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Skew Hadamard difference families and

skew Hadamard matrices

Koji Momihara and Qing Xiang

Abstract. In this paper, we generalize classical constructions of skew Hadamard difference
families with two or four blocks in the additive groups of finite fields given by Szekeres (1969,
1971), Whiteman (1971) and Wallis-Whiteman (1972). In particular, we show that there exists
a skew Hadamard difference family with 2u−1 blocks in the additive group of the finite field of
order q

e for any prime power q ≡ 2u + 1 (mod 2u+1) with u > 2 and any positive integer e.
In the aforementioned work of Szekeres, Whiteman, and Wallis-Whiteman, the constructions
of skew Hadamard difference families with 2u−1 (u = 2 or 3) blocks in (Fqe ,+) depend on the
exponent e, with e ≡ 1, 2, or 3 (mod 4) when u = 2, and e ≡ 1 (mod 2) when u = 3, respectively.
Our more general construction, in particular, removes the dependence on e. As a consequence,
we obtain new infinite families of skew Hadamard matrices.

1. Introduction

A Hadamard matrix of order n is an n×n matrix H with entries ±1 such that HH⊤ = nIn,
where In is the identity matrix of order n. It is well known that if H is a Hadamard matrix of
order n then n = 1, 2 or n ≡ 0 (mod 4). One of the most famous conjectures in combinatorics
states that a Hadamard matrix of order n exists for every positive integer n divisible by 4. This
conjecture is far from being resolved despite extensive research on the problem. The smallest n
for which the existence of a Hadamard matrix of order n is unknown is currently 668 (see [3]).
In this paper, we are interested in Hadamard matrices which are “skew”. A Hadamard matrix
is called skew if H = A+ In and A⊤ = −A. See [4] for a short survey of known constructions of
skew Hadamard matrices. One of the most effective methods for constructing (skew) Hadamard
matrices is by using difference families. Let (G,+) be an additively written abelian group of
order v. A difference family with parameters (v, k, λ) in G is a family B = {Bi | i = 1, 2, . . . , ℓ} of
k-subsets of G such that the list of differences “x− y, x, y ∈ Bi, x 6= y, i = 1, 2, . . . , ℓ” represents
every nonzero element of G exactly λ times. Each subset Bi is called a block of the difference
family. A block Bi is called skew if it has the property that Bi∩−Bi = ∅ and Bi∪−Bi = G\{0G}.
If all blocks of a difference family are skew, then the difference family is called skew Hadamard.

We review two known constructions of skew Hadamard matrices based on difference families.
Let X be a subset of a finite abelian group (G,+). Fixing an ordering for the elements of G, we
define matrices M = (mi,j) and N = (ni,j) by

mi,j =

{

1, if j − i ∈ X,

−1, if j − i 6∈ X,
and ni,j =

{

1, if j + i ∈ X,

−1, if j + i 6∈ X.

The matrices M and N are called type-1 and type-2 matrices of X, respectively.

Key words and phrases. Difference family; Skew Hadamard difference family; Skew Hadamard matrix; Gauss
sum.
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Proposition 1.1. ([8, Theorem 4.4]) Let B = {Bi | i = 1, 2} be a difference family with

parameters (v, k, λ) = (2m + 1,m,m − 1) such that B1 is skew. Furthermore, let M1 be the

type-1 matrix of B1 and M2 be the type-2 matrix of B2. Then,

(1.1) H =









1 1 1Tv 1Tv
−1 1 1Tv −1Tv
−1v −1v −M1 −M2

−1v 1v M2 −M1









is a skew Hadamard matrix of order 4(m+ 1).

Szekeres [6, 7] and Whiteman [10] found two series of skew Hadamard difference families
with two blocks in (Fq,+), the additive group of the finite field Fq of order q.

Proposition 1.2. There exists a skew Hadamard difference family with two blocks in (Fq,+)
if

(i) ([6]) q ≡ 5 (mod 8); or
(ii) ([7, 10]) q = pe with p ≡ 5 (mod 8) a prime and e ≡ 2 (mod 4).

The proofs of the results above are based on cyclotomic numbers of order four and eight,
respectively. Szekeres [7] claimed that his proof for Part (ii) of Proposition 1.2 works well also
for the case where e ≡ 0 (mod 4). However, in the case where e ≡ 0 (mod 4), the two subsets
demonstrated in Theorem 1 of [7] are not skew. This inconsistency was pointed out in [8, p. 324],
and also in the MathSciNet mathematical review of [7] written by B. M. Stewart.

Proposition 1.3. ([9]) Let B = {Bi | i = 1, 2, 3, 4} be a difference family with parameters

(v, k, λ) = (2m+1,m, 2(m−1)) such that B1 is skew. Furthermore, let M1,M2,M4 be the type-1

matrices of B1, B2, B4, respectively, and M3 be the type-2 matrix of B3. Then,

(1.2) H =

























1 −1 −1 −1 −1Tv −1Tv −1Tv −1Tv
1 1 1 −1 1Tv −1Tv 1Tv −1Tv
1 −1 1 1 1Tv −1Tv −1Tv 1Tv
1 1 −1 1 1Tv 1Tv −1Tv −1Tv
1v −1v −1v −1v −M1 −M2 −M3 −M4

1v 1v 1v −1v MT
2 −MT

1 M4 −M3

1v −1v 1v 1v M3 −MT
4 −M1 MT

2

1v 1v −1v 1v MT
4 M3 −M2 −MT

1

























is a skew Hadamard matrix of order 8(m+ 1).

Wallis and Whiteman [9] found one series of skew Hadamard difference families with four
blocks in (Fq,+) based on cyclotomic numbers of order eight.

Proposition 1.4. There exists a skew Hadamard difference family with four blocks in (Fq,+)
if q ≡ 9 (mod 16).

In this paper, we generalize the results in Propositions 1.2 and 1.4 using cyclotomic classes
of order a power of 2. In general, it is quite difficult to find explicit formulas for cyclotomic
numbers of high order. In this paper, we overcome this difficulty by evaluating Gauss sums with
respect to a multiplicative character of order a power of 2 by a recursive technique.

Theorem 1.5. Let u > 2 be an integer and q be a prime power such that q ≡ 2u +
1 (mod 2u+1). Then, there exists a skew Hadamard difference family with 2u−1 blocks in (Fqe ,+)
for any positive integer e.

We emphasize that the exponent e ≥ 1 can be taken arbitrarily in Theorem 1.5. In contrast,
Propositions 1.2 and 1.4 depend on e. In the case of Proposition 1.2, the exponent e is limited
to e ≡ 1, 2, or 3 (mod 4), and in the case of Proposition 1.4, the exponent e is limited to
e ≡ 1 (mod 2).

By applying Propositions 1.1 and 1.3 to the skew Hadamard difference families arising from
Theorem 1.5 with u = 2 and u = 3, respectively, we have the following corollaries.
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Corollary 1.6. Let q be a prime power such that q ≡ 5 (mod 8) and e be an arbitrary

positive integer. Then, there exists a skew Hadamard matrix of order 2(qe + 1).

Corollary 1.7. Let q be a prime power such that q ≡ 9 (mod 16) and e be an arbitrary

positive integer. Then, there exists a skew Hadamard matrix of order 4(qe + 1).

2. Evaluation of Gauss sums

Let Fq be the finite field of order q = pr with p a prime and F∗
q be the multiplicative group

of Fq. Let γ be a primitive element of Fq. For a positive integer N dividing q − 1, define

C
(N,q)
i = γi〈γN 〉, i = 0, 1, . . . , N − 1,

which are called cyclotomic classes of order N . We will need to compute additive character
values of a union of some cyclotomic classes of order N . So we introduce additive characters of
finite fields below.

For a positive integer k, let ζk be a complex primitive kth root of unity. Define ψFq : Fq → C∗

by

ψFq(x) = ζ
Trq/p(x)
p ,

where Trq/p(x) is the trace function from Fq to Fp. The map ψFq is a character of the additive
group of Fq, and it is called the canonical additive character of Fq.

Definition 2.1. For a multiplicative character χ and the canonical additive character ψFq

of Fq, the Gauss sum Gq(χ) of Fq is defined by

Gq(χ) =
∑

x∈F∗

q

χ(x)ψFq (x).

For a multiplicative character χ of order N of Fq and x ∈ F∗
q, by the orthogonality of

characters [5, p. 195, (5.17)], the character value of C
(N,q)
i can be expressed in terms of Gauss

sums as follows:

(2.1) ψFq (C
(N,q)
i ) =

1

N

N−1
∑

j=0

Gq(χ
j)χ−j(γi), 0 6 i 6 N − 1.

We list some basic properties of Gauss sums below, which will be used in Section 3.

Lemma 2.1. The Gauss sums Gq(χ) satisfy the following:

1. Gq(χ)Gq(χ) = q if χ is nontrivial;

2. Gq(χ
−1) = χ(−1)Gq(χ);

3. Gq(χ) = −1 if χ is trivial;

4. Gq(χ
p) = Gq(χ).

We will need the Davenport-Hasse lifting formula, which is stated below.

Theorem 2.2. ([1, Theorem 11.5.2]) Let χ′ be a nontrivial multiplicative character of Fq

and let χ be the lift of χ′ to Fqf , i.e., χ(x) = χ′(x
qf−1

q−1 ) for x ∈ Fqf , where f ≥ 2 is an integer.

Then

Gqf (χ) = (−1)f−1(Gq(χ
′))f .

The following theorem is often referred to as the Davenport-Hasse product formula.

Theorem 2.3. ([1, Theorem 11.3.5]) Let η be a multiplicative character of order ℓ > 1 of

Fq. For every nontrivial multiplicative character χ of Fq,

Gq(χ) =
Gq(χ

ℓ)

χℓ(ℓ)

ℓ−1
∏

i=1

Gq(η
i)

Gq(χηi)
.
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In the rest of this paper, we always assume that q is a prime power such that q ≡ 2u +
1 (mod 2u+1) with u > 2. Fix N = 2t with t > u + 1 and put f := 2t−u. Then q has order f

modulo N ; that is, qf ≡ 1 (mod N), and q2
t−u−1

6≡ 1 (mod N).
The following is our main theorem in this section.

Theorem 2.4. Let χN be a multiplicative character of order N of Fqf and ω be a primitive

element of Fqf . Furthermore, let χ′
2u be a multiplicative character of order 2u of Fq such that

χ2t−u

N is the lift of χ′
2u, i.e., χ

2t−u

N (ω) = χ′
2u(ω

qf−1

q−1 ), and let η′ be the quadratic character of Fq.

Then, there exists ǫ ∈ 〈ζ2u〉 such that

Gqf (χN ) = ǫqf/2−1Gq(χ
′
2u)Gq(η

′).

Proof. By the Davenport-Hasse product formula (Theorem 2.3), we have

(2.2) Gqf (χN ) =
Gqf (χ

f
N )

χf
N (f)

f−1
∏

i=1

Gqf (χ
i
f )

Gqf (χNχi
f )
,

where χf is a fixed multiplicative character of order f = 2t−u of Fqf . We can write χf = χ2uℓ
N

for some odd ℓ. Then χNχf = χ2uℓ+1
N . We claim that for any ℓ, 0 ≤ ℓ ≤ 2t−u − 1, 2uℓ+ 1 ∈ 〈q〉

(mod N). This can be seen as follows. Noting that q has order f = 2t−u modulo N , and qi ≡ 1
(mod 2u) for any i, we see that 2uℓ+ 1 ∈ 〈q〉 (mod N) for all ℓ = 0, 1, . . . , 2t−u − 1. Now from
Property (4) of Lemma 2.1, it follows that

Gqf (χN ) = Gqf (χNχf ) = · · · = Gqf (χNχ
f−1
f ).

Also from Properties (1) and (2) of Lemma 2.1, we have Gqf (χ
i
f )Gqf (χ

f−i
f ) = qf for i =

1, 2, . . . , f/2− 1. Substituting these into (2.2), we obtain

(2.3) Gqf (χN )f = χ−f
N (f)qf(f/2−1)Gqf (χ

f
N )Gqf (η),

where η is the quadratic character of Fqf . Next applying the Davenport-Hasse lifting formula
(Theorem 2.2) to the right hand side of (2.3), we have

Gqf (χN )f = χ−f
N (f)qf(f/2−1)Gq(χ

′
2u)

fGq(η
′)f .

Hence, there exists ǫ ∈ 〈ζN 〉 such that

(2.4) Gqf (χN ) = ǫqf/2−1Gq(χ
′
2u)Gq(η

′).

Define τ ∈ Gal(Q(ζp, ζN )/Q(ζp)) by τ(ζpN ) = ζNℓ+q
pN , where ℓ is the inverse of N modulo p. Note

that Nℓ+ q ≡ q (mod N) and Nℓ+ q ≡ 1 (mod p). Applying τ to Gqf (χN )/Gq(χ
′
2u)Gq(η

′), we
have

τ

(

Gqf (χN )

Gq(χ
′
2u)Gq(η′)

)

= τ





∑

x∈F
qf
ψF

qf
(x)χN (x)

(

∑

x∈Fq
ψFq(x)χ

′
2u(x)

)(

∑

x∈Fq
ψFq(x)η

′(x)
)





=

∑

x∈F
qf
ψF

qf
(x)χq

N (x)
(

∑

x∈Fq
ψFq(x)χ

′q
2u(x)

)(

∑

x∈Fq
ψFq((x)η

′q(x)
)

=
Gqf (χ

q
N )

Gq(χ′q
2u)Gq(η′

q)
=

Gqf (χN )

Gq(χ′
2u)Gq(η′)

.

This shows that ǫ is invariant under the action of τ . It follows that ǫ ∈ 〈ζ2u〉. The proof of the
proposition is now complete. �

Remark 2.5. Put γ := ω
qf−1

q−1 , which is a primitive element of Fq. In the proposition above,

ǫ has the form ǫ = χ′
2u(γ

−b) for some b ∈ {0, 1, . . . , 2u − 1}.
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3. Skew Hadamard difference families in finite fields

We retain the same assumptions on q, u, N and f as specified in Section 2. Define subsets
in Fq and Fqf , respectively, by

(3.1) Bh :=
2u−1−1
⋃

j=0

C
(2u,q)
h+j ⊂ Fq, h = 0, 1, . . . , 2u − 1,

and

(3.2) Dh :=

N/2−1
⋃

j=0

C
(N,qf )
h+j ⊂ Fqf , h = 0, 1, . . . , N − 1.

We list some important properties of Bh and Dh below:

(i) −Bh = Bh+2u−1 , Bh ∩−Bh = ∅, |Bh| = (q − 1)/2, and Bh ∪ −Bh = F∗
q;

(ii) −Dh = Dh+2t−1 , Dh ∩−Dh = ∅, |Dh| = (qf − 1)/2, and Dh ∪ −Dh = F∗

qf
.

Hence, both Bh and Dh are skew.

3.1. Character values of Dh. We express the (additive) character values of Dh in terms
of those of Bh.

Proposition 3.1. For a = 0, 1, . . . , N − 1 and h = 0, 1, . . . , N − 1, we have

ψF
qf
(ωaDh) =

−1 + qf/2−1Gq(η
′)

2
+ qf/2−1Gq(η

′)ψFq (γ
b+ja,hB0),

where ja,h is uniquely determined as ja,h = (a + h + j)/2t−u for some j ∈ {0, 1, . . . , 2t−u − 1}
such that 2t−u | (a+ h+ j), and b is given in Remark 2.5.

Proof. By (2.1), we have

(3.3) ψF
qf
(ωaDh) =

1

N

N/2−1
∑

j=0

N−1
∑

i=0

Gqf (χ
i
N )χ−i

N (ωa+h+j).

Since
∑N/2−1

j=0 χ−i
N (ωa+h+j) = 0 if i, 0 ≤ i ≤ N − 1, is a nonzero even integer, continuing from

(3.3), we have

(3.4) ψF
qf
(ωaDh) = −

1

2
+

1

N

N/2−1
∑

j=0

∑

i:odd

Gqf (χ
i
N )χ−i

N (ωa+h+j).

For each odd i, 0 ≤ i ≤ N − 1, write i = 2ui1 + i2 with i1 ∈ {0, 1, . . . , 2t−u − 1} and i2 ∈

{1, 3, . . . , 2u−1}. Note that since 2uℓ+1 ∈ 〈q〉 (mod N), we have Gqf (χ
2ui1+i2
N ) = Gqf (χ

2ui′
1
+i2

N )

for any i1, i
′
1 = 0, 1, . . . , 2t−u − 1. It follows that

(3.5)

N/2−1
∑

j=0

∑

i:odd

Gqf (χ
i
N )χ−i

N (ωa+h+j) =
∑

i2:odd

Gqf (χ
i2
N )

N/2−1
∑

j=0

2t−u−1
∑

i1=0

χ−2ui1−i2
N (ωa+h+j).

Let J := {a + h + j | a + h + j ≡ 0 (mod 2t−u), j = 0, 1, . . . , N/2 − 1}. There is a unique
j ∈ {0, 1, . . . , 2t−u−1} such that a+h+j ≡ 0 (mod 2t−u); for such a j, write a+h+j = 2t−uja,h.
Then, we have J = {2t−u(ja,h + j′) | j′ = 0, 1, . . . , 2u−1 − 1}. Hence,

N/2−1
∑

j=0

2t−u−1
∑

i1=0

χ−2ui1−i2
N (ωa+h+j) =

N/2−1
∑

j=0

χ−i2
N (ωa+h+j)

2t−u−1
∑

i1=0

χ−2ui1
N (ωa+h+j)

= 2t−u
2u−1−1
∑

j′=0

χ−i2
N (ω2t−u(ja,h+j′)) = 2t−u

2u−1−1
∑

j′=0

χ′−i2
2u (γja,h+j′).
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Applying Theorem 2.4 and Remark 2.5, continuing from (3.5), we have

∑

i2:odd

Gqf (χ
i2
N )

N/2−1
∑

j=0

2t−u−1
∑

i1=0

χ−2ui1−i2
N (ωa+h+j)

= qf/2−1Gq(η
′)
∑

i2:odd

Gq(χ
′i2
2u)

N/2−1
∑

j=0

2t−u−1
∑

i1=0

χ−2ui1−i2
N (ωa+h+j)χ′−i2

2u (γb)

= 2t−uqf/2−1Gq(η
′)

2u−1−1
∑

j′=0

∑

i2:odd

Gq(χ
′i2
2u)χ

′−i2
2u (γb+ja,h+j′).(3.6)

Since
∑2u−1−1

j′=0 χ′−i
2u (γ

b+ja,h+j′) = 0 for any nonzero even i, we have

(3.7)

2u−1−1
∑

j′=0

∑

i2:odd

Gq(χ
′i2
2u)χ

′−i2
2u (γb+ja,h+j′) = 2u−1 + 2uψFq (γ

b+ja,hB0).

Thus, by combining (3.4), (3.5), (3.6) and (3.7), we obtain

ψF
qf
(ωaDh) =

−1 + qf/2−1Gq(η
′)

2
+ qf/2−1Gq(η

′)ψFq (γ
b+ja,hB0).

This completes the proof of the proposition. �

Remark 3.2. For ja,h defined in Proposition 3.1, we have ja,h+2t−uℓ = ja,h+ ℓ for any ℓ ∈ Z.

Corollary 3.3. For a = 0, 1, . . . , N − 1 and h = 0, 1, . . . , N − 1, we have

ψF
qf
(ωaDh)ψF

qf
(ωaDh) =

1− qf−1

4
+ qf−1ψFq(γ

b+ja,hB0)ψFq (γ
b+ja,hB0).

Proof. By Proposition 3.1, we have

ψF
qf
(ωaDh)ψF

qf
(ωaDh) =

(

−1 + qf/2−1Gq(η
′)

2
+ qf/2−1Gq(η

′)ψFq(γ
b+ja,hB0)

)

(3.8)

×

(

−1 + qf/2−1Gq(η′)

2
+ qf/2−1Gq(η′)ψFq(γ

b+ja,hB0)

)

.

Here, Gq(η
′) ∈ R since q ≡ 1 (mod 4). Furthermore, note that

ψFq(γ
b+ja,hB0) + ψFq(γ

b+ja,hB0) = ψFq(γ
b+ja,hB0) + ψFq (−γ

b+ja,hB0) = −1.

Now, continuing from (3.8), we have

ψF
qf
(ωaDh)ψF

qf
(ωaDh) =

1− qf−2Gq(η
′)2

4
+ qf−2Gq(η

′)2ψFq(γ
b+ja,hB0)ψFq(γ

b+ja,hB0).

Finally, by using Gq(η
′)2 = q, we obtain the assertion of the corollary. �

3.2. Construction of skew Hadamard difference families. We begin by stating the
following lemma which is well known in the theory of difference families. We refer the reader to
[2] for a proof of the lemma.

Lemma 3.4. Let (G,+) be a finite abelian group, and Ei, 1 ≤ i ≤ ℓ, be k-subsets of G. Then,

the following are equivalent:

(1) The family {Ei | i = 1, 2, . . . , ℓ} is a difference family in G;

(2) For any a ∈ G \ {0G},
∑ℓ

i=1 |Ei ∩ (Ei + a)| is a constant not depending on a;

(3) For any nontrivial character ψ of G,
∑ℓ

i=1 ψ(Ei)ψ(Ei) = kℓ− λ for some λ ∈ N.
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Now we define two families of subsets of Fq and Fqf , respectively, by

(3.9) B := {Bi | i = 0, 1, . . . , 2u−1 − 1}

and

(3.10) D := {D2t−uℓ | ℓ = 0, 1, . . . , 2u−1 − 1}.

Lemma 3.5. The family B is a skew Hadamard difference family in (Fq,+).

Proof. We show that
∑2u−1−1

i=0 |Bi∩ (Bi+a)| is a constant not depending on a ∈ F∗
q. Then,

by Lemma 3.4 (2), B is a skew Hadamard difference family in (Fq,+). Since −Bi = Bi+2u−1 , we
have |Bi ∩ (Bi + a)| = |Bi+2u−1 ∩ (Bi+2u−1 + a)|. It follows that

2u−1−1
∑

i=0

|Bi ∩ (Bi + a)| =
1

2

2u−1
∑

i=0

|Bi ∩ (Bi + a)|(3.11)

=
1

2

2u−1−1
∑

j=0

2u−1−1
∑

h=0

2u−1
∑

i=0

∣

∣

∣
C

(2u,q)
i+j ∩

(

C
(2u,q)
i+h + a

)∣

∣

∣
.

Since the equation γi+jx = γi+hy + a can be rewritten as γj−hxy−1 = aγ−i−hy−1 + 1 with

x, y ∈ C
(2u,q)
0 , the right-hand side of the second equality in (3.11) is equal to

1

2

2u−1−1
∑

j=0

2u−1−1
∑

h=0

2u−1
∑

i=0

∣

∣

∣
C

(2u,q)
j−h ∩

(

a · C
(2u,q)
−i−h + 1

)∣

∣

∣
=

1

2

2u−1−1
∑

j=0

2u−1−1
∑

h=0

∣

∣

∣
C

(2u,q)
j−h ∩

(

F∗
q + 1

)

∣

∣

∣
,

which is a constant not depending on a ∈ F∗
q. �

Theorem 3.6. The family D is a skew Hadamard difference family in (Fqf ,+).

Proof. By Proposition 3.3, we have

2u−1−1
∑

ℓ=0

ψF
qf
(ωaD2t−uℓ)ψF

qf
(ωaD2t−uℓ)(3.12)

=
2u−1(1− qf−1)

4
+ qf−1

2u−1−1
∑

ℓ=0

ψFq (γ
b+ja,2t−uℓB0)ψFq(γ

b+ja,2t−uℓB0).

By Remark 3.2, the right-hand side of (3.12) can be rewritten as

2u−1(1− qf−1)

4
+ qf−1

2u−1−1
∑

ℓ=0

ψFq (γ
b+ja,0Bℓ)ψFq (γ

b+ja,0Bℓ).

By Part (3) of Lemma 3.4, D is a skew Hadamard difference family in (Fqf ,+) if and only if
B is a skew Hadamard difference family in (Fq,+). Now the conclusion of the theorem follows
from Lemma 3.5. �

Noting that q ≡ 2u+1 (mod 2u+1) if and only if qs ≡ 2u+1 (mod 2u+1) for any odd positive
integer s, we see that Theorem 1.5 follows from Theorem 3.6.
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