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1 Introduction

In this paper, we are concerned with the weight distributions of binary cyclic codes with two primitive
nonzeros. Let ¢ = 2™, where m > 1 is an integer, and F = F,, the finite field of size ¢q. Let a be a
primitive element of F, and Cy4 be the binary cyclic code of length ¢ — 1 with two nonzeros a~! and a~¢,
where d is an integer such that 1 < d < ¢ — 2, ged(d,q — 1) = 1. Then C4 is a [¢ — 1,2m]2 code, and its
codewords are given by

c(a,b) = (Tr(a + b), Tr(aa® + ba), . .. ,Tr(aa'?=29 4 pa?=2)), a,beF,

where Tr is the absolute trace function defined on F.
Let us consider the Hamming weights of ¢(a,b), where a,b € F. When exactly one of a,b is 0, the
codeword ¢(a,b) has weight ¢/2. When a, b are both nonzero, ¢(a,b) has weight

q—2

; Z(l o (_1)Tr(aa’“’+ba"’)) _ ; <q _ Z(_l)Tr(zd’era_;z)), (11)

=0 RS

where we use 1/d to denote the unique integer j such that jd = 1 (mod ¢ — 1) and 1 < j < ¢ — 2.
Therefore, the weight distribution of Cy4 is completely determined by the Walsh spectrum of the function
fa: F—=Fq, 2+ Tr(x%), and vice versa. Here the Walsh coefficients of fy are defined by

Wa(a) = Z(—l)Tr(‘”d"’“”), a€F.
z€F
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The distribution of Wy(a),a € F, is called the Walsh spectrum of f;. The problem of determining the
Walsh spectrum of f; is also equivalent to the problem of determining the crosscorrelations of an m-
sequence and its d-decimation. We refer the reader to the appendix in [9] for more details on various
formulations of this problem. A lot of work has been done on determining the Walsh spectrum of fy
when d takes special forms, see [2,4,8,11]. There are a few general conjectures on the Walsh spectrum
of fq, which have proved to be quite challenging. We refer the reader to the recent paper [1] for a list of
these conjectures, and some recent progress made on them.

In this paper, we are primarily interested in the following well-known conjecture due to Sarwate [1];
see [3, p. 258] also.

Conjecture 1.1.  Let m = 2¢, and C4 be the [2™ — 1,2m] binary cyclic code with two nonzeros o~
and a~¢ (ged(d,2™ — 1) = 1), where « is a primitive element of F. Then the minimum distance of
Cq<2mt -2t

1

Using (1.1), the existence of a nonzero codeword of weight < 2™~ — 2% is equivalent to the existence
of a nonzero a € F such that Wy(a) > 21, Charpin [3] showed that Conjecture 1.1 is true when d = 27
(mod 2! — 1), for some j, 0 < j <t — 1. (Such d’s are called the Niho exponents.)

In this paper, without putting any conditions on d (of course, ged(d,2™ — 1) = 1 is still assumed),
we shall prove an upper bound on the minimum distance of Cy4, which is slightly weaker than the bound
in Conjecture 1.1. Furthermore, we will determine the weight distributions of Cy4 for two special classes
of d; one of the two classes was previously considered by Cusick and Dobbertin [4], the other class is
new. Details are given in Section 3. Throughout the rest of this paper, we shall fix m = 2¢, and use Tr,,,
Tr; to denote the absolute traces defined on F and Fy:, respectively. Also we use Tr,/; (resp. N, /) to
denote the relative trace (resp. norm) from F to For. We shall drop the subscripts if we believe that no
confusion will arise.

2 An upper bound on the minimum weight of C4

First, we give a summary of some well-known identities involving the Walsh coefficients Wy(a), a € F.
We refer the reader to [3,6,7,9] for the proof of these identities.

Lemma 2.1. (1) > x Wa(a) = ¢, > ,cp Wa(a)? = ¢*.
(2)
Z Wa(au) = {q, yue

O, ZfU¢F21

Now, we are ready to prove our first result.

Theorem 2.1. Let m = 2t, and Cq be the [2™ — 1,2m] binary cyclic code with two nonzeros a~!

and a4 (ged(d,2™ — 1) = 1), where « is a primitive element of F. Then the minimum distance of
Cq < 2m~1 —2t=1 _9lt/21=1 in other words, there is a nonzero a € F such that Wy(a) > 2¢ + 2L¢/2],

Proof.  For any nonzero b € F\ Fat, by direct calculations we have

> Wala)(1 — (=1)Tm0ey) = 2™ 4 2F Mgy, (2.1)
a€l,e
where M, = Zzer (—1)T‘"m((””+b)d) and €, = +1 is chosen such that e, My = —|Mp|. For each b € F\ Fat,

it will be convenient to introduce a function p, on Fo: defined by
po(a) :=1— (1), Va e Fy.

Then for b € F \ Fa, we have Zaert po(a) = 2%, pp(a) > 0, and (2.1) can be rewritten as

> Wala)py(a) = 2™ + 2| M,|. (2.2)

a€lFy¢
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Next we compute

S =2 Y Y (1))

bER bEF T EF

= 2| +2t )" Y ()T (@)
beF xEIE‘;

= 2'[F| +2°(2" - [{b € F | Trpyye (1 +0)7 + %) = 0}] — |F))
=2%|{beF | (1+b)*+b"eFa}
Since My = 2t if b € Fy¢, we thus have
> Mp =2 [{beF\Fa | (1+0)+ b€ Fap}l.
bEF\F ¢
Let ¢ € F* be an element of order 2° 4+ 1. Then a system of coset representatives of (Fy¢, +) in (F, +)

is given by uc, u € Far. Since My, = M, for any x € Fyr, and F\ For = |, cp- (uc + Fae), we get
ot

S OM2, =20 [{b e F\ Fy | (1+b) + b1 € B}, (2.3
u€el?,
If u € IF%,, then we have

t
M, — Z (_1)Tr,,"((:c+uc)d) _ Z (_1)Trt(ud((:c+c)d+(:c+cz M) — Z Yya(2),

z€F ¢ z€F ¢ 2€Rg

where Ry denotes the multiset “(z+c)4+ (z+c2 )%, 2 € Fo” (each element of R, indeed belongs to Far),
and ¥,q is the additive character of Fy: defined by

Yua(x) = (~1)TD e Ry,

We write the multiset Ry as a group ring element, Rd:Zgg]@ rqlg] € Q[(Fat,+)]. Then delFQt ry =21,
each r, is a nonnegative integer, and for v € F3,, My = ¢,a(Rq). Furthermore, note that each coeffi-
cient 7, of Rg must be even since (z +¢)? + (z + 2 )4 = (x+c+ )+ ) + (x +c+ &) + ) for
any x € Fat, and ¢ + ' # 0. We compute the coefficient of the identity (i.e., the zero element of Fot)
in RdRé_l) in two ways, where R((i_l) = > 4er,, Tg[—g]- In fact, we have R((i_l) = Ry here since the
characteristic of Fo: is 2. On the one hand, this 2coefﬁcient is equal to

Z 7'527 2 22 . 2t—1 — 2t+1.
g€F,¢
On the other hand, by the inversion formula (see, for example, [6]), the coefficient of the identity element
in RdR((i_l) is equal to ., > ek, Yud (Ra)? =, D ouer,, MZ2,. Tt follows that
Z M2 > 92+l
u€F ¢
Using (2.3) we now obtain
(22420 [{b € F\Far | (1 + )% +b% € For}| > 2201
Therefore,
[{b € F\Foe | (1+0)+b € Far}| =2,

with equality if and only if Ry has size 2°~! as a set. As a consequence, there exists an element u € IF5,
such that
|Mye| > /22t/(2t — 1) > 21t/2],

Using the above element uc as b in (2.2), we see that there is some a € Fyr such that Wy(a) > 2¢ + 21t/2]
by an averaging argument. The proof of the theorem is now complete.
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Remarks. (1) In the case where d = 1 + 2, for = € Fy¢, we have Try, ((z + b)?) = Try(av) + Tr,, (b9),
where v = Trm/t(b)y + Trm/t(b)z_i. Choosing b € F \ Fy: such that Tr,,;(b) = 1, we have v = 0, and
| M| = 2. We see that Conjecture 1.1 is true in this case by using (2.2).

(2) If d is a Niho exponent, then from [3, p. 253] we know that 2!|W,(a) for all a € F. Combining this
divisibility result with the conclusion of Theorem 2.1 that there is some a € F with Wy(a) > 2¢4+2L1/2] we
immediately get Wy(a) > 2!+, The same argument shows that more generally, for any d, 1 < d < q — 2,
ged(d,q — 1) = 1, such that 2Y|{Wy(a) for all a € F, Conjecture 1.1 is also true.

3 The Walsh spectrum of Tr(z?) with d = 1 + 2° 4 2¢+*

In this section, we assume that d = 1+ 2 4+ 2!t for some i, 0 < i < t — 1, and ged(d, 2™ — 1) = 1. Such
a d is not a Niho exponent. First, we show that for any d of the aforementioned form, Conjecture 1.1
is true. Secondly, specializing to the i = 1 case, i.e., d = 3 + 2!*! we determine the Walsh spectrum of
Tr(x?) completely.

For a nonzero integer n, we use vz(n) to denote the largest nonnegative integer a such that 2%|n.
Lemma 3.1. Let m = 2t and d = 1 + 2° + 2%t for some i, 0 < i <t — 1, with ged(d,2™ — 1) = 1.
Then vy (i + 1) = va(t).

Proof.  Since ged(d, 2™ — 1) = 1, we have ged(2¢+! + 1,21 — 1) = 1. It follows that ged (2! —1,2¢ — 1)
= ged (22041 — 1,2 — 1). Therefore, ged(i + 1,t) = ged(2(i 4 1), t), which is easily seen to be equivalent
to v2(i + 1) > va(t). The proof is complete.

Let ¢ be a fixed element of F* such that ¢ # 1 and ¢2+1 = 1. Then each element of F can be written
uniquely as x 4+ yc with z,y € L := Fy:. We shall write ¢ := cQt, 0 := ¢+ ¢. Now we compute Wy(a + bc),
where a,b € L. For z,y € L, we have

2 4 YNy, e (2 + yc)Qic + ax + by + ayc + bxc)

Tr((a +ye) + (a+be) (@ + ye)) = Te(@Ny, /(2 + ye)
= Tr,(y(z? + zyd + y2)2i9) + Try(ayb + bxh)
=Tr, (nyiHH + y1+2i91+2ix2i) + Trt(yHQHl@ + ayb + bx0)

= Tr, (42 6 oy 2T L bgYa) + T (T 0 + aye).

2t7i71

Therefore,

i—1 ot—i—1

~ pt—i Lpat—i g1 pgt—i 1p2itl
Wd(a + bC) _ Z Z(_l)Trf,((y 0 +y 0 +0b0)x)+Tre(y O+ayb)
yeL z€L

=2! Z(—l)Tft(y”ziHMay@)
y

where the last sum is taken over

{yeL|yo+0)*" + o) =o}.
After a change of variable, we have
i+l i+l
Wd(a—I— bé) — 9t Z (_1)Trt(zl+2 92 .;.az)7 (3.1)

zE€Sy

where
i+41 i+41
Spi={zeL|z+22"" 1+ (10)2" =o0}.

When b = 0, we have Sy = {0,1} since ged(2*! +1,2¢ — 1) = 1. It follows that
Wa(a) = 28(1 + (—1)™ @ +0)) " vge L.

Choosing a = 0~ 1, we have Wy(0~') = 2!*1. Thus we have proved the following:
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Theorem 3.1.  Conjecture 1.1 holds when d is of the form 142 +2+ 0 < i < t—1, and ged(d,2™—1)
=1.

In order to determine the Walsh spectrum of Tr(z?), it remains to compute Wy(a+be) for those b € L*.
In the case when b # 0, to compute Wy(a + b¢) using (3.1), we need to solve the equation

i+l
2422 2P=w, zel,

for each w € L*. For general i, 0 < i < t — 1, the solutions are complicated. We will consider the i = 1
case below.

From now on, we assume that i = 1 (so d = 3 + 2/™!). By Lemma 3.1, v2(t) < 1; that is, either ¢ is
odd or t =2 (mod 4). The equation we need to consder is now 2° + z = w, z € L and w € L*.

Assume that zp € L* is a solution to 28 + z = w, w € L*. Suppose zg + « is another solution with
x € L*. Now expanding (2o + )% + 20 + 7 = w gives

() )+ (2)-5%

The polynomial X°+ X3+ X € Fy[X] is the Dickson polynomial D5(X,1). For convenience of the reader,
we include the definition of the Dickson polynomials here. Let a € F, (here ¢ is an arbitrary prime power)
and n be a positive integer. We define the Dickson polynomial D, (X, a) over F, by

n/2] :
Du(X,a)= > nﬁj (n ‘ J>(_a)an—2j.

i=0 J

It is well known [10] that the Dickson polynomial D, (X,a), a € F}, is a permutation polynomial of F if
and only if ged(n,q®> — 1) = 1. For more details about Dickson polynomials, we refer the reader to [10].

We are now ready to determine the Walsh spectrum of Tr(z?) in the case where m = 2¢, ¢ is odd, and
d=3+20"1

Theorem 3.2. Let m = 2t be a positive integer with t odd, and d = 3 + 2!*'. The Walsh spectrum
of Tr(z?) over F = Faom is given in below.

Wa(-) Multiplicity
0 3. 22t72
2t+1 221&73 + 2t72
_2t+1 22t—3 _ 2t—2

Proof.  We have observed that X° + X3 + X € Fy[X] is the Dickson polynomial D5(X,1). If ¢ is
odd, then ged(5,2% — 1) = 1; consequently Ds(X, 1) induces a permutation of L = Fy:. Hence by the
computations that we did above, |Sy| = 0 or 2 when b # 0. We also saw that Sy = {0,1}. It follows that
Wa(a + bé), a,b € L, take three values only: 0, £2!71. Now denote by Ny, Ny, N_ the multiplicity of 0,
21+ 21+ in the Walsh spectrum of Tr(z¢), respectively. From Lemma 2.1(1), we have

NO 4 N+ 4 Nf _ 22t’ 2t+1N+ o 2t+1N7 _ 22t’ 22t+2N+ 4 22t+2N7 _ 24t.
Solving this system of equations, we get
NO — 22t _ 22t—2, N+ — 22t—3 + 2t—2, N_ = 22t—3 _ 2t—2.

Remarks. (1) Let ¢ be an odd positive integer. The fact that 26+ 2 = w, w € Fy:, has 0 or 2 solutions
in L is equivalent to the fact that D(6) = {(1,z,2%) | z € Fa:} U {(0,1,0),(0,0,1)} is a hyperoval in
PG(2,2"). See [5] for more details.

(2) Theorem 3.2 was first proved in [4] by a slightly different argument.



1408 Feng T et al. Sci China Math July 2013 Vol. 56 No.7

Next, we consider the case where d = 3 4+ 2!"! and t = 2 (mod 4).

Theorem 3.3.  Let m = 2t be a positive integer with va(t) = 1, t > 6, and d = 3 + 2*1. The Walsh
spectrum of Tr(z?) over F = Fam is given in below.

Wy(+) Multiplicity
0 22t—1 _ 22t—5 _ 2t—1 + 2t—3
+ 22t+2t
2 215 t
t 297 42°%
-2 5
2t+1 221&74 + 2t72
_2t+1 22t—4 _ 2t—2
gt+2 92t—6_ot—4

5
92t—6_ot—4

_ot+2
2 5

Remarks. The webpage of Philippe Langevin (http://langevin.univ-tln.fr /project /spectrum/) contains
very useful data on the Walsh spectrums of the power functions Tr(z?) over Fam, for all integers m < 26,
and all invertible (modulo 2™ — 1) exponents d.

The remaining part of this paper is devoted to the proof of Theorem 3.3. From now on, we always
assume that ve(t) =1 and t > 6. Let
G:={zxeF| 22 = 1}.
Furthermore, we will assume that the element ¢ used in (3.1) to have order 5. Since t = 2 (mod 4) by
assumption, we have 5 | (2/ +1). Thus ¢! =1, i.c., c€ G (and ¢ € L).
Lemma 3.2. Let w € L*. Then the number of solutions z € L to

26+z:w

1$0,1,2 or6.

Proof.  The main difference from the ¢ odd case is that X° + X3 + X € F[X] no longer induces a
permutation of L = Fo when ¢ =2 (mod 4). We start in the same way as before. Assume that zp € L*
is a solution to 2% + z = w, w € L*. Suppose zy + x is another solution with 2 € L*. Then expanding

(zo+2)° +20+2=w

(2)+(2)+(2)-% o)

The above equation has 0, 1, or 5 solutions in L when vy(t) = 1 and ¢ > 6. This can be seen as follows.

It is well known that each element y of L* can be written in the form u + i, with w € L* or u € G,
according as Try(1/y) is equal to 0 or 1 (see [10]). Now if 2 = zo(u+ ) € L is a solution to (3.2), then
so are zo(yu + Vlu)7 v € F* and ~° = 1, since

gives

1 1
D 1) = > =u’ .
5<W+ yu’ ) (ru)” + (s~ s
When v € L*, yu + Vlu is in L if and only if v = 1. When u € G, any choice of v (y° = 1) will give
yr + A}x € L. This proves the claim that (3.2) has 0, 1 or 5 solutions in L. The conclusion of the lemma
follows as a consequence.

From Lemma 3.2 and (3.1), we see that the Walsh coefficients of Tr(z3+2"") are in {4i-2! | i = 0,

1,2,4,6}. We use N; to denote the number of a + bc € F such that Wy(a + bc) = i - 2%, for i € {0,
+1,42, +4, £6).
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3.1 The equation 2 + 2z =w, w € L*

Now, we examine for which w € L*, 26+ 2 = w, has six solutions in L. Assume that zy and x are as in the
proof of Lemma 3.2. By the above analysis, there exists v € G such that Z”i) =u+ i, and 215 =y 4 L
0

us
1

w5 - The other five solutions are

ie., z) = Since ged(5,28 — 1) = 1, we get zg =

1
(u=5+4ud)1/5"

! 1+uy+ ! =1
(u=> 4+ u®)l/> DTy ) T T

Therefore, 25 4+ z = w, w € L*, has six solutions in L if and only if w is in the following set

1

T (w5 s

T := {26—1—2

ueG,u57é1}.

The set Tg has size 2?‘;55 = 2“125—1, the factor 5 in the denominator comes from the fact that u +— u° is

5-to-1 on G; the factor 6 comes from the fact that z — 2% + 2 is 6-to-1 on the set in consideration; and
the factor 2 comes from the fact that u and u~! give the same element. In this case, with (b0)* = w,
Wa(a +be) € {£i-2'|i=0,2,4,6}.

Next, we examine for which w € L, 26 4+ 2z = w has two solutions in L. Clearly, when w = 0, this
equation has two solutions in L. So in what follows we consider the case where w # 0. Assume that zg
and z are as in the proof of Lemma 3.2. By the same analysis, there exists u € L* such that Z) =u-+ i,
and s =u’ 4 5, ie., z) =

s

w is in the following set

u_51+u5' Therefore, 2% + 2z = w, w € L, has two solutions in L if and only if

1
z = (45 + w51/ uGL\E;}U{O}.

The set T3 has size 2;34 +1 =272 In this case, with (b0)* = w, Wy(a + be) € {£i- 2" :i=0,2}.
It now follows that there are 2¢ —2 .22 — 6 . 2;64 = 2t+;+2 elements w € L such that 25+ 2 = w
has only one solution in L. Only these w will give the values Wy(a + bc) = +2¢ (again with (b0)* = w).

15 = {26+z

We observe that the two values, 2¢ and —2¢, occur for equally many a € L, since for the unique solution
20 € L* to 2% + 2 = w, half of the a’s in L satisfy Tr;(azo) = 0 and the other half satisfy Try(azg) = 1.
Therefore, we have
2t+1 +9 22t + 2t

5 5

Finally, we note that the number of w € L such that 2% + 2z = w has no solutions in L at all is equal
to 2t — 2t=21 ot—2 _ 2ttlin 2t
15 5 3 "

N1 =N_; = 2t=1.

32 Ng=N_g=0

We now show that Wy(a + be) # 46 -2 for all a,b € L. As seen above, only when 26+ 2z = w, w = (b8)*
€ L*, has 6 solutions in L, could Wy(a + bc) possibly be equal to +6 - 2t. Let zg = (u_5+1u5)1/5 e L*,
u € G, be a solution to 2% + z = w, w = (b)* € L*. The other five solutions are zj = 29 +x; € L, with
z; = uny) + uij, 1<j<5,0(y) =5, u € G. The fact that 6 - 2¢ won’t occur as Walsh coefficients of
Tr(2z%) amounts to the fact that the following system of equations does not have a solution a € L:

Trt(z]5»19_4 +az;) = Try (250" +az), 1<j<5.
We will prove the latter fact by way of contradiction. Assume that the above system has a solution a € L.
With z; = x; + 29, we get
Try (2 (250~ + 231—2971 +a)) = Trt(x?ﬁle), 1<j5<5.

1

Since ﬁg =uyl + i = Trm/t(fu’yj), we have

Trp (uy20(2507 + 2 07" + ) = Tep (u® +u4¥)25074), 1< <5
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Now, we rewrite the above equations as
Trs(y/U) =V 4+ Tra (7Y W), 1< <5,

where

u _4 U

o 494 20721 —
U:= Trm/4(UZO(Zo‘9 +25 07 +a)) =Trm 4 <u5—|—u5 + (u5+u*5)1/4

5
Vo= Tr,(u’250™%) = Try, ( " =) =Tr, (071,
ud
W= Trm/4(u3289_4) = Trp, 4 ( e 9_4>.

Taking summation of the above equations over 1 < j < 5, we get V = 0. However, as we stated before,
Tri(0~1) = 1 since § = ¢+ ¢~ with ¢ € G. This contradiction completes the proof.

3.3 N4 and N_4

(1) We now compute Ny and N_,. As we have seen above, Wy(a +bé) = £2!72 if and only if 26 + 2 = w,
w = (bH)* € L*, has 6 solutions in L, and for some ig € {0,1,...,5} the following equations hold:

Tre(2507* + az;) = Tri(z) 0" +azi,) +1, 0<j<5, j#io.

Without loss of generality, we may assume that ig = 0. Similar to the above computations, we can rewrite
the above equations as

Tra(/7U) = Tra(v¥ W), 1< <5,

where U, W are the same as above. It follows that
Try(y/U) = Tra(v/W?), 1<j<5.

Since v/, 1 < j < 5, span Fa1, we obtain that U = W2, i.e.,

u
Try, 4(uzoa) = Trp, 4 ((u5 =5y a)

6
B u _4 u 4 ) g
= Trim/s <u5 L5t T (uP + u—5)1/4 0 u7109 )
Since the element ¢ has (multiplicative) order 5, it follows that # = ¢ + ¢ has order 3. We have

6
u 2 u 2 u

2
ud + u—50 (u5 + u_5)1/49 N ul0 4+ ¢ —10 6"+ 1)>
16 6 6
_ 2 u v u K
= 0" Trm/a (u5 s T 20 420 T 10 +u—10) + Trmys <u10 +u—10)
2 u u™t u? ?
=0 TI'm/4 (u5 +u_5 + w20 +u_20> +TI'm/4 (U5 +u—5>
-1 —1 3 2
_ 2 utu 2 u b
=07 Try, 4 <u5 +u5> + 0 Tryy, /0 <u5 +u5> + Ty /g <u5 +u5>
-1 —1 3 2
2 u+u 2 utu u
=0 Trt/g (u5 +u_5> +6 Tl"t/z (U,5 +u_5> +T1"m/4 <U,5 +u_5)

U3 2
:Trm/4 <’U,5+u_5) .

Conversely, if Try, /4 (uzoa) = Trp, /4(
in L, then Wy(a + be) = £2+2.

Try, /4(uzoa) = Try, /4 <

)2,a € L, and 25+ 2 = w, w = (b9)* € L*, has 6 solutions

u
u®+u="°
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Below we will count the number of solutions to

3

2
u
Trp,/a(uzoa) = Trp, 4 <u5 N u—5) , a€ L. (3.3)

Write Trn)4( s %5 )2 = h+ gy with h, g € Fy2 and

u

(u5+u—5)1/5 :a+675 a7B€L:F2t, 0('}/):5

uzg =
We claim that o/ & F;. Otherwise, u is in 3, -F5, and thus has order dividing lem(15, 2" —1) = 5(2"—1).
Noting that u has order dividing 2! + 1, we have u® = 1, which is a contradiction. Now (3.3) becomes
Try,/4(ca) + Ty, 4(Ba)y = h + gv, that is,

Tryjo(aa) = h, Trys(Ba) = g.

Since /8 ¢ I}, this system of equations clearly has 2/=* solutions a € L.

We thus have
2t—2 -1 22t—5 _ 2t—3
Ny,+N_,=6-27%. =

5 5
(2) Let b € L* be such that 2° + 2z = w, w = (bf)* € L*, has 6 solutions in L. Assume that the six
solutions are z;, 0 < j < 5, as given above. We claim that for each iy € {0,1,...,5} there existsan z € L
such that
Try, a(uzioz) =0, Tr(zz) =1, Vi, 0<j<5. (3.4)

An immediate consequence is that Ny = N_y4; this can be seen as follows: If Wy(a+bc) =4-2% a,b€ L,

then Wy(x 4 a + be) = —4 - 2" since every term in the sum on the right-hand side of (3.1) is negated and
3

Tryna(uzig (x4 @) = Trpyauziga) = Trpa( s ), )2. We thus conclude that

22t—6 _ 2t—4
Ny=N_4= 5

Now we prove the claim about the existence of solution to (3.4). Again, without loss of generality, we
assume that ig = 0. Multiplying both sides of Tr,, /4(uzox) = 0 by ~7 and taking trace to Fa, we get

Try(zjz) =0, V1<j<b.

As above, writing uzg = a + v, «, 8 € L, o(y) = 5, and noting that z; = x; + 2o, for 1 < j < 5, we see
that the system of equations under consideration reduces to

Tryo(ax) =0, Tryp(Bz) =0, Tri(zoz) = 1.

We prove that this system of equations has a solution by showing that zy does not lie in the Fy-linear
span of a and 3. Raising uzg = a + B to the 2f-th power gives u 'zp = a + fy~'. We solve that

u'y_l + u‘l'y u4ut
a = 20, = 20-
Yyt 7 YAy

Suppose to the contrary that there exist r, s € Fy such that ra + s8 = zp. After expansion we get
u?(r+sy7) Fu(y +971) + (r+57) = 0.

This is a degree 2 equation with coefficients in Foa. Since u € Fa2e and 2||t, we have u € Fj;. Hence
u® = 1, which is impossible.
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3.4 Ng, N_2 and N()
It remains to determine Ny, No, N_5. By Lemma 2.1, we have the following equations:

221575 _ 2t73 22t 2t
N0+N2+N,2:22t— —2- -

=19. 221575 —3. 215737
) )

2t+1(N2 _ N_Q) _ 22157

22t75 _ 2t73 22t 2t
22F2(Ny 4 N_p) = 2% — . Q2+ _ 9. ;’ L2t — ot

Solving these equations, we get
NO — 22t—1 _ 22t—5 _ 2t—1 + 2t—3 ]\[2 — 22t—4 + 2t—2 N_2 — 22t—4 _ 2t—2.
The proof of Theorem 3.3 is now complete.
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