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Skew Hadamard difference families and
skew Hadamard matrices

Koji Momihara and Qing Xiang

ABSTRACT. In this paper, we generalize classical constructions of skew Hadamard difference
families with two or four blocks in the additive groups of finite fields given by Szekeres (1969,
1971), Whiteman (1971) and Wallis-Whiteman (1972). In particular, we show that there exists
a skew Hadamard difference family with 2“~! blocks in the additive group of the finite field of
order ¢° for any prime power ¢ = 2* + 1 (mod 2“T') with v > 2 and any positive integer e.
In the aforementioned work of Szekeres, Whiteman, and Wallis-Whiteman, the constructions
of skew Hadamard difference families with 2“~" (u = 2 or 3) blocks in (F4e,4) depend on the
exponent e, with e = 1,2, or 3 (mod 4) when u = 2, and e = 1 (mod 2) when u = 3, respectively.
Our more general construction, in particular, removes the dependence on e. As a consequence,
we obtain new infinite families of skew Hadamard matrices.

1. Introduction

A Hadamard matrix of order n is an n x n matrix H with entries +1 such that HH " = nl,,
where [,, is the identity matrix of order n. It is well known that if H is a Hadamard matrix of
order n then n = 1,2 or n = 0 (mod 4). One of the most famous conjectures in combinatorics
states that a Hadamard matrix of order n exists for every positive integer n divisible by 4. This
conjecture is far from being resolved despite extensive research on the problem. The smallest n
for which the existence of a Hadamard matrix of order n is unknown is currently 668 (see [3]).
In this paper, we are interested in Hadamard matrices which are “skew”. A Hadamard matrix
is called skew if H = A+ 1, and AT = —A. See [4] for a short survey of known constructions of
skew Hadamard matrices. One of the most effective methods for constructing (skew) Hadamard
matrices is by using difference families. Let (G, +) be an additively written abelian group of
order v. A difference family with parameters (v, k, ) in G is a family B = {B; |i = 1,2,...,¢} of
k-subsets of G such that the list of differences “x —y,z,y € B,z #y,i = 1,2,...,{" represents
every nonzero element of G exactly A times. Each subset B; is called a block of the difference
family. A block B; is called skew if it has the property that B;N—B; = () and B;U—B; = G\{0¢}.
If all blocks of a difference family are skew, then the difference family is called skew Hadamard.

We review two known constructions of skew Hadamard matrices based on difference families.
Let X be a subset of a finite abelian group (G, +). Fixing an ordering for the elements of G, we
define matrices M = (m; ;) and N = (n; ;) by

1, ifj—ieX,
—1, ifj—idX,

1, ifj+ieX,

ms, » =
W -1, ifj+idX.

and n;; =

The matrices M and N are called type-1 and type-2 matrices of X, respectively.
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PrOPOSITION 1.1. ([8, Theorem 4.4]) Let B = {B;|i = 1,2} be a difference family with
parameters (v,k,\) = (2m + 1,m,m — 1) such that By is skew. Furthermore, let My be the
type-1 matrix of By and Ms be the type-2 matrix of By. Then,

1 R A
-1 1 ) A
_]-v _]-v _Ml _M2
_]-v 1v M2 _Ml

is a skew Hadamard matriz of order 4(m + 1).

(1.1) H=

Szekeres [6, 7] and Whiteman [10] found two series of skew Hadamard difference families
with two blocks in (F,, +), the additive group of the finite field F, of order g.

PROPOSITION 1.2. There ezists a skew Hadamard difference family with two blocks in (Fy, +)
if
(i) ([6]) ¢ = 5 (mod 8); or
(ii) ([7, 10]) ¢ = p® with p =5 (mod 8) a prime and e = 2 (mod 4).

The proofs of the results above are based on cyclotomic numbers of order four and eight,
respectively. Szekeres [7] claimed that his proof for Part (ii) of Proposition 1.2 works well also
for the case where e = 0 (mod 4). However, in the case where e = 0 (mod 4), the two subsets
demonstrated in Theorem 1 of [7] are not skew. This inconsistency was pointed out in [8, p. 324],
and also in the MathSciNet mathematical review of [7] written by B. M. Stewart.

PROPOSITION 1.3. ([9]) Let B = {B;|i = 1,2,3,4} be a difference family with parameters
(v,k,A) = (2m+1,m,2(m—1)) such that By is skew. Furthermore, let My, My, My be the type-1
matrices of By, Bo, By, respectively, and Ms be the type-2 matriz of Bs. Then,

1 -1 -1 -1 —-1f —al a1 T

11 S R FAS MR EA
1 -1 1 | A A F A B
11 -1 1! ) BN N

1
1
1, -1, -1, -1, —M; —My, —M; —DM;
1, 1, 1, -1, MI' —mf My M
1, -1, 1, 1, My M} —-M; M}
1, 1, -1, 1, M Mz —My —M}

is a skew Hadamard matriz of order 8(m + 1).

Wallis and Whiteman [9] found one series of skew Hadamard difference families with four
blocks in (Fy, +) based on cyclotomic numbers of order eight.

PROPOSITION 1.4. There exists a skew Hadamard difference family with four blocks in (Fy, +)
if ¢ =9 (mod 16).

In this paper, we generalize the results in Propositions 1.2 and 1.4 using cyclotomic classes
of order a power of 2. In general, it is quite difficult to find explicit formulas for cyclotomic
numbers of high order. In this paper, we overcome this difficulty by evaluating Gauss sums with
respect to a multiplicative character of order a power of 2 by a recursive technique.

THEOREM 1.5. Let u = 2 be an integer and q be a prime power such that ¢ = 2% +
1 (mod 2“T). Then, there exists a skew Hadamard difference family with 2“1 blocks in (Fge,+)
for any positive integer e.

We emphasize that the exponent e > 1 can be taken arbitrarily in Theorem 1.5. In contrast,
Propositions 1.2 and 1.4 depend on e. In the case of Proposition 1.2, the exponent e is limited
to e = 1,2, or 3(mod 4), and in the case of Proposition 1.4, the exponent e is limited to
e =1 (mod 2).

By applying Propositions 1.1 and 1.3 to the skew Hadamard difference families arising from
Theorem 1.5 with v = 2 and u = 3, respectively, we have the following corollaries.
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COROLLARY 1.6. Let q be a prime power such that ¢ = 5(mod 8) and e be an arbitrary
positive integer. Then, there exists a skew Hadamard matrixz of order 2(¢¢ + 1).

COROLLARY 1.7. Let q be a prime power such that ¢ = 9 (mod 16) and e be an arbitrary
positive integer. Then, there exists a skew Hadamard matrixz of order 4(¢¢ + 1).

2. Evaluation of Gauss sums

Let IF, be the finite field of order ¢ = p" with p a prime and Fj be the multiplicative group
of Fy. Let v be a primitive element of IF,. For a positive integer N dividing ¢ — 1, define

C@'(Ng) - 72<,7N>7 L= 0717"' 7N - 1’

which are called cyclotomic classes of order N. We will need to compute additive character
values of a union of some cyclotomic classes of order N. So we introduce additive characters of
finite fields below.

For a positive integer k, let (x be a complex primitive kth root of unity. Define ¢g, : F, — C*
by

v, (@) = G

q 9

where Tr, () is the trace function from F, to Fp. The map v, is a character of the additive
group of IFy, and it is called the canonical additive character of F,.

DEFINITION 2.1. For a multiplicative character x and the canonical additive character ¢,
of Fy, the Gauss sum G4(x) of Fy is defined by

Go(x) = > x(a)vr, (2).

z€Fy

For a multiplicative character x of order N of F;, and x € Fj, by the orthogonality of

characters [5, p. 195, (5.17)], the character value of CZ-(N’q) can be expressed in terms of Gauss
sums as follows:
| Nl '
= 2 GO (), 0< i< N - 1.
7=0

(2.1) e, (CND) =

We list some basic properties of Gauss sums below, which will be used in Section 3.

LEMMA 2.1. The Gauss sums Gg(x) satisfy the following:

1. Gq(x)Gq(x) = q if x is nontrivial;
2. Gy(x™) = x(=1)Gy(x);

3. Gy(x) = —1 if x is trivial;

b Gl = Gy0):

We will need the Davenport-Hasse lifting formula, which is stated below.

THEOREM 2.2. ([1, Theorem 11.5.2]) Let x' be a nontrivial multiplicative character of F,
f1
and let x be the lift of X' to Fyy, i.e., x(z) = X’(xqul) for x € F s, where f > 2 is an integer.
Then

Gor () = (1) H(G (X))
The following theorem is often referred to as the Davenport-Hasse product formula.

THEOREM 2.3. ([1, Theorem 11.3.5]) Let n be a multiplicative character of order £ > 1 of
F,. For every nontrivial multiplicative character x of Fy,

G0N Tr Galn)
G0 =7y 1L, 6o
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In the rest of this paper, we always assume that ¢ is a prime power such that ¢ = 2% +
1 (mod 2“*) with u > 2. Fix N = 2! with ¢t > u + 1 and put f := 2!7%. Then ¢ has order f
modulo N; that is, ¢/ =1 (mod N), and Q2T £ (mod N).

The following is our main theorem in this section.

THEOREM 2.4. Let xn be a multiplicative character of order N of F s and w be a primitive
element of F,¢. Furthermore, let Xhu be a multiplicative character of order 2% of F, such that

—u —u FLSE
X?\tf is the lift of xhu, i.e., X?\tf (W) = Xhu(w = ). and let /' be the quadratic character of Fy.
Then, there exists € € (Cou) such that

Gor(xn) = g1 Gy(xhu) Gy ().

PRrROOF. By the Davenport-Hasse product formula (Theorem 2.3), we have

G Ol T G (X))
) G = 1 —
(2 2) qf (XN) X]fv(f) Pl Gqf (XNXZf)

where x is a fixed multiplicative character of order f = 2" of F,r. We can write x5 = X%\?K
for some odd /. Then xnxf = X?\?”l. We claim that for any ¢, 0 < £ <274 — 1, 24/ + 1 € (q)
(mod N). This can be seen as follows. Noting that ¢ has order f = 2% modulo N, and ¢* = 1
(mod 2%) for any i, we see that 2“4 + 1 € {q) (mod N) for all £ =0,1,...,2""% — 1. Now from
Property (4) of Lemma 2.1, it follows that

Gur(xn) = Gur(xnxy) = =Gy (evxt ).

Also from Properties (1) and (2) of Lemma 2.1, we have Gqf(XZJ})Gqf(X}c_i) = ¢/ for i =
1,2,..., f/2 — 1. Substituting these into (2.2), we obtain

(2.3) Gy (xw) = X (NY2VG 1 () Gyr (),

where 7 is the quadratic character of F ;. Next applying the Davenport-Hasse lifting formula
(Theorem 2.2) to the right hand side of (2.3), we have

Gor () = X (e’ DGy (x5) G ().
Hence, there exists € € () such that

(2.4) Gyr (Xn) = eq’ P71 Gy (xp) Gy (1)
Define 7 € Gal(Q((p, ¢n)/Q(¢p)) by T((pn) = CZ%H, where / is the inverse of N modulo p. Note

that N/ +q = ¢ (mod N) and N{+q =1 (mod p). Applying 7 to G r(xn)/Gq(Xou)Gq(n'), we

have
T( Gy () ) . > ver, ; VF (@)X ()
Gale)Gar) (Sacs, Ve @) (2)) (S, Ve, (20 (=)
Vaer,, e, (2)x4 (@)
(Zer, v, (@)5(@)) (T, tr, (@)79() )

Gor(Xy) Gar(Xn)

TG (5)G () T Gyxhn) Gl

This shows that e is invariant under the action of 7. It follows that € € ((ou). The proof of the
proposition is now complete. O

af -1
REMARK 2.5. Put v := w ¢-1 | which is a primitive element of IF,. In the proposition above,

¢ has the form € = yb.(y7?) for some b € {0,1,...,2% —1}.
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3. Skew Hadamard difference families in finite fields

We retain the same assumptions on ¢, u, N and f as specified in Section 2. Define subsets
in F, and F s, respectively, by

Qu— 1_
(2",9)
(3.1) Chﬂ CF, h=0,1,...,2%—1,
and
N/2—1
(3.2) U Ch chf, h=0,1,...,N —1.

We list some important propertles of By and Dy, below:
(1) _Bh = Bh+2u71, Bh N —Bh = @, ’Bh‘ = (q — 1)/2, and Bh U _Bh - F;
(ii) —Dp = Dyi9t-1, DN =Dy, =0, |Dp,| = (¢/ —1)/2, and D, U —Dj, = F;.
Hence, both B, and D;, are skew.

3.1. Character values of D;,. We express the (additive) character values of Dy, in terms
of those of Bjy,.

ProrosiTioN 3.1. Fora=0,1,...,N -1 and h=0,1,...,N — 1, we have

where jop, is uniquely determined as jop = (a + h+ 7)/27% for some j € {0,1,...,27* — 1}
such that 27" | (a + h + j), and b is given in Remark 2.5.

+ /PGy (n e, (e By),

PROOF. By (2.1), we have

L V2N
(3.3) Vr,, (" Dn) = Do Gy i)y (@ ),
j=0 =0

Since ZN/Q ! XN (witht7) = 0if 4,0 < i < N — 1, is a nonzero even integer, continuing from
(3.3), we have

| N2
a 1 'l G/
(3-4) e (W'Dp) = —5 + N Zo %G .
Jj i:0

For each odd i, 0 < i < N — 1, write i = 2%y + iy with 47 € {0,1,...,2"7% — 1} and iy €
{1,3,...,2*=1}. Note that since 2“/+1 € (q) (mod N), we have G (x 2 ’1“2) = Gqf(xiq;zﬁm)
for any 1,4} = 0,1,...,27% — 1. Tt follows that

N/2—-1 N/2—19t—u_1
B9 X P GG = 3 Gyl X 3 )
7=0 <:0dd i9:0dd 7=0 41=0

Let J :== {a+h+jla+h+j = 0(mod2"),j =0,1,...,N/2 — 1}. There is a unique
j€{0,1,...,27%—1} such that a+h+j = 0 (mod 2/~*); for such a j, write a+h+j = 2""%j, p,.
Then, we have J = {27%(jopn + j) |7/ = 0,1,...,29"1 — 1}. Hence,
N/2—1gt—u_] N/2-1 gt—u_1q
Z Z 72“11 22 a+h+] Z X*lz a+h+j Z Xf2“11 a+h+j)
= i1=0 i1=0
2u—l_1 2u—1l_1

— —1 287U (G n i)Y . ot— 1=12 ¢ o n4j’
u Z X2 (w Uanti')y = gt=u Z X g2 (et
j'=0 j'=0
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Applying Theorem 2.4 and Remark 2.5, continuing from (3.5), we have

N/2 19t—u_q

S Guld) X 3 )

i2:0dd = i1=0

N/2—19t—u_1 ‘
—q f/2— lG Z G XI;Qu Z Z —2 i1— 22 a+h+])X/27u22(,yb)
i2:0dd = 11=0
2u 11
(3.6) =27/ Gy Z D7 G(FIN G (),

=0 42:0dd

. 2u71_1 . . i .
Since 3 5o X'ou (y0*Jan 3"y = 0 for any nonzero even i, we have

u—1_1
(3.7) YD G BN e (et = 207 2ty (470 By).
j'=0 2:0dd

Thus, by combining (3.4), (3.5), (3.6) and (3.7), we obtain

This completes the proof of the proposition. O

+ ¢/ P71G (1)), (P 9an By).

REMARK 3.2. For j, j, defined in Proposition 3.1, we have j, j,1ot—uy = jq,n + £ for any £ € Z.

COROLLARY 3.3. Fora=0,1,...,N—1and h=0,1,...,N — 1, we have

I | B , S
¢]qu (waDh)wquf (waDh) = T + qf leq (,YbJr]a,hBO)qu ("}/bJr]a’hBO)-

PRrROOF. By Proposition 3.1, we have
(3.8)
- @ _1 + qf/271
Uk ¢ (W Dp)yr ¢ (w*Dp) = ( 5

G, (n )
(1) + /271Gy (0 )y, (’Ybﬂ“’hBo))

x <_1+qf/2‘10q(77’)
2

+ ¢ 271Gy (), (’YbJrj“’hBo)) .

Here, G4(n') € R since ¢ = 1 (mod 4). Furthermore, note that

e, (941 By) + ¢, (47940 Bo) = o, (77 Bo) + ¢, (=" By) = —1.
Now, continuing from (3.8), we have
1— g/ 2Gy(n')?
4
Finally, by using G, (1’ )2 = ¢, we obtain the assertion of the corollary. O

+ qfszq(n/)leu?q (’)’bJrj“’hBo)iﬁ]Fq (ybtHan By).

quf (waDh)quf (waDh) =

3.2. Construction of skew Hadamard difference families. We begin by stating the
following lemma which is well known in the theory of difference families. We refer the reader to
[2] for a proof of the lemma.

LEMMA 3.4. Let (G,+) be a finite abelian group, and E;, 1 <1i < ¢, be k-subsets of G. Then,
the following are equivalent:
(1) The family {E;|i=1,2,...,0} is a difference family in G;
(2) For any a € G\ {0c}, S20_, |Ei N (E; 4 a)| is a constant not depending on a;
(3) For any nontrivial character ¢ of G, Zle V(E)p(E;) = kl — X for some X € N.
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Now we define two families of subsets of F, and F, respectively, by

(3.9) B:={B;|i=0,1,...,2"7 ' -1}
and
(3.10) D:={Dytug| £ =0,1,...,2¢71 —1}.

LEMMA 3.5. The family B is a skew Hadamard difference family in (Fg, +).

PrROOF. We show that Z?iglfl |BiN(B;+a)| is a constant not depending on a € F;. Then,
by Lemma 3.4 (2), B is a skew Hadamard difference family in (Fy, +). Since —B; = B;, gu-1, we
have |B; N (B; + a)| = |B; ou-1 N (B;j9u—1 + a)|. It follows that

qu—1_71 2“ 1
(3.11) > IB;N(Bi+a) Z |B; N (B; + a)|
=0 =0

2u112u11u

Z Z Z ‘Cﬁ]’q)m( z(+h )‘H‘)‘

“+hy 4+ a can be rewritten as 47 Pay! = ay "y~ + 1 with

Since the equation vtz = v
x,y € C(2 ) , the right-hand side of the second equality in (3.11) is equal to

2u112u11u ullul
LY T S lneety ) - T > fennm )
J=0 =
which is a constant not depending on a € F}. O

THEOREM 3.6. The family D is a skew Hadamard difference family in (F s, +).

Proor. By Proposition 3.3, we have

2u—1_1
(3.12) Z Ib]qu (WQDQt—ug)w]qu (waDQt—ug)
/=0
u—1
2u71 1— qffl B 2 -1 . -
— ( I ) + qf 1 Z ¢Fq (’7b+]a’2t_ueBO)’l;Z)]Fq (,yb‘f’]a’gt—ugBO)‘
=0
By Remark 3.2, the right-hand side of (3.12) can be rewritten as
Ay G W

¢ Y R, (3B g, (P10 By).

4

By Part (3) of Lemma 3.4, D is a skew Hadamard difference family in (F, s, +) if and only if
B is a skew Hadamard difference family in (Fy, +). Now the conclusion of the theorem follows
from Lemma 3.5. U

Noting that ¢ = 2% + 1 (mod 2“*!) if and only if ¢* = 2“+ 1 (mod 2%™1) for any odd positive
integer s, we see that Theorem 1.5 follows from Theorem 3.6.
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