P`P`+1 = PjPj+1

3. P`−1P` = PjPj+1

4. P`P`+1 = Pj−1Pj

Case 1 implies that either ` = j or that ` = j − 1 = k. Case 2 implies that either
` = j or that j = ` − 1 = k. All of these options are contradictions, since j 6= ` and
j 6= `± 1.

If we suppose case 3, then we obtain three possibilities. We may have ` − 1 = j, a
contradiction. We may have also consider ` = j = k, again a contradiction. Therefore
we are left with only one possibility, which is that j = k − 1 and ` = 1, in which case
we obtain PkP1 = Pk−1Pk which does not serve as a contradiction. Continuing on with
this assumption, recall that τ(i) = ` = 1 and τ(i + 1) = j = k − 1, so that in τ(QGk),
P1 and Pk−1 are consecutive. Note then, for some r, τ(r) = k, so Pk is consecutive with
Pτ(r−1) and Pτ(r+1) in τ(QGk). Now, we must have that either τ(r − 1) 6= 1, k − 1 or
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τ(r+1) 6= 1, k−1. If not, then in τ(QGk) we would observe either (. . . , P1, Pk, Pk−1, . . . ) or
(. . . , Pk−1, Pk, P1, . . . ), both cases which cannot happen since we have shown that in fact
Pk−1 and P1 must appear as consecutive elements in τ(QGk). Without loss of generality,
suppose τ(r − 1) 6= 1, k − 1. Then the line Pτ(r−1)Pk appears in τ(QGk). We know
that in QGk, Pk has only one neighbor, namely Pk−1Pk, so then if τ(QGk) ≡ QGk, then
Pτ(r−1)Pk = Pk−1Pk, which implies Pτ(r−1) ∼ Pk−1Pk in Γτ(QGk). This is a contradiction,
since this edge does not appear in ΓQGk

. Thus case 3 is also impossible. Case 4 follows
in the same exact manner as case 3, except that the role of j and ` is swapped.

Thus, each of the four cases leads us to a contradiction, implying that if τ ∈ Sk \Dk,
then τ(QGk) 6≡ QGk. Then S(QGk) = Dk.

By Lemma 3, each QGk ∈ Π is equivalent to exactly 2k quasi k-gons in Ak(Π), and
so 1

2k
|Ak(Π)| counts the number of equivalence classes of such quasi k-gons.

We now comment on ΓQGk
forQGk ∈ Ak(Π). LetQGk = (P1, . . . , Pk) ∈ Ak(Π), mean-

ing for somem, Pm, Pm+1, Pm+2 are collinear. Then considerGk−1 = (P1, . . . , Pm, Pm+2, . . . , Pk)
a k − 1-gon. Note that LQGk

= LGk−1
and that PQGk

= PGk−1
∪ {Pm+1}. Furthermore,

if P ∼ ` in ΓGk−1
, then P ∼ ` in ΓQGk

. We use the following example to illustrate the
relationship between a k-gon and a quasi (k + 1)-gon of the form described.

P1 P3

P4

G3 = (P1, P3, P4) QG4 = (P1, P2, P3, P4)

P1 P2 P3

P4

P1

P3

P4

P1P3

P3P4

P4P1

ΓG3
ΓQG4

P1

P3

P4

P2

P1P3

P3P4

P4P1

Since equivalence is directly tied to equality of graphs, we note that 1
2k
|Ak(Π)| is

counting exactly the number of distinct subgraphs of ΓΠ that have the following form: A
cycle of length 2k−2 together with a distinct point vertex adjoined to exactly one line in
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the cycle. To be more rigorous, let C be a cycle of length 2k−2 in ΓΠ. We know that we
may choose a (k − 1)-gon, Gk−1 = (P1, . . . , Pk−1) such that ΓGk−1

= C. If P 6∈ V (C) is a
point vertex in ΓΠ that is a neighbor of a line ` ∈ V (C), or equivalently, is a neighbor of
a line PmPm+1 ∈ ΓGk−1

for some m, then ΓGk−1
together with the vertex P adjoined to

PmPm+1, corresponds to the quasi k-gonQGk = (P1, . . . , Pm, P, Pm+1, . . . , Pk−1) ∈ Ak(Π).
So every graph of the form described, corresponds uniquely to an equivalence class of
QGk’s belonging to Ak(Π). Denote this set of graphs by Ak(ΓΠ) so that |Ak(ΓΠ)| =
1
2k
|Ak(Π)|.

3 Bounds on |Ak(ΓΠ)|, |Bk(Π)| and |Qk,j|
Lemma 4. Let Π be a projective plane of order n and n ≥ k ≥ 4. Then

(n− k + 2)(k − 1)c2k−2(ΓΠ) ≤ |Ak(ΓΠ)| ≤ (n− 1)(k − 1)c2k−2(ΓΠ).

Proof. We may obtain bounds on |Ak(ΓΠ)| by counting the total number of cycles of
length 2k − 2, and for each cycle adjoining a new point to one of the lines in the cycle.
Let C be a cycle of length 2k−2. Each line in V (C) has n+1 neighbors with at least 2 of
the neighbors in V (C) and at most k−1 neighbors in V (C). There are k−1 lines, and so
we have that for each cycle we may create at least (k−1)(n+1−(k−1)) = (k−1)(n−k+2)
distinct subgraphs belonging to Ak(ΓΠ), and at most (k−1)(n−1). Clearly every graph in
Ak(ΓΠ) can be obtained this way. Furthermore, since every graph in Ak(ΓΠ) corresponds
to a unique cycle of length 2k − 2, then we have obtained each graph in Ak(ΓΠ) exactly
once. Thus (n− k + 2)(k − 1)c2k−2(ΓΠ) ≤ |Ak(ΓΠ)| ≤ (n− 1)(k − 1)c2k−2(ΓΠ).

Let QGk = (P1, P2, . . . , Pk). We may associate with QGk a sequence of k lines
of the form QGk = (P1P2, P2P3, . . . , PkP1) = (`1, `2, . . . , `k). Note the lines may not
necessarily be distinct, and in the case that lines are repeated it is possible for distinct
quasi k-gons to have the same line sequence. For the next two lemmas we will use this
correspondence to obtain bounds on the remaining cases. We remind the reader that
Qk,j = {QGk ∈ Qk : |LQGk

| = j} and Bk(Π) = Qk,k−1 \ Ak(Π).

Lemma 5. Let Π be a projective plane of order n and k ≥ 4. Then

|Bk(Π)| ≤ (k − 1)(k − 2)N(k−1).

Proof. Let QGk = (P1, P2, . . . , Pk) ∈ Bk(Π) and let (`1, `2, . . . , `k) be its corresponding
sequence of lines. By definition of Bk(Π), we have that |LQGk

| = k − 1 and for all i,
`i 6= `i+1. This implies that we may describe each point P ∈ PQGk

as an intersection of
consecutive lines in the sequence (`1, `2, . . . , `k). More specifically, we have Pi = `i−1 ∩ `i
for all i. Therefore, distinct quasi k-gons must in fact have distinct line sequences.

We may then use the sequence of lines (`1, `2, . . . , `k) as an alternative description of
QGk. We now find an upper bound on the number of line sequences that correspond
to quasi k-gons in Bk(Π). In order to do this, we first consider all sequences of (k − 1)
distinct lines. There are N(k−1) many such sequences. Then for each such sequence, we
create sequences of k lines in the following way. Pick any line in the sequence of (k − 1)
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lines, which can be done in k − 1 ways. Then insert it into the same sequence such that
it will not appear next to itself, which can be done in at most k − 2 ways. Therefore,
the number of possible such sequences in total is at most (k − 1)(k − 2)N(k−1). Clearly,
any line sequence corresponding to QGk ∈ Bk(Π) can be obtained this way, so that
(k − 1)(k − 2)N(k−1) is an upper bound on |Bk(Π)|.

Let QGk = (P1, . . . , Pk) with the corresponding sequence of lines (`1, `2, . . . , `k) with
exactly j lines being distinct. We will call a subsequence (Pi, Pi+1, . . . , Pi+t) of consecutive
points of QGk a maximal subsequence if all its points lie on some line `, but Pi−1 and
Pi+t+1 do not lie on `. Observe that if QGk has a maximal subsequence of length t + 1,
then the corresponding line sequence of QGk has a subsequence of t consecutive equal
lines. We will also refer to this subsequence of lines as maximal.

Lemma 6. Let k and j be fixed positive integers, with k ≥ 4 and k − 2 ≥ j ≥ 2. Let Π
be a projective plane of order n, with n ≥ k. Then

|Qk,j| ≤ jk−jk(j)

(
N

j

)
(n− 1)k−j = O(nj+k), n→∞

and
|Qk,1| = N(n+ 1)(k).

Proof. We follow similar line of reasoning as in the proof of Lemma 5 above. To obtain
an upper bound for |Qk,j|, we first obtain an upper bound on the number of distinct
sequences of k lines made out of j distinct lines. We then proceed by placing an upper
bound on the number of distinct QGk ∈ Qk,j that can have the same corresponding
sequence of lines.

We build the sequences in the following way. Begin with an empty sequence of k
available positions. Choose any j disinct lines in Π. There are

(
N
j

)
ways to do this.

Then out of the k available posiitons in the empty sequence, choose j of them, and place
the j chosen lines into these positions in any order. There are k(j) ways to do this. For
every remaining empty position, place one of the chosen j lines to fill it. There are k− j
empty spots, and j possible choices for each, giving us jk−j ways to fill all the remaining
positions. So there are at most jk−j

(
N
j

)
k(j) different sequences of lines with exactly j

distinct lines appearing in the sequence.
Let QGk = (P1, P2, . . . , Pk) ∈ Qk,j and suppose that (Pi, Pi+1, . . . , Pi+t) is a max-

imal subsequence of QGk. As j ≥ 2, we know that t + 1 < k, meaning that this
maximal subsequence is not equal to QGk. Let PiPi+1 = ` and consider QG′k =
(P1, . . . , Pi, P

′
i+1, . . . , P

′
i+t−1, Pi+t, . . . , Pk) where (P ′i+1, . . . , P

′
i+t−1) are any sequence of

distinct points from ` \ {Pi, Pi+t}. Observe that QGk and QG′k have the same corre-
sponding line sequence. There are (n− 1)t−1 different QG′k that can be obtained in this
way. In summary, for every maximal subsequence of length t + 1 in QGk, there are
(n − 1)t−1 quasi k-gons that have the same line sequence as QGk and only differ from
QGk by the interior points in the maximal subsequence.

Recall that in the line sequence of QGk, each maximal subsequence of QGk of length
t + 1 corresponds to a maximal subsequence of length t in the line sequence of QGk.

12



Any two maximal subsequences contained in the line sequence are necessarily disjoint.
Furthermore, we may uniquely partition the line sequence by maximal subsequences.

Let L = (`1, . . . , `k) be a sequence of k lines that corresponds to some QGk ∈ Qk,j.
Partition L into its maximal subsequences. If the number of parts is r, then it is clear
that r ≥ j ≥ 2. Let ts be the length of each maximal subsequence, 1 ≤ s ≤ r, then
t1 + t2 + · · · + tr = k. For each maximal subsequence of length ts, there are at most
(n − 1)(ts−1) distinct quasi k-gons that have the same line sequence as QGk and differ
from QGk only by the interior points of the corresponding maximal subsequence of ts+1
points of QGk. Then the total number of QGk’s that have L as their line sequence is
given by the product

r∏
s=1

(n− 1)(ts−1) ≤ (n− 1)(
∑r

s=1(ts−1)) = (n− 1)k−r ≤ (n− 1)k−j.

When j = 1, this means that the sequence has only one distinct line. The number
of such quasi k-gons is easy to count, as there are exactly N lines in Π and there are
(n+ 1)(k) sequences of points that we can form from each line.

Theorem 3. Let k be a fixed positive integer with k ≥ 4. Let Π be a finite projective
plane of order n, with n ≥ k, and ΓΠ be its Levi graph. Then

c2k(ΓΠ) >
1

2k
N(k) −

1

2
(n− 1)N(k−1) −

(k − 1)(k − 2)

2k
N(k−1) − akn2k−2.

where ak is a constant dependent only on k.

Proof. Recall that

c2k(ΓΠ) =
1

2k
(|Qk| − |Qk,k−1| − · · · − |Qk,1|).

Clearly c2k−2(Π) ≤ |Qk−1| = 1
2(k−1)

N(k−1), which together with Lemma 4 implies that

1

2k
|Ak(Π)| = |Ak(ΓΠ)| ≤ (n− 1)(k − 1)c2k−2(ΓΠ) ≤ 1

2
(n− 1)N(k−1).

Furthermore, as Ak(Π)∪̇Bk(Π) = Qk,k−1, by applying the inequality above to |Ak(Π)|
and Lemma 5 to |Bk(Π)|, we have

1

2k
|Qk,k−1| =

1

2k
|Ak(Π)|+ 1

2k
|Bk(Π)| ≤ 1

2
(n− 1)N(k−1) +

(k − 1)(k − 2)

2k
N(k−1).

Finally, Lemma 6 implies that

k−2∑
j=1

|Qk,j| ≤ akn
2k−2

for some constant ak dependent only on k. Combining these results yields the claimed
lower bound for c2k(ΓΠ).
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Now we present an upper bound for c2k(ΓΠ).

Theorem 4. Let Π be a finite projective plane of order n and ΓΠ be its Levi graph. If k
is a fixed integer with n ≥ k ≥ 4, then

c2k(ΓΠ) ≤ 1

2k
N(k) − (n− k + 2)(k − 1)c2k−2(ΓΠ)

Proof. Observe that

c2k(ΓΠ) =
1

2k
(|Qk| − |Qk,k−1| − · · · − |Qk,1|) ≤

1

2k
|Qk| −

1

2k
|Qk,k−1|.

As |Qk,k−1| = |Ak(Π)|+ |Bk(Π)|, then by Lemma 4,

1

2k
|Qk,k−1| ≥

1

2k
|Ak(Π)| = |Ak(ΓΠ)| ≥ (n− k + 2)(k − 1)c2k−2(ΓΠ).

Recalling that |Qk| = N(k), we obtain

c2k(ΓΠ) ≤ 1

2k
N(k) − (n− k + 2)(k − 1)c2k−2(ΓΠ).

4 Proofs of Theorems 1 and 2

We now have all the tools we need to prove Theorem 1. For convenience we restate the
theorem here.

Theorem 1. Let Π be a projective plane of order n and ΓΠ be its Levi graph. Then for
fixed k ≥ 4,

c2k(ΓΠ) =
1

2k
n2k +O(n2k−2), n→∞

Proof. All we need to demonstrate, is that the coefficient of n2k−1 is 0. Theorem 3 states
that

c2k(ΓΠ) >
1

2k
N(k) −

1

2
(n− 1)N(k−1) −

(k − 1)(k − 2)

2k
N(k−1) − akn2k−2.

Recalling that N = n2 + n + 1, observe that the only terms that contribute to the
coefficient of n2k−1 come from

1

2k
N(k) −

1

2
(n− 1)N(k−1).

It is easy to see that both 1
2k
N(k) and 1

2
(n − 1)N(k−1) have 1/2 as a coefficient of n2k−1.

This implies that the our lower bound has 0 as the coefficient of n2k−1.
Now, Theorem 3 gave us that

c2k(ΓΠ) ≤ 1

2k
N(k) − (n− k + 2)(k − 1)c2k−2(ΓΠ).

By applying Theorem 4 to c2k−2(ΓΠ) we obtain an upper bound on c2k(ΓΠ) where the
coefficient of n2k−1 is again 0.
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Corollary. Let k ≥ 4, then

ex(v, C2k, Codd ∪ {C4}) ≥
(

1

2k+1k
− o(1)

)
vk, v →∞.

Proof. Theorem 1 implies that the stated result is in fact true when v = 2(n2 + n + 1)
where n is a prime power with n ≥ k. In [3], Baker, Harman, and Pintz show that for
all sufficiently large v, there exists a prime in the interval [v − v0.525, v]. A standard
argument using this fact yields the corollary for all sufficiently large v.

Theorem 5. Let k ≥ 3, then

ex(v, C2k, Codd ∪ {C4}) ≤
1

2k

(v
2

)
(k)
.

Proof. Let G be a bipartite graph containing no C4 as a subgraph. As G is bipartite, we
may partition V (G) into two independent sets. Let A represent the smaller of the two
parts, so that |A| ≤ v/2. Let G2 be the graph obtained from G in the following manner:
V (G2) = A and if x, y are distinct vertices in A, then x ∼ y in G2 when there exists
z ∈ V (G) such that x ∼ z ∼ y in G. By definition, G2 has no loops and since G has no
C4, then G2 has no multiple edges, implying that G2 is simple.

Suppose that C2k is some cycle of length 2k in G. As G is bipartite, exactly k vertices
of C2k are in G, and as a result, every cycle of length 2k has a unique corresponding
cycle of length k in G2. Therefore, the number of k cycles in G2, is an upper bound on
the number of 2k-cycles in G. As G2 is simple, the number of k cycles in G2 is no more
than in a complete graph of order |G2|. Thus the number of cycles of length 2k in G is
no more than

1

2k
|A|(k) ≤

1

2k

(v
2

)
(k)
.

Finally, combining our results above, Theorem 2 falls out as a simple corollary.

Theorem 2. Let k ≥ 4 and n ≥ k be a prime power. If v = 2(n2 + n+ 1), then

ex(v, C2k, Codd ∪ {C4}) =

(
1

2k+1k
− o(1)

)
vk, v →∞.

Concluding Remarks

At this time, it is not known whether c2k(ΓΠ) is a polynomial in n for all k. For k =
3, 4, . . . , 10, the exact value of c2k(ΓΠ) was determined in [22], [26], and it was shown
that the function c2k(ΓΠ) is a polynomial of degree 2k. Let k = 3, 4, . . . , 10 and Π be a
projective plane of order n, and

c2k(ΓΠ) = a2kn
2k + a2k−1n

2k−1 + · · ·+ a0.

The following table records the coefficient data for the first, second, third and fourth
coefficients, namely the coefficients of n2k, n2k−1, n2k−2 and n2k−3 respectively.
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a2k a2k−1 a2k−2 a2k−3

k = 3 1/6 1/3 1/3 1/6
k = 4 1/8 0 -1/8 -1/8
k = 5 1/10 0 0 -1/10
k = 6 1/12 0 -1/2 0
k = 7 1/14 0 -1 3/2
k = 8 1/16 0 -3/2 3
k = 9 1/18 0 -2 9/2
k = 10 1/20 0 -5/2 6

Table 1: The 1st, 2nd, 3rd, and 4th coefficients in the formula for c2k(ΓΠ) up to k = 10.

There is a pattern that can be observed for each coefficient in the table and for
sufficiently large k. For a2k, the pattern begins at k = 3. For a2k−1, the pattern begins
at k = 4. For a2k−2, the patter begins at k = 5, in which case we see a decrease by 1/2
every successive k after k = 5. For a2k−3, we notice an increment of 3/2 every successive
k after k = 6. In light of the information obtained from the table, we state the following
conjecture.

Conjecture. Let k be a fixed positive integer with k ≥ 6. Let Π be a projective plane of
order n and ΓΠ it’s Levi graph, then

c2k(ΓΠ) =
1

2k
n2k − 1

2
(k − 5)n2k−2 +

3

2
(k − 6)n2k−3 +O(n2k−4), n→∞.

We would like to conclude with the question posed at the beginning of this section:

Question. Let k be a fixed positive integer with k ≥ 3. Let Π be a projective plane of
order n and ΓΠ it’s Levi graph, is it the case that c2k(ΓΠ) is a polynomial in n?
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[12] Z. Füredi and M. Simonovits The history of degenerate(bipartite) extremal graph
problems, Erdoös Cenetnnial, Bolyai Society Mathematical Studies, 25, (2013), pp169–
264.

[13] D. Gerbner and C. Palmer, Counting copies of a fixed subgraph in F -free graphs,
European Journal of Combinatorics, 82, (2019).
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