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Abstract Permutation polynomials have been an interesting subject of study for a long time and

have applications in many areas of mathematics and engineering. However, only a small number of

specific classes of permutation polynomials are known so far. In this paper, six classes of linearized

permutation polynomials and six classes of nonlinearized permutation polynomials over F33m are pre-

sented. These polynomials have simple shapes, and they are related to planar functions.
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1 Introduction

Let r be a prime power, Fr be the finite field of order r, and Fr[x] be the ring of polynomials in
a single indeterminate x over Fr. A polynomial f ∈ Fr[x] is called a permutation polynomial
(PP) of Fr if it induces a one-to-one map from Fr to itself.

Permutation polynomials over finite fields have been an interesting subject of study for many
years, and have applications in coding theory, cryptography, combinatorial design theory, and
many other areas of mathematics and engineering. Information about properties, constructions,
and applications of permutation polynomials can be found in [1–5]. In this paper, we present six
classes of linearized permutation polynomials and six classes of nonlinearized permutation poly-
nomials over F33m . We discover these polynomials in an attempt to find new planar functions.
The permutation polynomials in this paper have simple shapes: some of them are trinomials
and others are quadrinomials. However, the proof that these polynomials are indeed PP is not
trivial. We hope that the proof techniques used in this paper will find further applications in
other situations.

2 Auxiliary results

Throughout this paper, let q = 3m. In this section we will prove some auxiliary results that
will be needed in the sequel. Also we explore some new connections between planar functions
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and permutation polynomials.

Lemma 2.1. If x3 − ax + k ∈ Fq[x] is irreducible, then a must be a square of Fq.

Proof. Suppose that a is not a square of any element in Fq. We now prove that x3 − ax + k

is a permutation polynomial of Fq. If x3 − ax + k = y3 − ay + k for two elements x, y ∈ Fq,
then we have (x − y)((x − y)2 − a) = 0 and thus x = y. We have shown that x3 − ax + k is
indeed a permutation polynomial of Fq. Therefore x3 − ax+ k = 0 has a solution x ∈ Fq. Thus
x3 − ax + k is reducible in Fq[x]. We have reached a contradiction.

Lemma 2.2. Let a ∈ Fq, a �= 0. The polynomial y3 − y2 + a ∈ Fq[y] is irreducible if and only
if a = a2

1 for some a1 ∈ Fq with tr(a1) �= 0, where tr is the absolute trace function on Fq.

Proof. Clearly, y3−y2+a ∈ Fq[y] is irreducible if and only if z3− 1
az+ 1

a ∈ Fq[z] is irreducible.
Assume that z3 − 1

az + 1
a is irreducible in Fq[z]. By Lemma 2.1, 1

a must be a square of Fq, say
1
a = 1

a2
1
, where a1 ∈ Fq. Let z1 = a1z. We see that z3

1 − z1 + a1 is irreducible in Fq[z1]. By
Corollary 3.79 in [3], we have tr(a1) �= 0.

Conversely, if a = a2
1 for some a1 ∈ Fq, and tr(a1) �= 0, then z3

1 − z1 + a1 is irreducible Fq[z1].
By a change of variable, we find that z3− 1

az+ 1
a ∈ Fq[z] is irreducible. Hence y3−y2+a ∈ Fq[y]

is irreducible.
Since [Fq3 : Fq] = 3, any b ∈ Fq3 has a unique monic minimal polynomial xd +B1x

d−1 + · · ·+
Bd−1x + Bd ∈ Fq[x] over Fq, where Bd �= 0, d � 3. For such an element b ∈ Fq3 , we clearly
have b ∈ Fq if and only if the minimal polynomial of b over Fq is x − b ∈ Fq[x].

Lemma 2.3. Let b ∈ Fq3 \ Fq. Then the minimal polynomial of b over Fq cannot be of the
form x2 + B1x + B2 ∈ Fq[x].

Proof. Assume to the contrary that the minimal polynomial of b over Fq is x2 + B1x + B2 ∈
Fq[x]. Then Fq(b) = Fq2 , which implies Fq2 ⊂ Fq3 , a contradiction. The proof is complete.

It follows from the above discussions and Lemma 2.3 that the minimal polynomial of any
b ∈ Fq3 \ Fq is of the form

Cb(x) := x3 + B1x
2 + B2x + B3 ∈ Fq[x], B3 �= 0, (2.1)

which is irreducible in Fq[x]. The three roots of Cb(x) in Fq3 are x1 = b, x2 = bq and x3 = bq2
.

It then follows that
⎧
⎪⎪⎨

⎪⎪⎩

b3 + b3q + b3q2
= x3

1 + x3
2 + x3

3 = (x1 + x2 + x3)3 = −B3
1 ,

b1+q+q2
= x1x2x3 = −B3,

b1+2q + bq+2q2
+ b2+q2

= x1x
2
2 + x2x

2
3 + x3x

2
1.

(2.2)

Define
⎧
⎨

⎩

u1(b) := b2+q + b2q+q2
+ b2q2+1 = x2

1x2 + x2
2x3 + x2

3x1,

u2(b) := b1+2q + bq+2q2
+ b2+q2

= x1x
2
2 + x2x

2
3 + x3x

2
1.

(2.3)

Then we have

u2(b) + u1(b) = x1x
2
2 + x2x

2
3 + x3x

2
1 + x2

1x2 + x2
2x3 + x2

3x1

= (x1 + x2 + x3)(x2
1 + x2

2 + x2
3) − (x3

1 + x3
2 + x3

3)

= (x1+x2 + x3)((x1+x2+x3)2−2(x1x2 + x2x3 + x3x1)) − (x1 + x2 + x3)3
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= (x1 + x2 + x3)(x1x2 + x2x3 + x3x1)

=−B1B2,

and
u2(b)u1(b) = (x1x

2
2 + x2x

2
3 + x3x

2
1)(x

2
1x2 + x2

2x3 + x2
3x1)

= (x1x2)3 + (x2x3)3 + (x3x1)3 + x4
1x2x3 + x4

2x1x3 + x4
3x1x2 + 3x2

1x
2
2x

2
3

= (x1x2 + x2x3 + x3x1)3 + (x1 + x2 + x3)3x1x2x3

= B3
2 + B3

1B3.

It follows that u1(b) and u2(b) are the two roots of the following quadratic polynomial:

u2 + B1B2u + B3
2 + B3

1B3 ∈ Fq[u]. (2.4)

Hence we have
ui(b) = B1B2 ±

√

B2
1B2

2 − (B3
2 + B3

1B3),

and

Δb := (x1 − x2)(x2 − x3)(x3 − x1) = u2(b) − u1(b) = ±
√

B2
1B2

2 − (B3
2 + B3

1B3). (2.5)

More precisely, we have u1(b) = B1B2 + Δb, u2(b) = B1B2 − Δb.

The following lemma is proved in [3, p. 362].

Lemma 2.4. Let b ∈ Fq3 and αi := αi(b) be polynomials in b with coefficients in Fq3 ,
i = 0, 1, 2. The polynomial Lb(x) = α2x

q2
+ α1x

q + α0x ∈ Fq3 [x] is a permutation polynomial
of Fq3 if and only if the determinant of the matrix

Mb :=

⎡

⎢
⎢
⎣

α0 αq
2 αq2

1

α1 αq
0 αq2

2

α2 αq
1 αq2

0

⎤

⎥
⎥
⎦ (2.6)

is nonzero.

Straightforward computations show that

det(Mb) = α1+q+q2

0 + α1+q+q2

1 + α1+q+q2

2 − trq3/q(α0α
q
1α

q2

2 ), (2.7)

where trq3/q is the trace function from Fq3 to Fq.
The following two lemmas will be useful in Section 3.

Lemma 2.5. Let m be a positive integer such that m �≡ 0 (mod 3). If the minimal polynomial
of b ∈ Fq3 over Fq is x3 − x − 1, then u1(b) = −ε, u2(b) = ε, where ε ≡ m (mod 3).

Proof. Since b3 = b + 1, it follows that bq = b + ε and bq2
= b − ε. Hence

u1(b) = b2+q + b2q+q2
+ b2q2+1

= b2(b + ε) + (b + ε)2(b − ε) + (b − ε)2b

=−ε.

Similarly, one can prove that u2(b) = ε.

Lemma 2.6. Let b ∈ Fq3 . If the minimal polynomial of b over Fq is x3 − x2 + a2, then
u1(b) = −a tr(a), u2(b) = a tr(a).
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Proof. Define c = a/b. Then c3 = c−a. It follows that cq = c−tr(a), cq2
= c+tr(a), c1+q+q2

=
−a. We have

u1(b) = b2+q + b2q+q2
+ b2q2+1

= a3 c2+3q+q2
+ c3+q+2q2

+ c1+2q+3q2

c3+3q+3q2 = a(c1+2q + c2+q2
+ cq+2q2

)

= a(c(c − tr(a))2 + c2(c + tr(a)) + (c − tr(a))(c + tr(a))2) = −a tr(a).

Similarly, one can prove that u2(b) = a tr(a).
Let r be an odd prime power. A function Π : Fr → Fr is said to be 2-to-1 if Π(0) = 0 and

|Π−1(y)| = 0 or 2 for every nonzero y in Fr. A function Π : Fr → Fr is said to be planar if the
polynomial Π(x + a) − Π(x) is a PP of Fr for every a ∈ F

∗
r . A typical planar polynomial over

Fr is x2. Recent advances on planar functions may be found in [6, 7].
The following result shows that under certain conditions, a planar function from Fr to itself

is the composition of a PP with x2.

Theorem 2.7. Let r ≡ 3 (mod 4) be a prime power, and f : Fr → Fr be a function such
that f(−x) = −f(x) for all x ∈ Fr. If Π(x) := f(x2) is a planar function from Fr to Fr, then
f is a permutation of Fr.

Proof. Since f(−x) = −f(x) for all x ∈ Fr, we have f(0) = 0. Hence Π(0) = 0. We now
prove that Π is 2-to-1.

For any a ∈ F
∗
r , define ΔΠ,a(x) = Π(x + a)−Π(x). Assume that Π(b1) = Π(b2) = β ∈ Fr for

two distinct b1 and b2 in Fr. We have

ΔΠ,b1−b2(b2) = Π(b1) − Π(b2) = 0 = Π(−b2) − Π(−b1) = ΔΠ,b1−b2(−b1).

It follows from the planar property of Π that b2 = −b1. Hence, Π is 2-to-1.
For each u ∈ Fr, define WΠ(u) = |Π−1(u)|. It is known from [8] that

∑

u∈Fr

WΠ(u + y)WΠ(u) =

⎧
⎨

⎩

r − 1, if y �= 0,

2r − 1, if y = 0.
(2.8)

Since Π(x) is 2-to-1, we have

WΠ(u) =

⎧
⎪⎪⎨

⎪⎪⎩

1, if u = 0,

2, if u ∈ Image(Π) \ {0},
0, if u ∈ Fr \ Image(Π).

(2.9)

Hence, for y ∈ F
∗
r , we have

r − 1 = 4|{u : {u, u + y} ⊂ Image(Π) \ {0}}|+ 2|{y,−y} ∩ (Image(Π) \ {0})|. (2.10)

Note that r − 1 ≡ 2 (mod 4) and 0 � |{y,−y} ∩ (Image(Π) \ {0})| � 2. We have |{y,−y} ∩
(Image(Π) \ {0})| = 1 for every nonzero y ∈ Fr. Consequently, for any a, b ∈ Fr,

Π(a) + Π(b) = 0 implies a = b = 0. (2.11)
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We now prove the permutation property of f . Denote the set of all nonzero squares and
nonsquares in Fr by Q and N , respectively. Then {{0}, Q, N} forms a partition of Fr.

We prove that f is injective on Q. Take any two elements of Q, then they can be written as
a2 and b2, where a, b ∈ F

∗
r . Suppose f(a2) = f(b2). Then Π(a) = Π(b) = Π(−b). Since Π is

2-to-1, we have a = ±b, and consequently a2 = b2.
Note that −1 is a nonsquare in Fr. Take any two elements of N , then they can be written as

−a2 and −b2, where a, b ∈ F
∗
r . Suppose f(−a2) = f(−b2). Since f(−x) = −f(x) for all x ∈ Fr,

we have f(a2) = f(b2). Hence a2 = b2 by the same arguments as above. Thus f is injective in
N too.

We now prove that f(Q) and f(N) are disjoint. Otherwise, there exist a, b ∈ F
∗
r such that

f(a2) = f(−b2). Thus f(a2) + f(b2) = Π(a) + Π(b) = 0. It follows from (2.11) that a = b = 0.
This is a contradiction. In summary, we see that f is a permutation of Fr.

Remark. Some of the techniques used in the proof of Theorem 2.7 are borrowed from [8].

3 Six classes of permutation polynomials

Now we are ready to present some explicit classes of permutation polynomials.

Theorem 3.1. Let m be a positive integer such that m ≡ 0 or 1 (mod 3). Then

Fb(x) = bxq2 − bqxq + (b + bq2
)x ∈ Fq3 [x]

is a permutation polynomial of Fq3 for all nonzero b ∈ Fq3 .

Proof. Since Fb(x) is a linearized polynomial, by Theorem 7.9 in [3], we have that Fb(x) is a
permutation polynomial of Fq3 if and only if x = 0 is the only solution of Fb(x) = 0.

If b ∈ F
∗
q , then Fb(x) = b(xq2 − xq − x). Assume that xq2 − xq − x = 0. Raising both sides of

this equation to the q-th power, we have x−xq2 −xq = 0. Adding these two equations together
gives x = 0. Hence the conclusion of the theorem is true when b ∈ F

∗
q .

We now assume that b ∈ Fq3 \ Fq and the minimal polynomial of b over Fq is Cb(x) =
x3 + B1x

2 + B2x + B3 as in (2.1). Let α0 = b + bq2
, α1 = −bq and α2 = b. It follows from (2.7)

that

det(Mb) = B3 − B3
1 + Δb, (3.1)

where Mb is the matrix in (2.6) and Δb is defined in (2.5).
By Lemma 2.4, it suffices to prove that det(Mb) �= 0. We do so by considering the following

two cases.

Case I. B1 = 0. By Lemma 2.1, B2 = −A2
2 for some A2 ∈ Fq. Furthermore, since b �∈ Fq,

we have A2 �= 0. Note that the minimal polynomial of b/A2 over Fq is y3 − y + B3/A
3
2. Since

det(Mab) = a3 det(Mb) for any a ∈ Fq, we may assume that B2 = −1 and B3 = k. With these
assumptions, we have Δb = ±1. Suppose that det(Mb) = 0. Then we have k = ±1. Thus the
minimal polynomial of b over Fq is x3 − x± 1. Note that b has minimal polynomial x3 − x ± 1
if and only if −b has minimal polynomial x3 − x ∓ 1. Hence, we may assume that k = −1.

If 3 divides m, then tr(1) = 0. Hence, x3 − x− 1 is reducible in Fq[x], contradicting the fact
that the minimal polynomial is irreducible in Fq[x]. If m ≡ 1 (mod 3), it follows from Lemma
2.5 that Δb = u2(b) − u1(b) = −1. Then det(Mb) = 1 �= 0, contradicting the assumption that
det(Mb) = 0. This completes the proof for Case I.
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Case II. B1 �= 0. Again due to the fact that det(Mab) = a3 det(Mb) for any a ∈ Fq, we may
assume that B1 = −1. Then we have

x3 − x2 + B2x + B3 = (x + B2)3 − (x + B2)2 + B′
3,

where B′
3 = −B3

2 + B2
2 + B3 �= 0. So the minimal polynomial of b + B2 over Fq is y3 − y2 + B′

3,

which should be irreducible over Fq. By Lemma 2.2, B′
3 = a2 for some a ∈ F

∗
q with tr(a) �= 0.

So we may assume that y3 − y2 + a2 is the minimal polynomial of b + B2. Hence

x3 − x2 + B2x + B3
2 − B2

2 + a2 ∈ Fq[x]

is the minimal polynomial of b over Fq. In this case, we have B1 = −1, B3 = B3
2 − B2

2 + a2.

By (2.5) and Lemma 2.6, Δb = Δb+B2 = −a tr(a). If det(Mb) = 0, then we have

B3
2 − B2

2 + (a + tr(a))2 = 0, (3.2)

which implies that z3 − z2 + (a + tr(a))2 is reducible in Fq[x].
However, if m ≡ 0 (mod 3), then tr(a+tr(a)) = tr(a±1) = tr(a) �= 0. It follows from Lemma

2.2 that z3 − z2 + (a + tr(a))2 is irreducible in Fq[x]. So we have reached a contradiction. If
m ≡ 1 (mod 3), then tr(a + tr(a)) = (m + 1) tr(a) = ±1 �= 0. It follows from Lemma 2.2 that
z3 − z2 + (a + tr(a))2 is irreducible over Fq. So we have again reached a contradiction. This
completes the proof in Case II.

The first class of nonlinearized permutation trinomials is described in the following theorem.

Theorem 3.2. Let m be an odd positive integer such that m ≡ 0 or 1 (mod 3). Then
f(x) = x(q2+1)/2 + xq − x is a permutation polynomial of Fq3 .

Proof. Define Π(x) = f(x2). Then for any b ∈ Fq3 , Π(x + b) − Π(x) = Fb(x) + Π(b), where
Fb(x) is the same as in Theorem 3.1. It follows from Theorem 3.1 that Π(x) is a planar function
on Fq3 . Noting that (q2 + 1)/2 is odd, we have f(−x) = −f(x) for all x ∈ Fq3 . Also since m

is odd, we see that q3 ≡ 3 (mod 4). It now follows from Theorem 2.7 that f is a permutation
polynomial of Fq3 .

The proof of the following theorem is similar to that of Theorem 3.1, and is thus omitted.

Theorem 3.3. Let m be a positive integer such that m ≡ 0 or 1 (mod 3). Then

Fb(x) = bxq2
+ bqxq + (b + bq2

)x ∈ Fq3 [x]

is a permutation polynomial on Fq3 for any nonzero b ∈ Fq3 .

The second class of nonlinearized permutation trinomials is described in the following theo-
rem.

Theorem 3.4. Let m be an odd positive integer such that m ≡ 0 or 1 (mod 3). Then g(x)
= x(q2+1)/2 − xq − x is a permutation polynomial on Fq3 .

Proof. The conclusion of the theorem follows from Theorems 2.7 and 3.3.
Now we present another class of linearized permutation polynomials.

Theorem 3.5. Let m be a positive integer such that m ≡ 0 or 2 (mod 3). Then

Hb(x) = bxq2
+ bqxq + (bq2 − b)x ∈ Fq3 [x]
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is a permutation polynomial on Fq3 for any nonzero b ∈ Fq3 .

Proof. Since Hb(x) is a linearized polynomial, by Theorem 7.9 in [3], we see that Hb(x) is a
permutation polynomial on Fq3 if and only if x = 0 is the only solution of Hb(x) = 0.

If b ∈ F
∗
q , then Hb(x) = b(xq2

+ xq). If xq2
+ xq = 0. Then xq + x = 0. Suppose that

xq−1 = −1. Then we have 1 = x(q−1)(q2+q+1) = (−1)q2+q+1 = −1. This is impossible. Hence
x = 0. This proves the conclusion of the theorem for all b ∈ F

∗
q .

We now assume that b ∈ Fq3 \ Fq and that the minimal polynomial of b is Cb(x) = x3 +
B1x

2 + B2x + B3 as in (1). Put α0 = bq2 − b, α1 = bq and α2 = b. It follows from (2.7) that

det(Mb) = B3 + B3
1 + u2(b) = B3 + B3

1 + B1B2 − Δb, (3.3)

where Mb is the matrix in (2.6), and u2(b) and Δb are defined as before.
By Lemma 2.4, it suffices to prove that det(Mb) �= 0. We do so by considering the following

two cases.

Case I. B1 = 0. By Lemma 2.1, B2 = −A2
2 for some A2 ∈ Fq. Note that the minimal

polynomial of b/A2 over Fq is y3 − y + B3/A
3
2. Since det(Mab) = a3 det(Mb) for any a ∈ Fq, we

may assume without loss of generality that B2 = −1 and B3 = k. With these assumptions, we
have Δb = ±1. Suppose det(Mb) = 0. Then we have k = ±1. Thus the minimal polynomial of
b over Fq is x3 −x±1. Since b has minimal polynomial x3 −x±1 if and only if −b has minimal
polynomial x3 − x ∓ 1, we may assume that k = −1.

If m ≡ 0 (mod 3), then tr(1) = 0. Hence, x3 − x − 1 is reducible over Fq, contradicting
the fact that the minimal polynomial is irreducible in Fq[x]. If m ≡ 2 (mod 3), it follows from
Lemma 2.5 that Δb = u2(b) − u1(b) = 1. Then det(Mb) = 1 �= 0. This is contrary to the
assumption that det(Mb) = 0. This completes the proof for Case I.

Case II. B1 �= 0. Again due to that det(Mab) = a3 det(Mb) for any a ∈ Fq, we may assume
that B1 = −1. Then we have

x3 − x2 + B2x + B3 = (x + B2)3 − (x + B2)2 + B′
3,

where B′
3 = −B3

2 + B2
2 + B3 �= 0. So the minimal polynomial of b + B2 over Fq is y3 − y2 + B′

3,

which should be irreducible over Fq. Then by Lemma 2.2, B′
3 = a2 for some a ∈ F

∗
q with

tr(a) �= 0. So we may assume that y3 − y2 + a2 is the minimal polynomial of b + B2 over Fq.
Hence

x3 − x2 + B2x + B3
2 − B2

2 + a2 ∈ Fq[x]

is the minimal polynomial of b. In this case, we have B1 = −1, B3 = B3
2 −B2

2 + a2. By Lemma
2.6, Δb = Δb+B2 = −a tr(a). If det(Mb) = 0, then we have

(B2 − 1)3 − (B2 − 1)2 + (a − tr(a))2 = 0, (3.4)

which implies that z3−z2 +(a−tr(a))2 is reducible in Fq[x]. However, note that tr(a−tr(a)) =
±1 �= 0 in both cases m ≡ 0 (mod 3) and m ≡ 2 (mod 3). It then follows from Lemma 2.2
that z3 − z2 + (a − tr(a))2 is irreducible in Fq[x]. So we have reached a contradiction. This
completes the proof in Case II.

The third class of nonlinearized permutation polynomials is described in the following theo-
rem.

Theorem 3.6. Let m be an odd positive integer such that m ≡ 0 or 2 (mod 3). Then
h(x) = x(q2+1)/2 − xq + x is a permutation polynomial of Fq3 .
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Proof. The theorem follows from Theorem 3.5 and Theorem 2.7.

4 More explicit classes of permutation polynomials

In this section we present more classes of permutation polynomials. Some of the PP are tri-
nomial, while others are quadrinomials. For the next three theorems, since the proofs of these
theorems are analogous to those in Section 3, we omit the proofs.

Theorem 4.1. Let m be a positive integer. Then

Ib(x) = bq2
xq2 − (bq − b)xq + (bq − b)x ∈ Fq3 [x]

is a permutation polynomial on Fq3 for all nonzero b ∈ Fq3 .

Theorem 4.2. Let m be a positive integer such that m ≡ 0 or 2 (mod 3). Then

Jb(x) = bq2
xq2 − (bq + b)xq − (bq − b)x ∈ Fq3 [x]

is a permutation polynomial of Fq3 for all nonzero b ∈ Fq3 .

Theorem 4.3. Let m be a positive integer such that m ≡ 0 or 1 (mod 3). Then

Kb(x) = bq2
xq2

+ (bq − b)xq − (bq + b)x ∈ Fq3 [x]

is a permutation polynomial of Fq3 for all nonzero b ∈ Fq3 .

The fourth class of nonlinearized permutation polynomials is described in the following the-
orem.

Theorem 4.4. Let m be an odd positive integer. Then h(x) = xq2 − xq − x(q3+q)/2 − x is a
permutation polynomial on Fq3 .

Proof. Define Π(x) = h(x2). Then for any b ∈ Fq3 , Π(x + b) − Π(x) ≡ −Ib(x) + Π(b) (mod
xq3 −x), where Ib(x) is the same as in Theorem 4.1. It follows from Theorem 4.1 that Π(x) is a
planar function on Fq3 . Noting that (q3 + q)/2 is odd, we have h(−x) = −h(x) for all x ∈ Fq3 .
Also since m is odd, we see that q3 ≡ 3 (mod 4). It now follows from Theorem 2.7 that h is a
permutation polynomial of Fq3 .

The proofs of the following two theorems are similar to that of Theorem 4.4. We omit the
details.

Theorem 4.5. Let m be an odd positive integer such that m ≡ 0 or 2 (mod 3). Then
h(x) = xq2 − xq + x(q3+q)/2 + x is a permutation polynomial of Fq3 .

Theorem 4.6. Let m be an odd positive integer such that m ≡ 0 or 1 (mod 3). Then
h(x) = xq2

+ xq + x(q3+q)/2 − x is a permutation polynomial of Fq3 .

Remarks. Two planar functions f and g on Fr with f(0) = g(0) = 0 are said to be equivalent
if there are two linearized permutation polynomials L and M of Fr such that L(f(x)) = g(M(x))
for all x ∈ Fr. As byproducts, we find the following six planar functions on Fq3 :

• P1(x) = xq2+1 + x2q − x2, where m ≡ 0 (mod 3) or m ≡ 1 (mod 3).
• P2(x) = xq2+1 − x2q − x2, where m ≡ 0 (mod 3) or m ≡ 1 (mod 3).
• P3(x) = xq2+1 − x2q + x2, where m ≡ 0 (mod 3) or m ≡ 2 (mod 3).
• P4(x) = x2q2 − x2q − xq+1 − x2.
• P5(x) = x2q2 − x2q + xq+1 + x2, where m ≡ 0 (mod 3) or m ≡ 2 (mod 3).
• P6(x) = x2q2

+ x2q + xq+1 − x2, where m ≡ 0 (mod 3) or m ≡ 1 (mod 3).
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Unfortunately, the six planar functions are equivalent to the known ones from the Albert twisted
fields by a theorem of [9]. Nevertheless we believe that the permutation polynomials, especially
the nonlinearized ones, are interesting.

Acknowledgments. We thank Weng Guobiao for his helpful comments on Theorems 4.4,
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