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Binary m-sequences are widely applied in navigation, radar, and communication
systems because of their nice autocorrelation and cross-correlation properties. In this
paper, we consider the cross-correlation between a binary m-sequence of length
2™ — 1 and a decimation of that sequence by an integer t. We will be interested in the
number of values attained by such cross-correlations. As is well known, this number
equals the number of nonzero weights in the dual of the binary cyclic code C; ; of
length 2™ — 1 with defining zeros o and &', where o is a primitive element in GF(2™).
There are many pairs (m, t) for which C1, is known or conjectured to have only few
nonzero weights. The three-weight examples include the following cases:

(@) t =1+ 2" if m/(m,r) odd,

(b) t =22 — 2"+ 1,if m/(m, r) odd,

(c) m=2r+1o0dd, t =2"+ 3, and
(d)ymodd, 4r = — Imodm, t = 2% +2" — 1.

We present a method of proving many of these known or conjectured results,
including all of the above cases, in a unified way. © 2001 Academic Press

1. INTRODUCTION

Maximal length linear feedback shift register sequences (m-sequences) are
widely employed in applications such as navigation, radar, and spread-
spectrum communication systems. These applications require pairs of binary
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m-sequences @ and b of period 2™ — 1 such that their cross-correlation
function

2m=2
busl(®) = 3, (=170 1)
i=0
is small. Therefore the cross-correlation properties of binary m-sequences
have been studied extensively (see [3, 12, 17, 19, 217). As is well known [12],
the cross-correlation of a pair of distinct m-sequences takes on at least three
values. It is thus an interesting problem to determine which pairs of m-
sequences result in cross-correlation functions with exactly three values. The
problem of determining the cross-correlation spectrum of two m-sequences,
i.e., the set of values taken by the cross-correlation function together with
a count of the number of times that each value occurs, can also be formulated
as a problem of determining the weight distribution of certain cyclic codes. In
order to explain this connection, we introduce some notation.

Let o be a primitive element of the finite field GF(2™). We denote the
minimal polynomial of o' over GF(2) by m;(x). Let h;(x) = (x>" ™1 — 1)/m;(x),
and let h¥(x) = x*€®p,(x~1). In what follows, we will consider various
binary linear cyclic codes of length n = 2™ — 1. As is customary in coding
theory, we identify codewords ¢ = (co,...,c,—1) With polynomials c(x) =
Y2 cix'in 2 = GF(2)[x]/(x" — 1). Let C; denote the binary cyclic code of
length n = 2™ — 1 with defining zero o’. That is, C; is the code consisting of all
polynomials in # which are multiples of m;(x). Note that C; has dimension n — d;
over GF(2), where d; is the degree of m;(x). The dual code C; of C; has dimension
d; and consists of all multiples a(x)h*(x) in # of the polynomial h(x).

If the greatest common divisor (i, n) of i and n equals 1, then the code C; is
simply a binary Hamming code; its dual Ci is called a simplex code. By
definition, an m-sequence of length n =2™ — 1 is a nonzero codeword of
a simplex code.

Let ¢ be an integer relatively prime to n. The decimation by ¢ of a periodic
sequence a = do, d, ...,d,—; with associated polynomial a(x) = Y7, a;x’
in # is the sequence b = by, by,...,b,—; whose associated polynomial
b(x) = Y'Z1bix' in 2 is given by b(x) = a(x' ). Consequently, the zeros of
b(x) include f' for each zero 8 of a(x). Hence if a is an m-sequence, that is,
a(x) = x"h¥(x) for some r and some i with (i, n) = 1, then b(x) € Ci, hence
b(x) = x*h#(x) for some s. Replacing the primitive element o by o', we may
assume without loss of generality that i = 1. Then we can write the cross-
correlation function (1) of a and b to be

0,0(t) = n — 2-wy(xta(x) + b(x)) = n — 2-wu(x*"h¥(x) + x*h¥ (x)), (2)

where wy is the Hamming weight.
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Now let C, , be the binary cyclic code of length n with defining zeros o and
of, or equivalently, with generator polynomial m(x)m,(x). Define

[ = {x'hf(x) + x'hf(x)|0 < i, j < n}.

Note that the set I' consists of all polynomials x*a(x) + b(x) together with
their cyclic shifts. Since my (x)m,(x) (x'h (x) + x’h,(x)) = 0 in Z for all i and j,
we see that I is contained in the dual code Ct, of Cy . In fact it is easy to see
that Ct, is the disjoint union of {0}, C1\{0}, C{\{0}, and T. Since the
2(2™ — 1) nonzero words of the two simplex codes C1, C; all have weight
2™~ 1 we conclude that the cross-correlation spectrum of the pair a = x"h¥(x),
b = x*hj*(x) and the weight distribution of the code Ct,, contain exactly the
same information.

A pair of m-sequences is called a preferred pair if the cross-correlation
function only takes on the values —1, —1 4 2l"*2/2 or equivalently, if the
corresponding code Ci, has only three nonzero weights, 2" 1,
2m=1 4 Jlm*2/2=1 1t has been shown [17] that there are no preferred pairs
when m =0mod4, while for m =2mod4, the only known examples
are those arising from t=2"4+1, r even, t=2*"—2"4+1, r even,
t=2m*22 4 3 andt = 2"?2 4 2Mm* 2+ 1 1 (for the latter two cases, see [7]).
In the case m is odd, the following is a list of all values of ¢ which are known or
conjectured to lead to a pair of preferred m-sequences:

(a) t=2"+4 1,if (r,m) = 1 (proved by Gold [11], 1968);

(b) t=2%—-2"+1, if (rm) =1 (proved by Welch [22], 1969, and
Kasami [14], 1971);

() m=2r+1o0dd, t =2"+ 3 (conjectured by Welch [19], 1972);

(d) modd, 4r = —1modm, t = 2*" + 2" — 1 (conjectured by Niho [19],
1972).

The main purpose of this paper is to provide a uniform treatment of the
four cases above. In particular, we prove the Welch and Niho conjectures
from 1972. The proofs depend on a combination of three ideas.

Let C, , be the cyclic code of length 2™ — 1 defined as above, and let 4;, B;
denote the number of codewords of weight i in C; , and C7, respectively. In
Section 2, we use the Pless power moment identities to evaluate a certain
linear combination of the B;’s in terms of Az and A,. Our interest in this
expression stems from the fact that the only negative coefficients in this linear
combination are confined to a small interval of weights symmetric about
2"~ 1 with the coefficient of B,»-: and two other coefficients equal to zero.
Therefore if we could show that the code C1, has no other weights in this
interval, and if the aforementioned linear combination of the B;’s can be
shown to be zero, then the code C1, can only have three nonzero weights.

To obtain the desired restrictions on the weights that can occur in the code
C1.., a deep theorem of McEliece on cyclic codes is used to express the largest
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power of 2 that divides the weights of the code C7, in terms of a number
M (m, t) defined as

M(@m,t) = max |w(ta) — w(a), (3)

aeZym_1\{0}

where w(a) is the binary weight of a. This material can be found in Section 4.
We remark that on other occasions [3, 17], McEliece’s theorem has been
used successfully to prove interesting results on the cross-correlation of
m-sequences. Even the number M (m, t) has been investigated before. For
example, it was shown in [3] that M (2", t) > 2"~ ! for all odd t.

In order to show that the linear combination referred to earlier is indeed
equal to zero, we need to count the number A5 + A4, of codewords of weights
3 and 4 in the code C, ;. This problem is addressed in Section 3. In the case
when t is of the form t=2"+1, this is easy. For the case where
t = 22" — 2" + 1, we use results from [ 14, 15] to determine A5 + A, under the
condition that m/(r, m) is odd. In the other two cases of interest we make use
of the recent breakthrough results from [8, 9], which essentially state that the
minimum distance of the code C; , is 5 in these cases.

In Section 5 we collect the required results concerning M (m, t). We develop
a method involving add-with-carry algorithms in Z,»_, to investigate this
number. In all four cases, this method actually succeeds in obtaining the exact
values of M(m, t). We remark that these problems involving binary weights
can sometimes be rephrased as tiling problems. Therefore it is possible to
approach the problem of determining M (m, t) from the tiling point of view
(see [6]).

Finally, in Section 6 we prove our main results on the three-valued
cross-correlation of binary m-sequences using the results obtained in pre-
vious sections. In particular, we give a proof for the Welch and Niho
conjectures mentioned above.

We note that the techniques developed in this paper can be useful for
investigating many other (known or conjectured) instances of cyclic codes
with few nonzero weights. To mention just a couple of examples: Recently, in
[6], Chang et al. conjectured that the cyclic code C, ; 2 of length n = 2™ — 1
with defining zeros o, o, and o in GF(2™), with t = 1 + 2™ * V2, has the same
weight distribution as the 3-error-correcting primitive BCH code of the same
length. We can prove this conjecture by using some results in [6] and
straightforward generalisations of the techniques in this paper. Similarly, we
can give a solution for research problem 9.7, Chapter 9.11 in [18]. We will
give details of these results in a forthcoming paper.

After submitting this paper, we became aware through discussions with
Charpin and Dobbertin that for the past few years they have been working
systematically towards solving the Welch conjecture along the same lines as



CROSS-CORRELATIONS OF BINARY m-SEQUENCES 257

in this paper (the idea of using Pless power moment identities and McEliece’s
theorem seems first to have occurred to Charpin [5], while the distance
results [8, 9] were published by Dobbertin). However, for obvious reasons
they did not wish to reveal this promising way of attacking the Welch
conjecture to others. During a meeting in Oberwolfach the second author
was informed by Dobbertin that solving the binary weight problem in
Section 5, which looked similar to a binary weight problem from [10], was
probably sufficient to prove the Welch conjecture; no details concerning this
proof were revealed. After finishing [10], we used the methods developed
there to solve the binary weight problem; then, intrigued by the Welch and
Niho conjectures, we succeeded in deriving the complete proof for the Welch
and Niho conjectures presented here. After hearing of our results, Canteaut
et al., also succeeded in completing their own proof of the Welch conjecture
(see [4]). Perhaps unfortunately, our offer to write a joint paper could not be
effectuated at that point of time. We hope that the above lines serve to give
the proper credit to all the people that have been involved in this proof
through the years.

2. POWER MOMENT IDENTITIES AND CODES
WITH FEW WEIGHTS

As in Section 1, we use C;; to denote the binary cyclic code of length
n =2" — 1 with defining zeros o and o, where o is a primitive element in
GF(2™). The number of codewords of weight i in C;, and its dual code
C1., will be denoted by A4; and B;, respectively.

For later use, we observe the following.

LemMA 1. With the above notation, we have that A; = A, = 0.

Proof. Note that C, , is a subcode of the binary Hamming code, which
has minimum distance 3; therefore 4, = 4, =0. =

As we mentioned in Section 1, for certain special values of t, the code C1, is
known or conjectured to be a three-weight code. We will show how such
results can be proved in a uniform manner from information on 43, 4,, and
certain divisibility conditions on the weights of C1, by powers of 2.

We proceed as follows, using some ideas of Kasami [13]. In fact we will
treat a more general situation first, then specialize to the aforementioned
codes C1 .

Let C* be a binary [n, k] linear code. We still use B; and A4; to denote the
number of codewords of weight i in C* and C respectively. For later use, we
need the Pless power moment identities for the B;’s [20; see also 18, p. 131].
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To keep things simple, we will assume that C has minimum distance at least
3 (which will be the case for all our applications). Then, we have that

P0:= Z Bw = 2k,
P;:= ) wB,=2"""n,
Py:= ) w’B, =2""?n(n+1),

Py:= ) w’B, =2""3n*(n+3) — 3!4;),

w=0
Py:= Y w*B,=2"*n(n+ 1)(n* + 5n —2)
w=0

+ 41(A, — nAy)).
Let 0 < w; < w, < ws < wy < n be given integers, and let

g(x) = (x — wy)(x — wa)(x — w3)(x — wy).

We will be interested in the linear combination E of the B,,’s defined by

E=} gWw)B,. )

Note that by using the above formulae for P;, i =0, 1, ...,4, the value of
E for given wq, w,, w3, wy can be expressed in terms of n, k, A3, and A,.
Moreover, we have the following.

THEOREM 1. With the above notation and assumptions, if C* has no
codewords of weight w in the intervals (wy, w,) and (w3, wy), then E > 0 with
equality if and only if C* has no nonzero weights except wy, w,, ws, and w,.

Proof. We note that g(x) is positive outside the interval [wy, w,] and
inside the interval (w,, w3). Also ¢g(x) is negative in the intervals (wy, w,)
and (w3, wy). If C* has no codewords of weight w in the intervals (w;, w,) and
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(w3, wy), then clearly we have E > 0, and E = 0 if and only if B,, = 0 for all
nonzero w not equal to w;, i = 1, 2, 3, 4. This completes the proof. =

This simple theorem is actually quite useful for proving that certain codes
have only three or four weights. In this paper, we will concentrate on
applications of Theorem 1 in proving three-weight code results. But we
remark that this theorem can also be used in a similar way to prove
four-weight code results.

From now on, we always assume that the length n of the code C* is odd,
and w; = w, —d, w, = w3 = (n+ 1)/2, wy = w, + d. We have the following
immediate corollary of Theorem 1.

CoROLLARY 1. Suppose that C* has no codewords of weight w in the interval
m+1)2—d<w<m+1)2+d except forw=(n+ 1)/2. Then E >0, and
E=0 if and only if C* is a three-weight code with nonzero weights
n+1)/2—d, (n+ 1)/2, and (n + 1)/2 + d.

Proof. InTheorem 1,letw; =w, —d,w, = w3 =1+ 1)/2,wy = w, + d.
Then the corollary follows immediately from Theorem 1. =

CoRrOLLARY 2. (i) Suppose that d divides (n + 1)/2. Then C* is a three-
weight code with weights (n + 1)/2 — d, (n + 1)/2, and (n + 1)/2 + d if and only
if E =0 and the weight of every codeword of C* is divisible by d.

(i) If d|"52, if C has minimum distance at least 3, and if C* is a three-
weight code with weights (n + 1)/2 —d, (n + 1)/2, and (n + 1)/2 + d, then
d)2*=', where k is the dimension of C*. If, in addition, n = 2™ — 1, then
2k=m=1142 when k < 3m, and d = 2™~ when k > 3m.

Proof. For part (i), we observe that if the weight of every codeword of
C* is divisible by d and d|"%%, then C* has no codewords of weight w in the
interval (n + 1)/2 —d <w < (n + 1)/2 + d except for w = (n + 1)/2. Now the
conclusion in part (i) follows from Corollary 1.

For part (ii), we set s = (n 4+ 1)/2. Using the power moment identities listed
above, we have

PO = 2k,
Py =2k — 21,
P, = s22F — 2k 15 =Py,

Py =273(2(2s — 1)*(s + 1) — 643),
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and
By—g= (s + )2 —5)/2d°),
B, = (2" — 1) —s(2* ' — s)/d2,
Byia=(s — d)(2" ! — 5)/(2d%).
Since B,y — By 4 = (2" — 5)/d is an integer and by assumption d|s, we

see that d|2~!; hence d is a power of 2.
Using the above expressions for By_g4, By, B4, We also find that

Py =02 — 1) — 2251 —),
Ay = (8 — (Bs — )22 4 (251 — g)(3-2572),
Since A5 is an integer, we conclude that 2%~ "~V gifp = 2™ — 1, k < 3m,

andd=2""tifn=2"—1land k>3m. m

Next we express E in terms of n, k, A3, and A,4. (Note that we assume
Ay = A, = 0.) By the definition of E, we have that

4
E=P4—P32Wi+P2 Z W;w;

i=1 1<i<j<4

— Pl Z WinWk + (PO — 1)W1W2W3W4.
i<j<k

We assumed that w, = w, —d, w, = wz = (n + 1)/2, w, = w, + d. With
this assumption, we find using the power moment identities that

E - P4 - 4W2P3 + (6W% —_— dz)Pz —_— (4Wg - 2d2W2)P1
+ (w3 — d*w3)(Po — 1) ®)
=321 A5+ A) —(n+ DH16 + 2 *m + H(Bn + 1)

+dPn + 1D)Y4— 222 (n + 1), (6)
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We now specialize to the case where n = 2™ — 1 and k = 2m. With these
assumptions, we obtain that

E=22"2(6(A; + A,) — (d> — 2" 12" — 1),

In order to apply Corollary 2, part (i), we need d to be a power of 2. Setting
d* = 2™"2"¢ we conclude from the above equation that E = 0 if and only if
As + Ay = (271 — 1)2"7 (2™ — 1)/6. Combining this with Corollary 2, we
now have the following.

THEOREM 2. Letn =2" — 1, and let C, , be the binary cyclic code of length
n with defining zeros o and o', where o is a primitive element of GF (2™). Suppose
that Ct., has dimension 2m. Let d be the largest power of 2 dividing the weight of
every codeword of Ct ., and let e be such that d*> = 2"~ Then

Ay + Ay > (2071 — 1)2m 22" — 1)/3,

with equality if and only if Ct, is a three-weight code with nonzero weights
ol gmm2a2 e — 1,0, 1, where A; denotes the number of codewords of
weight i in C .

3. THE NUMBER OF WORDS OF WEIGHT 3 OR 41in C, ,

Let n = 2™ — 1 and let & be a primitive element in GF(2™). Given a function
f1GF(@2™) - GF(2™) with f(0) = 0, we use C, to denote the binary cyclic code
of length 2™ with parity check matrix

We will index the coordinate positions of C, using the elements of GF(2"),
in such a way that the column of H, with index x e GF(2") will be (1, x, f (x))".
Let C¥ denote the subcode of C, consisting of all words having a zero in the
position indexed by 0. Denote the number of codewords of weight w in C¥ by
A,,. We remark that if f(x) = x, then the code C7 is just C, ;. Note also that if
S = {x|c, # 0} is the set of supports of a codeword of weight 2w in C,, then
S\{0} is the set of supports of a codeword in C¥, of weight 2w if 0¢ S or weight
2w — 1 if 0 € S; moreover, all sets of supports of words in C¥ arise in one of
these two ways.
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In what follows, we will be interested in the number A5 + A, of codewords
of weight 3 or 4 in C%. Note that by the previous remark, A; + 4,4 equals the
number of words of weight 4 in C, and therefore is the number of sets
{x1, X2, X3, X4} = GF(2") of size 4 such that

X1+X2+X3+X4:0, (7)

Jx1) +f(x2) +f(x3) +f(x4) = 0. ®)

Writing x, = x, x; = x + a,and x4 = y, we see that A3 + A, is the number
of sets of the form {x, x + a,y,y + a}, a #0, y # x, x + a, such that

J+a)+f(x)=f(y+a+f() ©)

The function f is said to be Almost Perfect Nonlinear (APN) if for each
a € GF(2")\{0}, the function

Arax) =f(x+a) —f(x)

is two-to-one from GF(2™) to itself—that is, if (9) only has the trivial
solutions a =0, y=x,or y =x + a.

As a consequence of the preceding analysis, we have obtained the main
part of the following theorem.

THEOREM 3 [5]. The code C¥ has minimum distance 5 if and only if f is
APN.

(The fact that C} has minimum distance at most 5 follows from a sharpening
of the Johnson bound [1].)

CoRrOLLARY 3. The function fis APN if and only if A3 + A4 = 0.

From now on, we only consider functions f of the form f (x) = x' for some t.
In that case, for given x the number of solutions y of (9) only depends on
whether a = 0 or a # 0. (To see this, in (9) divide both sides of the equation by
a'if a # 0.) As a consequence, the set of supports of codewords of weight 4 in
the extended code of C, ; are precisely the sets of the form

{ax,a(x + 1), ay, a(y + 1)}, a#0,y#x,x+1 (10)
with x and y satisfying

x+ 1) +x=(+1)+). (11)
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Let v,(x) denote the number of solutions y of the equation (11). Note that
v,(x) > 2 for all x.

THEOREM 4.  The sets of supports of codewords of weight 3 or 4 in C, , are
precisely the sets S\{0} for which S has the form (10) with x and y satisfying (11).
The number A5 + A, of such codewords satisfies

A+ A, =02"=1) Y (n(x)—2)4

xe GF(2™)

Proof. Foreacha # 0, Eq. (9) has precisely v,(x) solutions y for given x; all
but two of these lead to a valid support set {x,x + a,y,y +a}. ®

We remark that the support sets of words of weight 4 in the code C,,
f(x) = x', form a 2-design if and only if v,(x) does not depend on x € GF(2").

In what follows, we will apply the previous results to determine A3 + A4
for various pairs (m, t).

3.1. The Gold Case
First we consider the case where t = 1 4+ g, 0 = 2". Write e = (r, m).
THEOREM 5. All words of weight 3 or 4 in C_; ., have zeros «* 2" for all j.
The number A5 + A, of such words satisfies

Ay + Ay =2"202" — 1)(2°~ 1 — 1)/3.

Proof. We apply Theorem 4. Note that the map z+—z° from GF(2") to
GF(2™) is linear, hence (1 +2)'*° 4+ z' "% =2z° 4+ z + 1. Moreover, x and
y satisfy (11) precisely when y = x + y satisfies y7 = 7. It is easily seen that this
holds if and only if

P =7 (12)

As a consequence, the sets of supports of codewords of weight 3 or 4 in
Cy.1+, are precisely the sets

{ax, a(x + 1), a(x + y), a(x + 7 + 1)}\{0} (13)

with a #0, y#0, 1 and y satisfying (12) (i.e.,, y € GF(2°). The number
A; + A, of such sets is easily seen to be (2™ — 1)2"(2° — 2)/4l.

Since (12) implies that y2” =y for all j, the preceding analysis shows that
each set (13) is in fact the set of supports of a word that is contained in all
codes Cy 44, N
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We remark that as a consequence of Theorem 4 and Theorem 5, the
function x— x2 ! on GF(2™) is APN if and only if (m, r) = 1.

3.2. The Kasami Case

Next, we consider the case where t = 6> — ¢ + 1, ¢ = 2". Again we write
e = (r,m). We have not been able to find a simple method to count the
number of words of weight at most 4 in C; ,2_,+ for all values of r; the
following approach works in the case where m/e is odd.

Let Cy4,.1+0* denote the binary cyclic code of length n =2" — 1 with
defining zeros o' *%, «'*?". Remark that if m/e is odd, or, equivalently, if
(14+06,2"—1)=1, then the map ar>a'"? induces a permutation on
GF(2")\{0} and hence the codes C; ,2_,4 1 and Cy 4+, 1 +,* are equivalent. We
will show later on that the following holds.

LemmA 2. (i) A word of weight 3 or 4 in the code C, 42,4+ has additional
zeros o FVCTD for gl j.
(ii) A word of weight 3 or 4 in the code Cy, 1+, has additional zeros
a2 for all j.

This has the following consequence.

THEOREM 6. Let m/e be odd. Then the sets of words of weight at most 4 in
the codes Cy 1, 1+ and Cy 1+, are equal. Moreover, the number Ay + A, of
words of weight 3 or 4 in C, ,:_,4, satisfies

Ay + Ay =2""202°7 1 — 1)2" — 1)/3.

Proof. By Theorem 5, the words of weight 3 or 4 in C, ., have zeros
o' "2 for all j. So in particular, such words have zeros o' *° and «' *°" and
hence are contained in Cy 4, 144

Conversely, if m/e is odd, then by Lemma 2, a word of weight 3 or 4 in
Ci 401+ has zeros o 2" for all j; therefore 0%, and hence o, is a zero and
such a word is contained in C; ;., Since the codes C;i, 1+, and
Cy.,2—,+1 are equivalent if m/e is odd, the second claim in the theorem
follows from Theorem 5. m

We now give a proof of Lemma 2. In fact, part (ii) of Lemma 2 has already
been proved in [14]. Here we sketch a short proof of Lemma 2, based on
results from [14] and [15].

Let ¢(X)=Y% X" with 0 <u; <u, < -+ <u, <n. For each ieZ,
define the vector v(i) in GF(2™)* by

v(i) = (o™, o™, ..., o™,
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Let A be a subset of Z,. We will say that A4 is independent if the corresponding
set of vectors V(A4) = {v(a)|a € A} is independent over GF(2"), or, equiva-
lently, if the set of residue classes {X“|ae€ A} modulo the polynomial
pe(X) =[5~ , (X — &™) is independent. Note that an independent set has size
at most k.

Let R = {re Z,|c(¢) = 0}. The first step in our proof is mostly a refor-
mulation of Lemma 1 in [14]; see also [15].

1. For all r, s € Z,, we have that v(r)v(s)" = c(o"**). So if A is indepen-
dent,4 = R, and s¢R, then AU {s} is independent.

Indeed, v(r)v(s)" = Yh_, oo™ = Y5 o "9% = ¢(&""%). Soif 4 < Ris in-
dependent and s¢ R, then the vector v(0) is orthogonal to all the vectors in
V(A) but not orthogonal to v(s), and therefore 4 U {s} is independent.

The next step can be found in Theorem 11 of [15].

2. If A is independent and s € Z,, then the set s + A = {s + ala € A} is
independent. This statement is obvious when considered in terms of residue
classes X“mod p.(X).

The next step is again in [14].

3. If A is independent and I is any integer, then the set 2'4 = {2'ala e A}
is independent.

Essentially, this statement is a direct consequence of the fact that for each /,
the map z+z* is linear on GF(2™).

4. Now suppose that for some a, 7 € Z,, T = 2/, the sequence {v;}; o in
Z, satisfies v;1y =a+ t; for all j >0 and the set R contains v; for
j=0,....,k — 1. Then v; € R for all j.

To see this, suppose that v; e Rforj=0,...,u — 1 and v,¢ R. By step 1 with
A =0, the set {v,} is independent, and then by a sequence of applications of
step 2 (with s = — a), step 3 (with [ = — i), and step 1 (with s =v,), we
conclude that the sets {v,_1, U}, {Vy—2, Vy—15 Vu}s -+ {V0» V1, ..., 0,} are inde-
pendent, which is only possible if u + 1 < k.

5. Now we apply the above to a codeword ce C; ,2_,+; of weight
k < 4. The sequence v; = (6% + 1)/(c + 1) satisfies v;,; = 1 — ¢ + v, for
all j > 0; moreover, note that vy =0 (6> —c + 1), v, =06 ', v, = 1, and
vy = 6> — ¢ + 1 are all zeros of c¢. Then part (i) of Lemma 2 follows from an
application of the result in step 4 above with a = 1 — ¢ and © = ¢. Similarly,
part (i) of Lemma 2 follows by considering the sequence of numbers
v; = (o + 1v;.

3.3. The Welch Case

Next, we consider the case where m = 2r + 1 is odd and t = ¢ + 3, with
o = 2'. The results in Section 3.3 and 3.4 are due to Dobbertin [8, 9]. Here,
we use Theorem 4 to translate his results into coding language.
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Consider the function
A(X) — (X + 1)a+3 + XJ+3.

Writing (x + 1)°%3 = (x + 1)7(x 4+ 1)*(x + 1), it follows easily that A(x) =
1 + (x + x%)(x*> + x + 1). Hence A(x) can be written in terms of the poly-
nomial

a(y) =y(y* +y* +1)
as
Ax) =1+ q(x + x°).
Since (r, m) = 1, the map x+- x + x? is two-to-one on GF(2™). The preceding

analysis is from [8], where the following result was also proved.

2r+1

Tueorem 7 [8].  The polynomial q(y) = y(y*  + y* + 1) is a permutation

polynomial on GF(2™), m = 2r + 1.

As a consequence, the number v, 3(x) of solutions y to A(x) = A(y) equals
2 for all x; hence by Theorem 4, we have the following.

THEOREM 8. Let m=2r+ 1 and t =0 + 3, with ¢ = 2". Then the code
Cy., has minimum distance 5.

3.4. The Niho Cases

Let m be odd, and let r € Z,, be such that 4r + 1 = Omodm. Here we
consider the case where t = 6% + ¢ — 1, with ¢ = 2". Again, we will apply
Theorem 4. It is not difficult to verify that the function

A(X) — (X + 1)oz+o_,1 + x<72+afl
can be written in terms of the polynomial

62+ 20 62+20— o? ¢2—
q(y):yz +2 +1+y2 +2 1+y2 +1+y2 1+y
as

Ax) =14+ 1/q((x" +x)" "' + 1).

The preceding analysis as well as the following result can be found in [9].

THEOREM 9 [9].  With the above definitions, the polynomial q(y) is a permu-
tation polynomial over GF(2™).
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As a consequence, the number v,z ,_1(x) of solutions y to A(x) = A(y)
equals 2 for all x; hence by Theorem 4, we have the following.

THEOREM 10. Let m be odd, let 4r = — 1modm, and let t =6* + 0 — 1,
where 6 = 2. Then the code C; 42 ,—1 has minimum distance 5.

4. THE LARGEST POWER OF 2 DIVIDING THE WEIGHTS OF C

In this section, we use the following theorem of McEliece to obtain
information on the largest power of 2 dividing the weights of C1 ..

THeorREM 11 [16]. Let C be a binary cyclic code, and let ¢ be the smallest
positive integer such that ¢ nonzeros of C (with repetitions allowed) have
product 1. Then the weight of every codeword in C in divisible by 2’ ™!, and
there is at least one weight which is not divisible by 2.

Let n =2™ — 1, and let Z, be the ring of integers modulo n. We define the
weight w(a) of a given sequence a = dg, dy,...,dy,—1 a8

w(a) = mil a;.

We say that a number a has binary representation a =a,_q---aq if
a=Y"" a2 with a; € {0, 1} for all i. We will write a to denote the number
with binary representation @,,_ --- d, (that is, @ = 2™ — 1 — a). By a slight
abuse of notation, we also use w(a) to denote the (binary) weight Y= a; of
a number a with binary representation a =a,_---do. Note that
w(a) = m — w(a). Moreover, if ae Z, has a given binary representation
a=Y"ta2'mod2™ — 1, a;€ {0, 1}, then we also use w(a) to denote the
weight of this representation. Note that an element a € Z, has a unique
binary representation if a # Omodn.
Next, for any integer m > 1 and t € Z,\{0}, we define

M (m, t) = max*(w(s) — w(a)), (14)

where the maximum is over all integers a, s for which 0 <a, s <2" — 1,
s=tamod2™ — 1, and a # 0 or s # 2™ — 1. For later use, we will write the
above definition in a slightly different form. First we observe that the above
maximum is never attained for ¢ = 0mod 2™ — 1. Indeed, if a = 2™ — 1, then
w(s) —w(a) <0 for all s, and if @ = 0, then s = 0mod 2™ — 1, so s = 0 (the
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case a = 0, s = 2™ — 1 is excluded) and w(s) — w(a) = 0. However, the choice
a=1, s=t shows that M(m,t) > w(t) — w(l) > 0. Next, we note that
w(8) — w(a) = w(a) — w(s). As a consequence, we have that

M (m, t) = max*(w(a) — w(s)) = max*(w(s) — w(a))
= max*|w(a) — w(s)|, (15)

where the maximum is now over all integers a, s for which0 < a, s <2™ — 1,
s =tamod 2™ — 1, and a # Omod 2™ — 1, which will be the form used in this

paper.

THEOREM 12.  Let C; ; be the binary cyclic code of length n = 2™ — 1 with
defining zeros o and o, where o is a primitive element of GF(2™) and t € Z,)\{0}.
Let M(m, t) be defined as above. Then the weight of every codeword of C1 is

divisible by 2™~ M™9=1 and there is at least one weight which is not divisible by
2m*M(m,t)'

Proof. By definition, the zeros of C,, are {o!, 02, ot Lo o
om= _om—1 —
oo ’}lso the nonzeros of Cy, are {o™ ', o 2,0( 4,...,0( 2 o
o 072 1 Let
N={—-1,-2, —4,...,=2""1 — =2t,..., — 2" 1}
We want to find the smallest / > 1 such that iy, i,,...,i, come from the set
N and
ai1+i2+---+i/=1‘ (16)

We remark that, since N < Z,»_ is closed under multiplication by 2, we may

assume without loss of generality that all i; are distinct. Since iy, i, ..., i, are
from the set N, we may assume that some of them are — 271, — 2722, . — 2%k
and the rest are — 2™, — 2% ..., — 2Mp Teth =20 4202 4 . + 2", and

let a=2" 4+ 2% 4 ... £ 2% Then we have c+d=¢, 0 <a, b§2m—1,
w(a) =c¢, w(b) =d, and since / > 1 we also have a #0 or b #0. Now
gl *is = 1 if and only if "7 = 1, which is equivalent to

b+ ta=0mod2™ — 1. (17)
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Write s =2™ — 1 — b. Then (17) is equivalent to s = tamod 2™ — 1 and
since w(s) = w(b) = m — w(b), we have £/ =m — w(s) + w(a) and a # 0 or
s # 2™ — 1. This tells us that the smallest / such that (16) holds necessarily
satisfies £/ = m — M(m, t). The conclusion of the theorem now follows from

Theorem 11. =

5. THE DETERMINATION OF M (m, t)

In this section we will determine the number M (m, t) as defined in (15) for
various values of t. We treat successively the Gold case (t = 2" + 1), the
Kasami case (t = 2% — 2" + 1), the Welch case (t = 2™~ Y2 + 3, m odd), and
the Niho cases (m odd, 4r = — Imodm, t = 2% + 2" — 1).

In all these cases, we first obtain upper bounds on M(m,t) through
a detailed analysis of a suitable binary modular add-with-carry algorithm for
the computation of tamod2™ — 1, where a € Z,»_,\{0} varies. The main
idea is to express the quantity w(ta) — w(a) as a sum Y7 w;, where each o, is
an expression involving some of the digits of a and some of the carries that
occur in the computation of tamod 2™ — 1; then we show by a local analysis
that this sum cannot grow beyond the desired bounds. In fact, a more
detailed analysis of the arguments that we use to obtain these bounds is
sufficient to construct examples where the bounds are actually attained.

It turns out that the Gold case is almost trivial and the Kasami case is only
slightly more difficult. The Welch and Niho cases are much more involved. In
the latter two cases, we essentially construct a weighted directed graph D (not
depending on m) with the property that directed cycles in D of length m and
total arc weight w are in 1-1 correspondence with integers a € Z,»_\{0} for
which w(a) — w(ta) = w. We remark that a similar technique has been ap-
plied in [10] to count the number of solutions of certain equations involving
the binary weight function w. Once we have constructed the weighted digraph
D, proving the desired upper bounds on M (m, t) is equivalent to showing that
the weight of every directed cycle in D is not larger than its length, which is
a finite problem. The Welch case can still be analysed by hand and we will
present this analysis in full detail. In contrast, the Niho cases are perhaps best
analysed by computer (although an analysis by hand seems feasible). We will
give sufficient details to enable the interested readers to do such an analysis
using a computer by themselves.

5.1. Modular Add-with-Carry Algorithms in Zm»_

We now discuss the add-with-carry algorithm for integers modulo 2™ — 1
and describe some of its basic properties. The required results will follow
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from a simple lemma given below. Before we state it, we introduce some
notation.
Let {a;};c7 be a periodic integer sequence, with period m. Define

m—1 .
a[k] = Z ai+k21.
i=0

We write a = a'®.

LEMMA 3. There exists a periodic integer sequence {c;};icy with period
m such that

2¢i =a; + ¢;— 1 (18)

holds for all i if and only if a = Omod 2™ — 1. If that is the case, then we have
a™ = 0mod 2™ — 1 for all k, and

-1 = a2" = 1), (19)

for all k; in particular, the solution is unique. Also, if (18) holds, then
m—1 m—1
Z Cp = Z Ay. (20)
k=0 k=0

Proof. Suppose that (18) holds for all i. Write ¢ =" '¢;, 2" Then,
using (18), we have that

m—1
2 =M 4 N ey 2
i=0

P
=a™ + 2" 4+ ¢y — 2"y
=a™ + 28 — ¢ 2™ — 1),

hence ¢,_; = a™/(2™ — 1). So a™ = 0mod 2™ — 1 for all k; in particular, we
have that a = Omod 2™ — 1.

Conversely, suppose that a =0mod2™ — 1. Then obviously 2*a™ =
a®’ = 0mod 2™ — 1, hence a™ = 0mod2™ — 1 for all k. Then the sequence
{ci}icz defined by (19) is an integer sequence with period m, and it is easily
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verified that this sequence indeed satisfies (18). Finally, the equation (20)
easily follows from (18) by summing (18) for i =0,....m — 1. =

Now let a'”, 1 < j < k, be nonnegative integers with 0 < a'? < 2™ — 1, with
binary representation a') = a$. ; --- a§’ for all j. Furthermore, let ty, t,, ...,
be nonzero integers. Define t. =3, . tiand - =3, _,t; so that

k
Yotj=ti 41, ty >0,t_ <O.
j=1

Let s be an integer with 0 <s <2™ — 1, with binary representation
S =S,-1°" S0, say, and suppose that

s=ta" + 1,a? + -+ + a®mod 2™ — 1.

We will prove in the theorem below that there exists a unique integer
Sequence ¢_ i, Co, ---,Cm—1 With ¢_y = ¢,,—; such that

k
2C,-+Sl-= Z tja(ij)—I—C,-_l, OSlSmfl (21)

ji=1

The s; and ¢; will be called the digits and carries for the computation modulo
2™ — 1 of the number s. We emphasize here that the non-obvious part is the
existence of a carry sequence with ¢, = c_ (otherwise (21) represents the
ordinary add-with-carry algorithm). To stress the periodic nature of this
modular add-with-carry algorithm, we will often consider all indices as indices
from Z,,

THEOREM 13. (i) There exists a unique integer sequence c_, Coy-.,Cpm—1
with ¢_y = ¢,—y such that (21) holds. Moreover, if we define w(c) =Y~ ¢;,
then we have that

M=

w(c) = tw(a?) — w(s). (22)

J

0

Also, we have that t - — 1 < ¢; < t, and furthermore
t-<¢ <ty (23)

for all i if a¥’ # 0mod 2™ — 1 holds for some j.

() Ifs;=1—s,a?=1—a?, and é&; =t, +t_ — 1 —c;forall i and j,
then the s; and ¢; are the digits and carries for the modular computation of
§=—s= Z’;Zl t;a”mod 2™ — 1.
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Proof. Define a; = —s; + Y_, t;a}” for i = 0,...,m — 1 and extend the
sequence to a sequence {a;};.z, by letting a;,, = a; for alli € Z; now Lemma 3
applies. To obtain the bounds on the ¢;, simply note that

Q" —i_—Q"— 1) <d¥ <" — i,

holds for all k, and if equality holds in either of these bounds then s and each
a'? equals either 0 or 2™ — 1.

The relation between the digits and carries for the computation of s
and —s as given in the second part of the theorem is easily verified by
substitution. H

In the next part, we will be interested in the digits and carries for the
modular computation of numbers s for which s =tamod2™ — 1, where
t =Y%_ ;2 with each t; € { —1, 1}. Note that if a has binary representation
a=a,_...4a then a'”:=2% has binary representation a$ ; ---a{a{’,
where al¥) = a;—., and the indices are considered modulo m. Now the exist-
ence of a carry sequence ¢ and binary digits s; satisfying

k
2Ci+5i= Z tjai_ej+ci_1 (24)
j=1
for all i € Z,, is guaranteed by Theorem 13.

5.2. The Gold Case

We now determine M (m, t) for the case t = 2" + 1. Let a and s be integers
for which 0 <a, s <2" — 1, s =tamod2™ — 1, and a # Omod 2™ — 1; sup-
pose that s and a have binary representations a = a,,—---ao and s =
Sm—1 "+ So. To determine M (m, t), it is sufficient to derive a suitable upper
bound on w(a) — w(s). To this end, we will apply Theorem 13. According to
this theorem, there are carries ¢; € {0, 1} for i € Z,, such that

2+ si=ai— + a; + ¢i—4 (25)
holds for all i € Z,,; moreover, w(c) + w(s) = 2w(a). Now let

w; = C; — a;.

Then w; € { —1,0,1} and

w(w):= mil w; = w(a) — w(s).

LemmMma 4. If w; =1, then w;—, <0.
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Proof. “If” w;=1, then ¢;=1 and a; =0. Hence by (25), we have
a;_, = 1, therefore w;_, < 0. m

THEOREM 14. We have that

m/2 if m/(r,m) is even,

Mm,2 +1)= {(m — (m, 1))/2, if m/(r,m) is odd.

Proof. Partition the m numbers w,, ...,®,,—, iInto groups
{wi7 Wi—py Wij—2py - }

There will be e = (r, m) such groups, each consisting of L. = m/(r, m) elements.
By Lemma 4, the sum of the elements from each group is at most L/2 if L is
even or (L — 1)/2 if L is odd. The upper bounds on w(a) — w(s), and hence on
M (m, t), now follow.

It is easy to construct examples of a € Z,»_;\{0} for which the upper
bounds are attained. For example, we may take a=(2°—1)-
(2rme=a _ 1)/(2% — 1) = (2° — 1)(1 + 2% + 2% 4 ... 4 22r(mlema2=1)y
where ¢ = 0 if m/e is even and ¢ = 1 otherwise. Then w(a) = (m — ¢e)/2 and
w((2" 4+ 1)a) = m — ce. Therefore |w(a) — w((2" + 1)a)| = (m — ge)/2. This
completes the proof. m

5.3. The Kasami Case

Next, we determine M(m, t) for the case t = 2% — 2" + 1. In fact, we will
consider the more general case where t = (2% 4+ 1)/2"+1)=1+2"+
<o 4 2%7 D with k>3 odd. Let a and s be integers for which 0 < a,
s<2"—1, s=tamod2™ — 1, and a # O0mod 2™ — 1; suppose that s and
a have binary representations @ = d,,—1 -+- do and s = §,,_1 -~ So. Again, we
apply Theorem 13 to derive a suitable upper bound on w(a) — w(s). Accord-
ing to this theorem, there are carries ¢; € {— (k — 1)/2,...,(k — 1)/2} for
i € Z,, such that

20, + 8 =G —k—1yr — Qi—k—2pr + - — Ay + A+ g (26)

holds for all ie Z,,; moreover, w(c) + w(s) = w(a). In this case, we take
; = ¢; + ¢i—,, 50 that w(w) = Y7 w; = 2(w(a) — w(s)).

Lemma 5. If w;¢{ —1,0, 1} for some j € Z,,, then a = 0mod 2" — 1.
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Proof. By adding the two equations (26) for i and i — r, we obtain that
2Wi + S; + Si—p = di—pr + a; + Wi— 27)
for all i € Z,,. From (27), it is easily seen that
wil < (Iwi-1 + 1)/2, (28)

for all i € Z,,. Due to the cyclic nature of (27), we may conclude that |w;| < 2
for all i; moreover, if w; e { —1,0, 1} for some j € Z,, then the same will be

true for all subsequent indices i =j + 1, j + 2,..., and hence for all i € Z,,.
The only other possibilities are that eitherw; = 2,5, =5;_, = 0,a;_p, = a; = 1
foralli,orw;, = — 2,s;, =s;,_, = 1,a;_, = a; = 0 for all i; in both these cases,

we have that a = 0mod2™ — 1. m

THEOREM 15. For k > 3 odd, we have that

m/2, if m/(r, m) is even;

M(m, (2kr + 1)/(2" + 1)) = M(m, oy _ 1) = {(m _ (m’ r))/z, lf m/(r’ m) is odd.

Proof. 1Ifc; = c¢;—, = +1forsome i, then |w; = 2, hence a = Omod 2™ — 1
by Lemma 5, which is excluded in the definition of M (m, (2" + 1)/(2" + 1)). So
we may assume that if ¢; = 1, then ¢;;, = ¢;—, = 0. Again we partition the
m numbers ¢, Cq, ..., Cpy—1 INt0 groups {c¢;, ¢;—,, ¢;— 2y, ... ;. The remainder of
the proof now proceeds similarly to the proof of Theorem 14. m

5.4. The Welch Case

For the moment, let m = 2r + 1 be odd. We now consider M (m, t) for the
case where t = 2" + 3. Let a and s be integers for which 0 <a, s <2™ — 1,
s =tamod 2™ — 1, and a # Omod 2™ — 1; suppose that s and a have binary
representations a = a,,—1 -+~ dg and s = s,,_1 -+~ So. Again, we apply Theorem
13 to derive a suitable upper bound on w(a) — w(s). According to this
theorem, there are carries ¢; € {0, 1, 2} for i € Z,, such that

2t si=a;+ai—y +ai—, + ¢i—yq (29)

holds for all i € Z,,; moreover, w(c) + w(s) = 3w(a).
Our aim is to prove that

[w(s) —w(a)| <. (30
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In fact, we shall prove more. Let x, y, p, and g be integers for which 0 < x, y, p,
g=<2"-1,

p=3x+y, g=3y+2" 'xmod2" — 1, 31

and at least one of x, y is nonzero modulo 2™ — 1; suppose that x, y, p, and
q have binary representations X = X,,—1 - X0, ¥ = Vm—1"""Y0> P = Pm—1 """ Po»
and ¢ = ¢,,—1 ' qo- (The motivation for this will be discussed in a moment.)
By Theorem 13, there are carries d,, e; € {0, 1, 2} such that

2; +pi=xi+ X1+ yi+diy (32)

and

2e;+qi=yi+Yi-1+Xiv1 T ey (33)
hold for all i € Z,,; furthermore, the carry sequences d and e satisfy
w(d) =2w(x) + w(y) —w(p),  wle) =2w(y) + wlx) —w(q). (34
We shall prove that

w(x) + w(y) —w(p) — wig)] < m. (35)

Observe that if we let x;,=a;, di=c¢; p;=s;, and y; = a;—,, e, = c¢;_,,
q; = Si—p, foralli(sothatx =a,y=2"a,p =s= (2" + 3)a,and g = 2"p), then
(32) follows from (29). Moreover, since —2r = 1 mod m, (33) follows from (29)
by replacing i by i —r. In that case w(x) =w(y)=w(a) and w(p) =
w(g) = w(s), and (30) follows immediately from (35) because m =2r + 1 is
odd.

We now proceed to prove (35). Since the parity of m will no longer play
a role in what follows, we will now drop our previous assumption that m is
odd. In order to prove (35), we will follow a similar strategy as before. Let the
numbers &; ad #; be defined by

Ei=xi+x-1 — d; (36)
and

Ni=Yi+ Yi-1 — € (37)
and let us set

w; =& + ;. (38)



276 HOLLMANN AND XIANG

Note that by (34), we have that w(&) = w(p) — w(y) and w(n) = w(q) — w(x);
hence

m—1

w(w)i= ) w;=w(p)+wlg) —wx) —w(y). (39)

i=0

We will prove (35) in a number of steps. In some of these, we will claim that
certain expressions satisfy a lower and an upper bound. We will then only
prove the upper bound; the corresponding lower bound will automatically
follow from the symmetry stated in part (ii) of Theorem 13. (This remark also
applies to the material in the Appendix.) Our first result gives a bound on ¢&;
and #;.

LEMMA 6. We have that &, ;€ { —1,0, 1} for all i; hence o) < 2.

Proof. 1If x; = x;—1 = 1, then by (32) we have that d; > 1, hence &; < 1.
Similarly, if y;=y;—y =1, then e¢;>1, and hence #; <1. Therefore
oi=&%+n1;<2. 1

Next we will show that if @ takes the value 2 in some position, then the
values taken by w in subsequent positions are a limited number of 1s followed
by a non-positive number. This result is stated more precisely in the following
lemma.

LeMMA 7. Suppose that w, = 2. Then there is an integer k with 0 < k <3
such that w,;=1fori=1,2,...,k and w1+, <O.

By far the easiest way to verify this claim is by using a computer. To do so,
for all choices of d;, e;, X;, ..., X+ 7, and y;, ..., Vi 16, WE COMPULE D; 4 1, ..., W; 46
using (32), (33), (36), (37), and (38). By inspecting all cases where w;;, = 2, we
see that Lemma 7 is true.

Alternatively, the claim in Lemma 7 can also be verified by a rigorous, but
somewhat tedious analysis. The interested reader will find this analysis in the
Appendix.

The next result follows directly from Lemma 7.

COROLLARY 4. We have that
w(w)| < m.

Proof. By Lemma 7, we can partition the m values w;, i =0,...,m — 1,
into blocks B = {@p, Wy 1, ..., 04 j—1} of length |B| =j < 5 such that the
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sum Sy of the elements in B satisfies
|Sgl < |Bl,

from which the desired conclusion follows immediately. m

THEOREM 16. (i) Let x, y, p and q be integers for which 0 < x, y, p,
gq<2"—1,p=3x+y,q=3y+2" 'xmod2™ — 1, and at least one of x, y
is nonzero modulo 2™ — 1. Then we have that

w(x) + w(y) — w(p) — wig)| < m.
(ii) For odd m, we have that

M(m, 2= D2 4 3) = (m — 1))2.

Proof. The first part of the theorem follows from Corollary 4 by using (39)
and (31). If m = 2r + 1 is odd, then by taking y = 2"x, we find that

[w(x) — w((2" + 3)x)| <[ m/2 ]

It is easy to see that the upper bound above is attained by the elements
1422 42%+ ... 42240~V from Z,n_ . Therefore part (ii) follows. m

5.5. The Niho Cases

Finally, we determine M(m,t) for the cases where m=4r + 1,
t=2"+2"—lorm=4r—1,t=2*"142%"1 — 1. Our aim is to prove
that M (m, t) < (m — 1)/2 in these two cases. To motivate our approach, we
will start treating the case where m = 4r + 1 and t = 2*" + 2" — 1. Let a and
s be integers for which 0<a, s<2"—1, s=tamod2™ — 1, and
a #0mod2™ — 1; suppose that s and a have binary representations
a=4dy,_q--ay and s =S, ---So. Again, we apply Theorem 13 to derive
a suitable upper bound on w(a) — w(s). According to this theorem, there are
carries ¢;€ { —1,0, 1} for i € Z,, such that

26+ 5i=ai—3 + @G-y — ;i + -y (40)
holds for all i € Z,,; moreover, w(c) = w(a) — w(s). We have to prove that

[w(c)| = |w(s) — w(a)|] < 2r. 41)
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As in the Welch case, we shall prove more. Let x', j =0, 1, 2, 3, be four
integers, not all 0O modulo 2™ —1, with binary representation
xD = x{ - x§). Let the numbers p, j = 0, 1, 2, 3, satisfy

P =x® + x - xPmod2" — 1, (42)
pM =xP + x@ — xPmod 2" — 1, (43)
p? =x92 + x® — xPmod 2" — 1, (44)
p® = x12 + x92 — xXFmod 2™ — 1, (45)

(The motivation for this will follow shortly.) Let the binary digits of the p'¥’ be
p, fori=0,...,m — 1. By Theorem 13, there are carries ¢}’ € { —1, 0, 1} for
all i € Z such that

260+ pl2 = 2+ X — X0 + o0, (46)
2ef 4+ pit = xP + xi? — x{V + eV, (47)
2¢ + pi = xQ; + x¥ — xP + 2, (48)
and
2 + pP = x{Py + x{Py — xiP + €2y, (49)

hold for all i € Z,,. We shall prove that if all x' are nonzero modulo 2™ — 1,
then

[w(x©®) + w(x®) + w(x?) + w(x®)
—w(p?) — w(p™) — w(p®) — w(p®¥)| < 2m. (50)

Observe thatif we let x = a;_;,, e = ¢;_;,,and p¥) = s5;_;,, forj = 0, 1,2,
3 and for all i so that x = 2/q and p" = 2/(2*" + 2" — 1)a,forj =0, 1,2, 3,
then (46) follows from (40), and (47), (48), and since —4r = 1 modm, (49)
follows from (40) by replacing i by i — r, i — 2r, and i — 3r, respectively. In
that case w(x") = w(a) and w(p"?) = w(s), j = 0, 1, 2, 3, and since obviously
all x' are nonzero modulo 2™ — 1, (41) follows immediately from (50)
because m = 4r + 1 is odd.

Very conveniently, the case where m = 4r — 1 and t =21 4 2% "1 1
can also be derived from (50). Indeed, if we let x@ = 2%q, x¥) =2%q,
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x? = 27a, and x®® = a, then (50) implies that |w(ta) — w(a)| < m/2, and since

m = 4r — 1 is odd, we may conclude that |w(ta) — w(a)| < (m — 1)/2.
In order to prove (50), we follow the same strategy as before. Let us define

w; = e? + eV 4 el 4 o3, (51)

Now it follows easily from (46)-(49) that (50) is equivalent to

m—1

Y. o

i=0

lw(w)| = <2m. (52)

We shall prove (52) by analysing a certain weighted directed graph D which
we construct as follows. The set of vertices of D is the set of all vectors

"

!’ " 1"’ ! "
(x, x",x",x", e, e, e", e"),

where x, x', x”, x"”’ e.{O, 1} ande, ¢, e",¢” € {—1,0,1}. Corresponding to any
solution x¥, e pY for j = 0, 1, 2, 3 of (46)—(49), define the m vertices

0 1 2 3 0 1 2 3 .
v = (X$ )5 x$ )9 ng)lz x%*)ln e(if)ln egf)la egf)ly 657)1), 1= O’ la e, — 1

Our construction of the weighted directed edges of D will be motivated by
the desire to obtain a 1-1 correspondence between solutions of (46)-(49) and
directed cycles in D of length m so that a solution x'?, ¢, p/ for j = 0, 1, 2,
3 will correspond to the directed cycle vy —» vy - -+ - v,,—1 = vo. We define
a directed edge from a vertex (x, x', x", x"", e, €, e”, ") to a vertex (X, X',
X", X", E,E,E",E"), of weight W = E + E' + E" + E", if and only if

X"+x —x+e—2E€{0,1}; (53)
X"+ X' —x +¢ —2Ee{0,1}; (54)
X+ X" — X' +¢ —2E €{0,1}; (55)

X +X—X"+e" —2E"€{0,1). (56)

Here, the reader should think of the two vertices (x, x', x", x"", e, €', ", ")
and (X, X', X", X", E, E', E", E"") as v; and v; , 1, respectively, should think of
W as w;, and should observe that (53)-(56) reflect (46)—(49).
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Given these definitions, it is now easily verified that solutions of (46)-(49)
with w(w) = W are in 1-1 correspondence with directed cycles in D of length
m and weight . (Here, the weight w(C) of a directed cycle C is defined as the
sum of the weights of the edges that make up the cycle.) Let us call a directed
cycle C in D a null cycle if the projection onto one of the first four coordinates
of the vertices on the cycle is constant. (Observe that a null cycle corresponds
to a solution of (46)-(49) for which one of x@, x, x® is congruent to
0 modulo 2™ — 1.) As a consequence, (52) is equivalent to the following.

TraeOREM 17.  Let C be a non-null cycle of length min D. Then we have that
[w(C)| < 2m.

Proof. We investigated the weighted digraph D with the aid of a com-
puter. It turns out that D, a digraph on 2*3* = 1296 vertices, has 941 strongly
connected components. Here, two vertices of a digraph are said to be strongly
connected if they are contained together in a directed cycle. The relation of
being strongly connected is an equivalence relation on the set of vertices; the
equivalence classes of this relation are called the the strongly connected
components of the directed graph.

One of these strongly connected components has size 320 (that is, contains
320 vertices) and all edge weights of directed edges in this component are
contained in the set {—2, —1,0, 1,2}. So in this component, the theorem
holds for all directed cycles.

The directed graph D has six further strongly connected components K;,
i=1,...,6, each of size 6, two strongly connected components L;, i = 1, 2,
each of size 4, and further 932 strongly connected components M,
i=1,...,932, each of size 1.

Obviously, all strongly connected components of size 1 contain only null
cycles. A further inspection reveals that in each of the eight strongly connec-
ted components K; and L;, the vertices have a constant projection onto one
of the first four coordinates. Hence, certainly all cycles in these strongly
connected components are null cycles. ®

Tueorem 18. (i) Let xV, j = 0, 1, 2, 3, be four integers, all nonzero modulo
2" — 1. Let the numbers pY, j=0, 1, 2, 3, satisfy p'®=x? +
xP — xPmod2™ — 1, p®=x® 4+ x@ —xPmod2™ — 1, p? =x92+
X — xPmod 2™ — 1, and p® = xV/2 + x19/2 — xXPmod 2™ — 1. Then we
have that

W) + W) + W)+ W) = w(p®) = w(p)

—w(p'?) — w(p?)| < 2m.
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(i) For m = 4r + 1, we have that
M(m, 2% + 2" — 1) = (m — 1))2.
(ii1) For m = 4r — 1, we have that
M(@m,2* "1 423" — 1) =(m — 1))2.

Proof. The first part of the theorem follows from Theorem 17. From part
(i), we have M(m, 2% 4 2" — 1) < (m — 1)/2. It is easy to see that the upper
bound in this case is attained by a = 2" + 1. This finishes the proof of part (ii).
Similarly, M (m, 2*" = 4+ 237! — 1) < (m — 1)/2 and the upper bound here is
attained bya=1. =m

6. CONCLUSIONS

In this section, we use the methods developed in previous sections to prove
the main results of this paper. Our first theorem concerns the Gold case. The
result is of course well known and is cited in many places (see, for example, [2,
3, 18]).

THEOREM 19. Lett = 2"+ 1 with0 <r < m, and let C; ; be the cyclic code
of length 2™ — 1 with defining zeros o and o', where o is a primitive element in
GF(2™). Let e = (r, m). Then C1,, is a three-weight code (in fact, with nonzero
weights 2" 1 4 27272 e — 1,0, 1) if and only if m/e is odd or m is even
and r = m/2.

Proof. We begin by noting that the dimension k of C1, satisfies k = 2m
except when m = 2r, in which case k = m + m/2. (To see this, consider the
binary representation of 2/(2" + 1) for i = 1,...,m — 1)

By Theorem 14, we know that M (m, t) = (m — ¢€')/2, where ¢’ = e if m/e is
odd and ¢ = 0 otherwise. Hence by Theorem 12, the weight of every code-
word of C1, is divisible by 2"~ Mm0=1 = pm=2+eh/2,

First suppose that m # 2r. Then we apply Theorem 2 with d* = 2"~ 2*¢,
From Theorem 5, we know that the number of codewords of weight 3 or 4 of
Cy is A3 + Ay = (2°71 — 1)2"72(2™ — 1)/3, hence by Theorem 2, the code
C1.. has only three nonzero weights 2" ™' + 2" 727912 ¢ = —1,0,1ife = ¢
and has at least four nonzero weights otherwise.

Next, suppose that m = 2r. From (5), now specialised to n = 2" — 1 and
k =3m/2, we see that in this case E=0 if A3+ A, =02°'—1)-
2m~2(2™ — 1)/3, with e = (r, m) = r. So by Theorem 35, the code C7 , has only
three nonzero weights. W
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Our next result concerns the Kasami case. The well-known “if” part in the
theorem below was first obtained by Welch [22] and Kasami [14]. The “only
if” part might be new.

Tueorem 20. Let t =2*" —2"+ 1 with 1 <r <m, and let C, be the
cyclic code of length 2™ — 1 with defining zeros o and o', where o is a primitive
element in GF(2™). Let e = (r, m). Then C1 . is a three-weight code (in fact, with
nonzero weights 2"~ ' + 272792 o = 1,0, 1) if and only if m/e is odd.

Proof. The proof more or less follows the proof for the Gold case. Here,
the dimension k of C1, satisfies k = 2m in all cases. (To see this, consider the
binary representation of 2/(2*" — 2" + 1) fori=1,...,m — 1)

By Theorem 15, we have that M (m, t) = (m — ¢')/2, where ¢’ = e if m/e is
odd and ¢’ = 0 otherwise. Hence by Theorem 12, the weight of every code-
word of C1, is divisible by 2"~ Mm0=1 = pm=2+e)/2

Now we apply Theorem 2 with d? = 2™~ 2" If m/e is even, then ¢’ = 0 and
we immediately see from Theorem 2 that C1, cannot be a three-weight code.
(Indeed, the number 45 + A, of codewords of weight 3 or 4 would have to be
negative, which is absurd.) Conversely, if m/e is odd, then from Theorem 6
and Theorem 2, the code C7 , is a three-weight code, with weights as indicated
in the theorem. ®

The weight distribution of a three-weight code C1, with known weights
can easily be determined, for example by using the power moments. The
results for the codes from Theorems 19 and 20 are as follows. If t = 2" + 1 or
t =22 4+2"+1,if e = (m,r), and if m/e is odd, then

Bszliz(m*Z*»e)JZ = (2m — 1)(2mfe*1 + 2(m*e*2)/2)
By =(2" — 1)2" — 2" 4+ 1)
Bon1 4 qon2von = (2" — 1)(2me~1 — pmme=2)2) (57)

The following two results concern the Welch and Niho conjectures.

THEOREM 21. Letm =2r + 1,t = 2"+ 3, and let C, ; be the cyclic code of
length 2™ — 1 with defining zeros o and o', where o is a primitive element in
GF(2™). Then Cti, is a three-weight code with weights 2™~ + g2m~1/2,
e = —1,0, 1, and weight-distribution given by (57) with e = 1.

Proof. Since (t,2" —1)=1, the code Ci, has dimension 2m. By
Theorem 16, we know that M (m, t) = (m — 1)/2. Hence by Theorem 12, the
weight of every codeword of Ct, is divisible by 2"~ Mm0=1 = pm=1/2,
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Now we apply Theorem 2 with d*> =2""2"¢ where e =1. From
Theorem 8, we know that the number of codewords of weight 3 or 4 of C, , is
Az + Ay =0, hence by Theorem 2, the code Ci, has only three weights
2mTl 22 e — 10,1, m

THEOREM 22. Let m be odd, t = 2™~ 12 £ 2= D% _ 1 if m = 1 (mod 4)
and t =20~ D2 4 26m= V% _ 1 ifm = 3 (mod4). Let Cy , be the cyclic code of
length 2™ — 1 with defining zeros o and o', where o is a primitive element in
GF(2™). Then Ci, is a three-weight code with weights 2™~ ' + 2™~ 1D/2,
e = — 1,0, 1, and weight-distribution given by (57) with e = 1.

Proof- The proof proceeds exactly in the same way as in the Welch case
except that we use Theorem 18 to get the value of M (m, t) and Theorem 10 to
get A3 + A, = 0. m

The last two theorems state that both the Welch and Niho cases give rise to
pairs of preferred m-sequences. Concerning preferred pairs in general, we
have the following.

THEOREM 23. Let Cy, be the binary cyclic code of length 2™ — 1 with
defining zeros o and o, where o is a primitive element of GF(2™) and
ged(t, 2™ — 1) = 1. Let A,, denote the number of codewords of weight w in C ;.
The code Ci, is a three-weight code with nonzero weights 2"~ 1,
am= b 4 QUm* DA o equivalently, the pair of m-sequences obtained from an
m-sequence of length 2™ — 1 and the decimation of that sequence by the integer
t constitute a preferred pair, if and only if either

(i) modd, A5 + A4 = 0, and all weights in C1 , are divisible by 2™~ V2 or
(i) m even, Az + Ay = 2"~ *(2™ — 1)/3, and all weights in C1,, are divis-
ible by 2™2.

Proof. As explained in the introduction, the cross-correlation of a pair of
m-sequences takes on values —1 and —1 + 2D if and only if the code
C1 ., has only nonzero weights 2"~ ! and 2™~ ! 4+ D. By definition, the pair is
preferred if D = 2/ *2/271 Now the theorem follows directly from Theorem
2withe=1,2. m

APPENDIX

In this Appendix, we shall give a rigorous proof of Lemma 7. The notation
used here is the same as in Section 5.4. In what follows, we will repeatedly
use (32), (33), (36), and (37) with different values i. To help the reader follow
the somewhat detailed arguments, we will refer to these equations as
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Di(xi, Xi— 15 Yis di—1)s Ei(Viy Yie 15 Xix 15 €i— 1), Xi(Xi, Xi— 1, d;), and Y;(y;, yi— 1, €)),
respectively.

LemMMA 8. Ifw;=2,then y; =1, x;41 =0, and d; > 1.

Proof. If w; =2, by Lemma 6, we have £; = 1 and #; = 1. Assume to the
contrary that y; = 0, then from #; =1 and Y;(y; =0, y;_1, ¢;), we have that
yj—1 = 1 and e; = 0, which together with E;(y;, y;-1 = 1, X1, ¢;— 1) implies
that e;_; = 0. Now from E;_{(y;—1 = 1, yj—2, X;, €j—»), we find that x; = 0,
so from &; =1 and Xj(x;, x;—;, d;) we conclude that x;_; =1 and d; = 0.
Hence by Dj(x;,x;—; =1,y;,d;—1), we have d;_; =0. However by
Di_i(xj—1 =1,%xj-2,y;-1 = 1,d;_,), we must have d;_; = 1. This is a con-
tradiction. Therefore we conclude that y; = 1.

From ;=1 and X;(x;, x;—4,d;), we see that x; + x;_; > 1. Hence by
Di(x;,xj-1,y;=1,d;_1), we have d;>1. Then by ¢ =1 and X;(x;,
Xj—1,d; = 1), we see that x; = x;_; =1 and d; = 1. Now d;;; > 1 follows
from Dj 1 (Xj41, Xj =1, yj+1,d; = 1).

Finally, if x;,; = 1, then first from #; = 1 and Y;(y;, y;-1, ¢;), we conclude
that y; + y;—1 = 1; so by E;(y;, yj—1,X;+1 = 1,¢;_4), we have ¢; > 1. Now
from ;=1 and Y;(y;,y;-1,e; > 1), we see that y;=y; ;=1 and ¢; = 1.
Hence from E;(y;=1,y;-1=1,x;4; =1,e;_;) again, we obtain that

ej_1 = 0. Also, from &; =1 and X;(x;, x;_ 1, d;), we see that x; 4+ x;_{ > 1,
and by D;(x;, x;—1, y; = 1,d;_,), we have d; > 1. Therefore we conclude that
X;j=xj-y=1and d; = 1. However, from Ej_l(yj_l =Ly_2x;=1e¢_5),
we obtain that e;_; > 1, contradicting the conclusion e;_; =0 obtained
earlier. So we conclude that x;.; =0. =

LEMMAY. Letyi=1,x;:1=0,andd;+, = 1. If wj+1 = 1, then w;4; = L.
If furthermore w;+, > 1, then y;1 =1 and ej+, > 1.

Proof. Ifwjyy = 1,then&; ; >0.50 by X;1(xj+1 =0,x;,d;+1 > 1), we
have that x; =1, ;41 =0. So wj ;=51 =1 1f ;.1 =1, thene;1 ; > 1
follows from E; . 1(y;+1 = 1, ¥; =1, Xj42, e;). In the following, we will show
that if y;,; = 0, then w;,, < 0. The proof goes as follows. if y;; = 0, then
from n;.; =1 and Y;4,(y;+1=0,y,=1,¢;+1), we see that e; ., =0.
Then by E;+1(yj+1 =0,y;=1,x;12,¢€;), we have x;., = e; =0, hence by
Xjta(xj12=0,x;11 =0,d;4,), we obtain ;. , = —d;;, <0. Therefore if
dj+, =1, then w;4,<0. If d;s,=0, then by Dji,(xj4,=0,
Xjv1=0,9j42,d;41 =1), we have y;1,=0. Hence by Y 2(yj+2=0,
Vi+1 =0, e;4,), we see that #;,, = — e;., < 0.So in both cases (d;+, > 1 or
d;+, =0), we have w; 1, <0.

Lemma 10. If yjoy=1,d;-1 21, ¢y 21, x;+ x;-1 <1 and w; > 1,
thenwj=1,xj+xj_1=1’ Xj+1=0, dndyjzdjzejzl.
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Proof. Since y;_; =1and e;_; = 1, by E;(y;, ¥j-1, Xj+1, €j—1), We have
e; > 1. We will prove that e¢; = 1. Assume to the contrary that ¢; = 2, then
nj=yj+yi-1—e=y;—1<0. Now ¢ =x;+x;-1—d;<1—d,,
1<w;=¢+n;<1—d;,wemusthaved; =0,5; = 0and y; = 1. Then from
Di(xj,xj—1,y;=1,d;—, = 1), we see that d; > 1. This is a contradiction.
Therefore e; = 1, and n; =y; + y;—1 — e¢; = y;. We proceed to prove that
y; = 1 by way of contradiction. If y; = 0, then n; = 0. Hence w; = £; = 1. By
(36), we have ¢; = x; + x;_; — d;, hence x; + x;_; = 1 and d; = 0, which is
impossible because d;—; =1. So we conclude that y; =#;=1. From
Ei(yi=1,yj-1=1,x;41,€;—1 = 1)and e; = 1, we see that x;,; = 0. By (32),
we haved; =| x; + x;-; +y;+1]/2>1.Since ¢; > 0 and x; + x;—; < 1, by
(36) we see that x; + x;_y = 1,d; =1, {; = 0. Therefore w; =n;=1. =

Now we are in position to prove our earlier Lemma 7 concerning the
values taken by w; following a value of 2.

Proof. Suppose that w, = 2. By Lemma 8 for j = h, we have that y, =1,
Xp+1 =0, and d,;, > 1. Then by Lemma 9 for j = h, either w;,,; <0, or
op+1=land w15, <0,0r wh+1 =1, Yur1 = 1, €541 = 1. In the last case, we
will repeatedly apply Lemma 10. First, we have y, 1 = 1, dp+1 > 1, €441 > 1,
and x;+1 = 0. Hence by Lemma 10 for j = h + 2, we have either w,,; <0 or
WDpyr = 1, Xpto + Xpy1 = 1, Xp+3 = 0, and Yh+2 = dh+2 = €p4r = 1. Hence
again by Lemma 10, now for j = h + 3, we conclude that either w, 43 <0, or
O3 =1, Xpr3 +Xp12=1, X444 =0, and y,43=dy+3=¢,+:3=1. Now
since X,+3 = X;+4 = 0, a third application of Lemma 10, this time with
j=h+ 4, shows that now w,,4, <0. =
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