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1. Introduction

Let [Fg be the finite field of order q, where q = p®, p is a prime and e > 1 is an integer. Let PG(2, q)

denote the classical projective plane of order g constructed from the 3-dimensional vector space Fg
in the standard way. A conic in PG(2, q) is the set of points (x, ¥, z) satisfying a non-zero quadratic
form. We say that a conic is non-degenerate if it does not contain an entire line of PG(2, q). By a linear
change of coordinates, any non-degenerate conic is equivalent to

0 ={(1,t,t?) |t eFq} U {(0,0, D}, (1.1)
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the set of (projective) Fy-zeros of the non-degenerate quadratic form
Q (Xo. X1, X2) = X} — XoXz (12)

over [g.

It can be shown [9, p. 157] that every non-degenerate conic has g + 1 points, no three of which
are collinear. That is, a non-degenerate conic is an oval. When q is odd, Segre [18] proved that an
oval in PG(2, g) must be a non-degenerate conic. It follows that in PG(2, q), where ¢ is odd, ovals and
non-degenerate conics are the same objects.

In the rest of this paper, we will always assume that g = p® is an odd prime power, and fix the
conic in (1.1) as the “standard” conic. A line ¢ is called a passant, a tangent, or a secant of O according
as [£NO| =0, 1, or 2. Since the conic O is an oval, we see that every line of PG(2, q) falls into one of
these classes. A point P is called an internal, absolute, or external point according as P lies on 0, 1, or 2
tangent lines to O. It is an easy exercise to show that in PG(2, q), O has %q(q + 1) secant lines, g+ 1

tangent lines, and %q(q — 1) passant lines; %q(q + 1) external points, ¢ + 1 absolute points (which

are the points on O) and %q(q — 1) internal points. We will denote the sets of secant, tangent, and
passant lines by Se, T and Pa, respectively, and the sets of external and internal points by E and I,
respectively. In fact, the quadratic form Q in (1.2) induces a polarity L (a correlation of order 2) of
PG(2, q) under which E and Se, O and T, and I and Pa are in one-to-one correspondence with each
other respectively. A summary of the intersection patterns for the various types of points and lines is
given in Tables 1 and 2 in Section 2.

Let A be the (g>+q+1) times (qg>+q+1) line-point incidence matrix of PG(2, q). That is, the rows
and columns of A are labeled by the lines and points of PG(2, q), respectively, and the (¢, P)-entry
of Ais 1 if P e, 0 otherwise. It is well known that the 2-rank of A is g°> +q [10] and the p-rank
of A is (pf)e +1 [2], where q = p°.

In [6], Droms, Mellinger and Meyer considered the following partition of A into nine submatrices:

A1 A Ass
A=Ay Axn Ay |, (1.3)
A31 A3 Asz

where the rows of Ajq, A1, and Aszq are labeled by the tangent, passant, and secant lines respec-
tively, and the columns of Aj1, Aq2, and A;3 are labeled by the absolute, internal, and external points,
respectively. These authors used the submatrices A;; for 2 <i, j <3 to construct four binary linear
codes, and showed that these codes are good examples of structured low-density parity-check (LDPC)
codes. Based on computational evidence, they made conjectures on the dimensions of these binary
LDPC codes. In particular, it was conjectured in [6] that the dimension of the F,-null space of Ass
(i.e. the incidence matrix of secant lines versus external points) is given by the following simple
formula.

Conjecture 1.1. Let £ be the F-null space of A3s. Then

%(q— 1?2 +1, ifg=1 (mod4),

im =
dirme, (£) l@—12-1, ifg=3 (mod4).

In this paper, we use a combination of techniques from finite geometry and group representation
theory to confirm the above conjecture. The conjectured formulas for the dimensions of the binary
codes arising from Aj», Ay3 and A3y will be proved in forthcoming papers. We remark in passing that
the p-ranks of all submatrices in (1.3) were recently computed in [20], where p is the characteristic
of the defining field of PG(2, q) and q = p°®. For instance, rank,(A33) = (pgl)e [20, Theorem 1.3(v)].

Let G be the subgroup of PGL(3, q) fixing O setwise. Then G is the three-dimensional projective
orthogonal group over Fg, and it is well known [9, p. 158] that G = PGL(2, q). Also, G has an in-
dex 2 subgroup H, which is isomorphic to PSL(2, q). It is known [8] that H acts transitively on E
(respectively, I), as well as on Se (respectively, T and Pa).
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_Let F be an algebraic closure of . The action of H on E makes the vector space FE into an
F H-permutation module. Define

¢:FF — FE (1.4)

by letting ¢ (P) = ZQGPJ-HE Q for each P € E, and then extending ¢ linearly to FE, where L is the po-
larity induced by the quadratic form Q. Then up to permutations of the rows and columns, As3 (with
its entries viewed as elements in F) is the matrix of ¢ with respect to the basis E of FE. Now ¢ is
a homomorphism of FH-submodules, so its null space Ker(¢) is an FH-submodule of FE. Therefore,
the F-null space of As3 is equal to Ker(¢). This point of view allows us to bring powerful tools from
modular representation theory to bear on problems such as Conjecture 1.1. In fact we will not only
find the F-dimension of Ker(¢), but also the FH-module structure of Ker(¢).

We give a brief overview of the paper. In Section 2, we first prove several important geometric
results related to a conic in PG(2, q), which allow us to show that if we arrange the rows and columns
of As3 in a particular way, then A§3 = A3z3 (mod 2) (Theorem 2.1). This latter result has two important
consequences:

(i) the F-null space of A33 is equal to the span of the rows of A§3 +1 (mod 2), where I is the identity
matri_x,
(ii) as FH-modules,

FE = Ker(¢) @ Im(¢). (1.5)

To prove Conjecture 1.1, it suffices to compute the dimension of Ker(¢). In order to do this, we ap-
ply Brauer’s theory of blocks. The decomposition of the characters of H into blocks was given by
Burkhardt [4] and Landrock [15]. We begin by computing the character of the complex permutation
module CE, and its decomposition into blocks. This information can be read off from the complex
character table and information about the intersections of conjugacy classes of H with the subgroup K
which stabilizes an element of E. From this we see that CF is a direct sum of modules consisting of
one simple module from each block of defect zero, and some summands from blocks of positive de-
fect. Then we consider the decomposition of the Ker(¢) and Im(¢) into blocks. According to Brauer’s
theory, every FH-module M is the direct sum

M=DesM (1.6)
B

where ep is a primitive idempotent in the center of FH. The block idempotents eg can be computed
as elements of FH from the complex character table of H and the known partition of the complex
characters into blocks. In order to compute eg Ker(¢) and egIm(¢) we need detailed information
concerning the action of group elements in various conjugacy classes on various geometric objects
and on the intersections of certain special subsets of H (see Definition 3.4) with various conjugacy
classes of H. These computations are made in Sections 4 and 5. This information tells us which block
idempotents annihilate Ker(¢) and Im(¢) (Lemma 7.1). From this, we see that Ker(¢) is equal to the
direct sum of all of the components ez FE corresponding to blocks of defect zero, or this sum plus an
additional trivial summand, depending on g. The dimension of Ker(¢) can then be deduced from the
block decomposition of CE, since the B-component of FE is, in a sense which will be made precise,
the mod p reduction of the B-component of CE.

2. Geometric results

In the rest of this paper, to simplify notation, we will use B (instead of As33) to denote the follow-
ing (0, 1)-incidence matrix between Se and E: The columns of B are labeled by the external points
Pi, Py, ..., Pyqgt1)/2, the rows of B are labeled by the secant lines P;-, Py, ..., Pqi(qul)/2 and the (i, j)-

entry of B is 1 if and only if P; € Pil. Note that the matrix B is symmetric. Our goal in this section is
to prove the following theorem as well as provide geometric results for later use.
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Theorem 2.1. If we view B as a matrix over Z, then B> = B (mod 2), where the congruence means entrywise
congruence. Moreover, if = +3 (mod 8), then B> = B (mod 2).

Remark 2.2. As we will see from the proof of Theorem 2.1, we do not have B> =B (mod 2) when
g = =1 (mod 8).

2.1. Some known geometric results related to a conic in PG(2, q)

In this paper, the classical projective plane PG(2, q) is represented via homogeneous coordinates.
Namely, a point P of PG(2,q) can be written as (ag, a1, az), where (ap, aj,a) is a non-zero vector,
and a line ¢ as [bg, b1, by], where bg, by, by are not all zeros. The point P = (ag, a1, ay) lies on the
line £ = [bg, b1, b>] if and only if agbg + a1b1 + azb, =0.

Recall that a collineation of PG(2, q) is an automorphism of PG(2, q), which is a bijection from the
set of all points and all lines of PG(2, q) to itself that maps a point to a point and a line to a line,
and preserves incidence. It is well known that each element of GL(3, q), the group of all 3 x 3 non-
singular matrices over Fy, induces a collineation of PG(2,q). The proof of the following lemma is
straightforward.

Lemma 2.3. Let P = (ag, a1, ay) and £ = [bg, b1, ba] be a point and a line of PG(2, q), respectively. Suppose
that 6 is a collineation of PG(2, q) that is induced by D € GL(3, q). If we use P’ and ¢ to denote the images
of P and ¢ under 6, respectively, then P’ = (ag, a1, a2)? = (ag, a1, az)D and ¢ = [bg, b1, b21? = [co, c1, C21,
where cg, c1, ¢ correspond to the first, the second, and the third coordinate of the vector D '(bg,by,b2) T,
respectively.

A correlation of PG(2, q) is a bijection from the set of points to the set of lines as well as the set of
lines to the set of points that reverses inclusion. A polarity of PG(2, q) is a correlation of order 2. The
image of a point P under a correlation o is denoted by P, and that of a line ¢ is denoted by £°. It
can be shown [9, p. 181] that the non-degenerate quadratic form Q (Xg, X1, X2) = X% — XoX> induces
a polarity o (or L) of PG(2, q), which can be represented by the matrix

0 0 —3
M=| 0 1 0 (2.1)
-2 0 0

Lemma 2.4. (See [11, p. 47].) Let P = (ag, a1, az) and £ = [bg, b1, ba] be a point and a line of PG(2, q),
respectively. If o is the polarity represented by the above non-singular symmetric matrix M, then P° =
(ag, a1, az)® = [co, c1,cz2] and £° = [bg, b1, b2]° = (bo, b1, b2)M~1, where cg, c1, c2 correspond to the first,
the second, the third coordinate of the column vector M(ag, ai,az) ', respectively.

For example, if P = (x, y, z) is a point of PG(2, q), then its image under o is P° =[z, —2y, x]. It can
be shown that the polarity o defines the following bijections: o :1 — Pa, 0 :E — Se,and 0 : O — T.

For convenience, we will denote the set of all non-zero squares of F; by Og, and the set of non-
squares by q. Also, IFZI‘ is the set of non-zero elements of IF;. Recall that the discriminants of a point
P = (ap, a1, a2) and a line ¢ = [bg, by, by] are defined to be §(P) = a3 — apa; and 8(¢) = b? — 4bob,
respectively. Note that the discriminant is defined only up to a square factor.

Lemma 2.5. Assume that q is odd.

(i) Aline £ = [bo, b1, b2] of PG(2, q) is a passant, a tangent, or a secant to O ifand only if §(€) € 4, §(£) =0,
or 8(¢) € Ogq, respectively.

(ii) A point P = (ao, a1, az) of PG(2, q) is internal, absolute, or external if and only if §(P) € 4, 6(P) =0, or
8(P) € Og, respectively.
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Table 1
Number of points on lines of various types.
Name Absolute points External points Internal points
Tangent lines 1 q 0
Secant lines 2 1q-1 1q-1
Passant lines 0 %(q +1) %(q +1)
Table 2
Number of lines through points of various types.
Name Tangent lines Secant lines Skew lines
Absolute points 1 q 0
External points 2 LICER)) Tq-1
Internal points 0 %(q +1) %(q +1)

Proof. By Witt’s extension theorem [1, Theorem 3.9], the isometry classes of points are characterized
by their discriminants which are equal to the values of the quadratic form Q on representing vectors
and the lines are characterized by their discriminants. O

Remark 2.6. A different proof of the above lemma can be found in [9, pp. 181-182].

The results in the following lemma can be obtained by simple counting; see [9] for more details
and related results.

Lemma 2.7. (See [9, p. 170].) Using the above notation, we have
1 1
TI=10l=q+1.  |Pal=[ll=5q(q—1), and |Se| = |E| = 5@+ ). (2.2)
Also, we have Tables 1 and 2.
2.2. More geometric results
Let G be the automorphism group of O in PGL(3, q) (i.e. the subgroup of PGL(3, q) fixing O set-
wise). Then G is the image in PGL(3, q) of O(3, q) =S0O(3, q) x (—1), hence also the image of SO(3, q),

to which it is isomorphic. For our computations, we will describe G in a slightly different way. The
map 7 :GL(2,q) — GL(3, q) sending the matrix (‘C’ Z) to

a? ab b?
2ac ad+bc 2bd (2.3)
2 cd d?

is a group homomorphism. The image of 7(GL(2,q)) in PGL(3,¢q) lies in G. Now, whether or not
the group 7(GL(2,q)) contains SO(3,q) depends on q. Nevertheless, T(GL(2,q)) always contains a
subgroup of index 2 in 0(3,q) whose image in PGL(3,q) is G. Thus, the induced homomorphism
T :PGL(2, q) — PGL(3, q) maps PGL(2, q) isomorphically onto G.

Let H =1t (SL(2, q)), the group of matrices of the form (2.3) such that ad — bc = 1. Since the kernel
of T is (—I,), it follows that H = PSL(2,q) and that H is isomorphic to its image H in PGL(3, q).
In fact, we have H = £2(3, q), see [5, p. 164]. In the rest of the paper, we use & to denote a fixed
primitive element of F;. Also for convenience, we use the following abbreviations for diagonal and
anti-diagonal matrices. For a, b, c € Fy, we define

a 0O 0 0 «a
d(a,b,c) = (O b O) , ad(a,b,c) .= (O b 0) . (24)
0 0 ¢ c 0O
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Since

PGL(2, q) = PSL(2, q) U (é ;_)]> -PSL(2, q),

our discussion shows that
Hud(1,67',67%)-H (2.5)

is a full set of representative matrices for the elements of G. In our computations, it will often be
convenient to refer to elements of G by means of their representatives in the set (2.5). Moreover, the
following holds.

Lemma 2.8. (See [8].) The group G acts transitively on both I (respectively, Pa) and E (respectively, Se).

Lemma 2.9. Let P be a point not on O, £ be a non-tangent line, and P € £. Using the above notation, we have
the following.

(i) IfP el and £ € Pa, then P~ N¢ e Eifg=1 (mod 4), and PX N ¢ € [ ifqg =3 (mod 4).
(ii) fP el and ¢ € Se, thenPL N¢ e ifg=1 (mod 4), and P- N ¢ € E if g = 3 (mod 4).
(iii) IfP € E and £ € Pa, then P-N¢ eI ifg=1 (mod 4), and P- N ¢ € E ifg = 3 (mod 4).
(iv) IfP € E and £ € Se, then PN ¢ € E ifg=1 (mod 4), and P- N ¢ € I ifg= 3 (mod 4).

Proof. Let Q € PL and set £ = ¢p,g. Then we have ¢ =P L Q, the orthogonal sum of P and Q, noting
that both P and Q are 1-dimensional subspaces of V. Consequently, by [1, Theorem 3.4], we have for
the discriminant §(¢) = §(P)§(Q), i.e. this discriminant is determined by the discriminant of Q. We
conclude

tePa & §(Q)=-£ (eSe & §Q)=-1; (eT & §0Q)=0.

The assertion follows. 0O

We define Og —1:={s—1|seOq} and ifq — 1:={s— 1| s € [Aq}. In the rest of the paper, we will
frequently use the following lemma.

Lemma 2.10. (See [19].) Using the above notation,

(i) if ¢ =1 (mod 4), then |(Og — 1) N Ogl = (g — 5) and |(Oqg — DN Pgl = [(Bg — 1) N Ogl =
(g — DN gl = 3@ —1);

(i) if ¢ =3 (mod 4), then |(Bg — D) N Ogl = F@+ 1) and |(Og — 1) N Ogl = [(Qg — DN Pl =
(g — DN gl = (@ —3).

For any subgroup W of G, we use Wp to denote the stabilizer in W of P and W¢ to denote the
conjugate gWg~'. We will often use the following immediate consequence of these definitions:

(WE)pg = (Wp)%. (2.6)

Let P be a point of PG(2,q). Then P is a line of PG(2,q). We will use Ip. (respectively,
Ep: and Op.) to denote the set of internal (respectively, external and conic) points on PL. Also
we will use Pap (respectively, Sep and Tp) to denote the set of passant (respectively, secant and tan-
gent) lines through P. Then it is apparent that the polarity L defines bijections between Ip. and Pap,
and between Ep. and Sep. It is also clear that Gp = Gp. by the definition of G; we will use this fact
without further reference.

Lemma 2.11. Let P € E, K = Gp and P; € PL.

(i) If Py is an internal or external point on P, then |Kp, | = 4.
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(ii) If Py is a point of O, then |Kp,| =q — 1.
(iii) The stabilizer K is transitive on Ip1, Ep1, and Op. ; and it is transitive on Pap, Sep, and Tp.

Proof. Let P € E. Then Pt is a secant. It is clear that V =P @ PL. By Witt’s extension theorem,
K =Gp = 07(2,q) extending any S € 0" (P1) on P so that its determinant is 1. A secant P+ contains
%(q — 1) internal and external points respectively and 2 absolute points. Then the fact that K is

transitive on the isometry classes of the points on P follows from Witt's theorem. Thus

2 P, absolute,

K:Kp =11 :
| | {%(q—l), P; external or internal.

As |0t (PH)|=|K|=2(q—1) (e.g. [12, p. 247]), all assertions follow. O

Let PeE, £ €Se, and P ¢ £. We use Seg (P, £) to denote the set of secant lines through P meeting ¢
in an external point. That is,

Seg(P,¢)={¢1€Sep|¢1NLeE}.

Lemma 2.12. Let ¢ be a secant line and Ty, T, the two tangent lines through P’ := ¢-. Suppose that P € E,
P¢/l,andP#£P.

(i) IfPis on either T1 or T, then |Seg (P, £)| is odd or even according as ¢ = £1 (mod 8) or ¢ = 43 (mod 8).
(ii) IfPis on a passant or a secant through P’, then |Seg (P, £)| is even.

Proof. Since G acts transitively on Se and preserves incidence, we may take ¢ = [0, 1,0]. Then P’ =
¢+ =(0,1,0), T{ =[0,0,1], and T, =[1,0,0]. Also, Sep = {[1,0,y] | y e F*, —4y e Oq) and Pap =
{[1,0,x] | xeF;, —4x e iq).

Since K = Gp/ acts transitively on Pap, Sep, and {T1, T} by Lemma 2.11(iii), we see that, in order
to prove the lemma, it is enough to consider the external points excluding P’ on a special secant, pas-
sant, and tangent line through P’. To this end, we take ¢; =[1,0,y], y € F}, —4y e Og, €2 =[1,0,x],
and x € Fj, —4x € g, and ¢3 =T to be the special secant, passant, and tangent line through P,
respectively. The external points excluding P’ on ¢1, £3, and ¢3 but not on ¢ are given, respectively,
by E¢, ={(1,m,—y~ ") ImeF:, —4yeng, m*>+y ey} Ep, ={(1,n,—x" 1) |neF;, —4xe i,
m?4+xle Og}, Ee; =1{(0,1,8) |se IF;I"}. To prove the lemma, we may assume that P is in E;,, Ey,,
or Ey,.

fP=1,m -y e E¢,, then by using the representatives in (2.5) and direct computations,
we obtain that Kp = {d(1,1,1),ad(y" !, —1,y)} if g=1 (mod 4), and Kp = {d(1,1,1),ad((y€)"!,
—£~1 ye~1)} if =3 (mod 4). In particular, |Kp| = 2.

The lines through P are {[1,n1, y(1+mny)]|ny € Fq} U{[0, 1, myl}. From ad(y~!, -1, y)"1(1,n1,
yA +mn)" =1 +mng,—ng,y)" if =1 (mod 4) and ad((y§)~", -1, y&~H~"(1,n1, y(1 +
mny)) " = (EA +mny), —méE, y&)T if g=3 (mod 4), it follows that a line of the form [1,n;, y(1 +
mn1)] is fixed by Kp if and only if

—1nq
T =,
1+ mnq
Y~y +mm).
1+ mny
From the two equations, we obtain that ny = —2m~!. Therefore ¢ :=[1, —2m~!, —y] is the unique

line of the form [1,n1, y(1 + mny)] through P that is fixed by Kp. Easy calculations now show that
[0, 1, my] cannot be fixed by Kp. Also note that ¢ is fixed by Kp. Thus, under the action of Kp, the
lines through P are split into %(q + 3) orbits, two of which have length 1 (namely, {¢1} and {¢'}), and
%(q — 1) of which have length 2. Lines in the same orbit of length 2 must be of the same type; that
is, they must be both secants, or both passants, or both tangents.
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When g =1 (mod 4), we have ¢ € Sep, €1 € Sepr, 1 N € =(1,0,—y ) €E, and ¢’ N¢ =
(1,0,y~1) € E since —1 € 0Oq, y € Og and m? + y~! € Og. In this case, [Seg (P, )| is even.

When g =3 (mod 4), we have ¢; € Sep, ¢’ € Pap, 1N € el, and ¢'N¢ € E since —1 € fq, ¥ € g
and m?+yle Oq. Therefore, [Seg(P, £)| is even as well.

The proof of the lemma in the case where P € £1 is now finished. Similar arguments can be applied
to show that |Seg (P, £)| is even if P € £,. We omit the details.

The rest of the proof is concerned with the parity of |Seg (P, £)| when P € ¢35. Let P= (0, 1,5s) € {3
with s = 0. The set of lines connecting P with external points on ¢ is Ls = {[1,su™!, —u™']| —u e Ogq}-
The number of secant lines in Lg is determined by the number of u satisfying both of the following
two conditions

2
s“+4u
(a) Te[]q, and (b) —-ueQq.

If =1 (mod 4), the number of u satisfying (a) and (b) is determined by the size of Og N (Og — 1)
which is equal to % by Lemma 2.10(i). If ¢ =3 (mod 4), this number is determined by the size of
Zq N (Og — 1) which is equal to % by Lemma 2.10(ii).

Therefore, when g = 1 (mod 8), |Seg (P, )| is odd; when g = £3 (mod 8), |Ser (P, £)| is even. The
proof is now complete. O

Definition 2.13. Let P € E. We define
N (P) = { {QeE[Qe{, £eSep}\ {P}, ﬁfq =1 (mod 4),
{QeE|Qet, £ e Sep}, if g =3 (mod 4).
That is, Ng(P) is the set of external points on the secant lines through P, from which P is excluded or

not depending on whether g =1 (mod 4) or g =3 (mod 4). Informally, the set Ng(P) can be thought
of as the set of external neighbors of P.

Remark 2.14. Using the above notation, it is clear that Seg (P, £) = Ng(P) N E,.

In the following lemma, we investigate the parity of the intersection of the external neighbors of
two distinct external points, which plays a crucial role in the proof of Theorem 2.1.

Lemma 2.15. Let Py and P, be two distinct external points and {p, p, the line through P1 and P,.

(i) If £p,.p, € Pa, then [Ng(P1) N Ng(P2)]| is even.
(ii) If £p, p, € Se, then [Ng(P1) N Ng(P2)| is odd.
(iii) If ¢p, p, € T, then [INg(P1) N Ng(P2)| is odd or even according as ¢ = +1 (mod 8) or ¢ = 3 (mod 8).

Proof. We first give the proof of (ii). Suppose that £p, p, € Se. We consider two subcases.

Casel. P, ¢ P;.

Let Ty, T, be the two tangent lines through P; and O =Ty NP} =T, O, =T, NPy =T5 the
two points of O on Py Then ¢p, o, and €p, o, are two secant lines. Also, €5 , € T1 and &5, € T2
since Ti = Oy € £p, 0, and T5- = O, € €p, ©,. Hence both |[Ng(P1) N Eep, o, | = ISex(P1, €p, 0,)| and
INE(P1) N Eng,Oz | = |Seg (P1, ¢p, ©,)| are odd if g ==+1 (mod 8) and they are even if ¢ = %3 (mod 8)
by Lemma 2.12(i). Next we consider ¢; € Sep, such that 5 # ¢p, 0,, {p, 0,, {p, p,. Note that the line
ZP]’@_ cannot be a tangent line since ZSL is on neither T nor T, and there are only two tangent lines

through P;. Thus |[Ng(P1) N Ey,| is even by Lemma 2.12(ii). It is also clear that

‘1 .

5(q@—3), ifg=1(mod4),

INE(P1) N Egp | =17 ,
5(@—1), ifg=3(mod4),

which shows that [Ng(P1) N Egl,1’l,2| is odd. Set L := Sep, \ {{p, 0,,¢p,,0,,¢p, p,}. Then |L| = %(q —
1) — 3 and
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[NE(P1) N NE(P,)]
Y tesep, I(E¢\ (P2 NNg(Py)], ifg=1 (mod 4),
- ZE€S€p2|EZmNE(P1)|_%9 if g =3 (mod 4)

_ YoretUEeNNg®P)| =D+ (k1 = 1) + (k2 — 1) + (? —1), ifg=1(mod4),
Y et IEe NNE®D| + ki +kp + 51— 93, if g =3 (mod 4),

where k1 = |Egl,2'o1 NNg(Pq)| and ky = |Eg,,2_(92 N Ng(Pq)| are odd if g = 41 (mod 8); otherwise, these
numbers are even. Note that |[E; N Ng(P1)|, £ € L are all even by the above discussion. Thus

INE(P1) NNg(P2)|=1 (mod 2).

Casell. P, € P

This case can happen only when g =1 (mod 4) by applying Lemma 2.9(iv) to the incidence pair
(P1, €p;,p,)-

Let €5 € Sep, such that €5 # {p, p, Or PlL. Then ESL ¢ T or T, since, otherwise, £c N Ty € O or
s N Ty € O, which is not the case. The line EPMSL must be either a secant or a passant. Hence
INE(P1) N Ey | = [Seg(P1, £s)| is even by Lemma 2.12(ii). Note that since ¢ =1 (mod 4), |[Ng(P1) N
Emh|=%m—3)wowjf&=PfﬂwnWﬂb)ﬂhJ:%m—ﬂ)mrqzlUmd@.%th:

Sep, \ {€p,.p,, P{}. Then |L| = $(q — 1) — 2 and

q—3 q—1
Ne(P1) NNg(Py)| = Ne(P1)NE; —1 — -1 — =1
INE(P1) N NE(P2)| Z(\ g(P1) N E| )+( 5 )—i—( 5 >
el
=1 (mod ?2),
where |[Ng(P1) N Eg|, £ € L, are all even numbers by the above discussion. The proof of part (ii) is now
finished.

We now give the proof of part (i). Again we consider two cases. First assume that fp, p, € Pa
and P, ¢ P]l. Then [Ng(P1) N Egol_$l,2|, 1<i<2, are odd if g =+1 (mod 8); otherwise, they are

even by Lemma 2.12(i). Let £s € Sep, and ¢; # £, p, for 1 <i < 2. Note that Esl ¢ T or T,. Hence
EPLZSL is either a secant or a passant. So [Ng(P1) N Ey| is even by Lemma 2.12(ii). Set L := Sep, \

{0, pys L0y, . Then |L| = 3(q — 1) — 2 and

Y ver INE(P) N (Eg \ {P2})| +ny+n2, ifg=1(mod4),
Y et INE(PY) NEg| +n1 +n3, if g =3 (mod 4)
where n;j = |[Ng(P1)N E(oiqu |, i=1,2, are odd if ¢ = +1 (mod 8); otherwise, these numbers are even.

Note that [Ng(P1) N (E¢\ {P2})| and |[Ng(P1) NE;|, £ € L, are all even numbers by the above discussion
and the fact that [Ng(P1) N (E, \ {P2})| = [Ng(P1) N E¢| as £p, p, € Pa. Thus

INE(P1) N Ng(P)| = {

INE(P1) NNg(P2)| =0 (mod 2).

Next we consider ¢p, p, € Pa and P, € PIL. This case can happen only when g =3 (mod 4) by
applying Lemma 2.9(iii) to the incidence pair (P1, £p, p,). If {5 € Sep, and £, # PIL, then ZPMSL is either

a secant or a passant. Thus |[Ng(P1)NE,| is even by Lemma 2.12(ii). If {5 = PIL, then [INf(P1)NE,|=0
by part (iv) of Lemma 2.9. Therefore, [Ng(P1) N Ng(P2)| =0 (mod 2).
Part (iii) can be proved in the same fashion. We omit the details. O

2.3. The proof of Theorem 2.1

For future use, we define

Te(P)={QeE|Qet, £eTp}\{P}. (2.7)
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Now we are ready to prove Theorem 2.1 by using the geometric results obtained in the previous two
subsections. In the following, the row of a matrix indexed by a point P is referred as the P-row of
that matrix, and for a given row, its entry indexed by a point Q is referred as its Q-entry.

Proof of Theorem 2.1. Since B is symmetric, BB = B?. By the definition of B, the Q-entry of the
P-row of B? is equal to the standard inner product of the characteristic vectors of the P- and Q-rows
of B, which is either 1 or 0 according as the line through P and Q is secant. Therefore, the P-row of
B"B = B? (mod 2) can be regarded as the characteristic vector of Ng(P). Similar analysis shows that
the P-row of B3 is equal to

([NE(P) N E¢| (mod 2)),q,-

By Lemma 2.12, we see that [Ng(P) N E;| is odd if and only if either (1) P € ¢ and ¢ € Se for all q
or 2) P¢ ¢, PeTq or T, (where T; and T, are the two tangents through ¢+) and g = +1 (mod 8).
Therefore B> =B (mod 2) if g = +3 (mod 8).

Furthermore, since the rows of B? are the same as the corresponding characteristic vectors of
the external neighbors by previous discussions, the Q-entry of the P-row of B* = B’B? is equal to
the inner product of the characteristic vectors of Ng(P) and Ng(Q), which is congruent to [Ng(P) N
Ng(Q)| (mod 2). Therefore, the P-row of B* = B°B? (mod 2) is equal to

(|[Ne(P) "NE(Q)| (mod 2))Q€E. (2.8)

When P #Q, by Lemma 2.15 we know that if g=+1 (mod 8) then

dpQ, ifﬂp,Q € Pa,
INE(P) N NE(Q)| = { Qg Flpq e SeorT, (2.9)
where dpq is even and d;,Q is odd; if g =+3 (mod 8) then
pr, ifﬁp,Q c€PaorT,
‘NE(P) N NE(Q)| = {bi’Q’ if £p.q < Se, (2.10)
where bpq is even and bpy, is odd. Also, it is clear that
1 .
1@—D@-3), ifg=1 (mod 4),
INE@Q)| =1 ¢ , (2.11)
2@—1(@—-3)+1, ifg=3(mod4).

From (2.8), (2.9), and (2.11), it follows that the Q-entry of the P-row of B* (mod 2) is 1 if and only
if the line through both P and Q is either secant or tangent when g = £+1 (mod 8). Therefore, in
this case, the P-row of B* (mod 2) is equal to the sum of the F,-characteristic vectors of Ng(P)
and Tg(P), where Tg(P) is defined in (2.7). Similarly, from (2.8), (2.10), and (2.11) it follows that if
g ==+3 (mod 8) then the P-row of B* (mod 2) is the same as the F,-characteristic vector of Ng(P).
Therefore, if g =41 (mod 8) then the P-row of B> = B*B (mod 2) is given by

(J(Ne(P) U TE(Py)) N E¢| (mod 2)),q,;

if g=+3 (mod 8) then the P-row of B> = B*B (mod 2) is given by
(|[Ne(P) N E¢| (mod 2))

LeSe’
where
|1 (mod?2), ifPet,
‘NE(P)QEE‘:{O(modZ), ifPgc,

by the discussion in the first paragraph.
Assume that g =41 (mod 8). Let ©®; and O, be two points of @ on Pt. Since Ng(P) N E,; and
Te(P) N E, are disjoint, by Lemma 2.12, we have
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|(NE(P) UTE(P)) N E|
— |NE(P) N E¢| + |TE(P) N E¢|

1@ -3, ifPefandg=1(mod8) (a1),
1g@-1, ifPefandg=—1(mod8) (ay),
_ JINE@®)NE;+2, ifP¢l, O1¢¢, Oy ¢4 (as),
INE(P)NE¢[+1, ifP¢l, O1€l, O2 ¢4 (as),
INEP)NE;[+1, ifP¢E, O1¢¢l, Ot (as),
INg(P) N Ey|, ifP¢e, O1€tl, Oyl (ap)
_ ] 1(mod 2), ifPel,
|0 (mod 2), ifP¢c<.

In Case (a3), INe(P)NE,| is even by Lemma 2.12(ii) since P cannot be on any of the two tangent lines
through ¢1; in Case (a4) (respectively, Case (as)), we have |Ng(P) N E,| is odd by Lemma 2.12(i) since
P is on the tangent line O; (respectively, O5-) through ¢; in Case (ag), INE(P) N E¢| = 3(q—1) or 0,
which is even by Lemma 2.9 since ¢ = P, Therefore, B> = B (mod 2). The proof is complete. O

Definition 2.16. Let P € E. We define
Ne(P)U{P}UTEg(P), ifg=1 (mod 8),

Np(y: | NEPYUPL ifg=5 (mod 8),
t | (Ne(P)UTg(P)\ {P}, ifq=7 (mod 8),
Ne(P) \ {P}, ifg =3 (mod 8).

Corollary 2.17. Let F be an algebraic closure of IFy. Viewing B as a matrix with entries in F, we have that the
characteristic vectors of Ng (P)* with P € E span the null space of B over F.

Proof. First we prove that the F-null space of B is equal to the span of the rows of B* + I. If X is
in the F-null space of B, then x(B* + I) = x. That is, x is in the F-span of the rows of B* +I. On
the other hand, if x is in the F-span of the rows of B* + I, then y(B* + I) = x for some y. Therefore,
y(B* + )B = xB = y(B> +B) = 0. That is, x is in the F-null space of B. From the proof of Theorem 2.1,
it is easily seen that the rows of B* + I can be realized as the characteristic vectors of Ng(P)? for
P ¢ E. Therefore the corollary follows. O

Remark 2.18. From the proof of Theorem 2.1, it follows that the P-row of B* + I can be regarded as
the characteristic vector of Ng(P)? for each P € E.

3. The conjugacy classes of H and related intersection properties

In this section, we give detailed information about the conjugacy classes of H and discuss their
intersections with some special subsets of H.

3.1. Conjugacy classes

Recall that

a? ab b?

H= {<2ac ad + be 2bd>‘a,b,c,dqu, ad —bc =1
c? cd d?

is isomorphic to PSL(2,q). Therefore, the conjugacy classes of H can be deduced from those of

PSL(2, q). The conjugacy classes of PSL(2,q) are given in the following in terms of 2 x 2 matrices.
We refer the reader to [13] or [17] for the detailed calculations.
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Lemma 3.1. (See [13,17].) The conjugacy classes of PSL(2, q) can be explained in terms of 2 x 2 matrices as
follows: if g = 1 (mod 4) (respectively, ¢ = 3 (mod 4)), then D, [0], F*, F~, [6;] with 1 <i < %(q —5)
(respectively, 1 < i < %(q —3)), [m] with 1 <k < }l(q — 1) (respectively, 1 <k < %(q — 3)) are all con-
jugacy classes of PSL(2, q), where D = {i((l) (1’)}, [0] is the class whose representative is i(? _01 ), FT is the
class whose representative is i(l ?) F~ is the class whose representative is j:(; (])) [6i] is the class whose
t?1

representative is :I:(t(; : )for somet; € IF?; \ {#£1} such that 0 # (t; + ti_l)2 = 0;, and [y ] is the class whose

representative is i(tlk _01 ) for some ty € Fq such that 7, = t,f and 1, — 4 € Uq.

Let
a? ab b2
g:(Zac ad + bc 2bd>eH. (3.1)
c2 cd d?
For convenience, we define a map T from H to IF; by setting T(g) = tr(g) + 1, where tr(g) is the
trace of g; explicitly, we have T(g) = (a +d)2. If we still use D, [0], FT, F~, [6;] and [m] to denote

the sets of images of the elements in the corresponding classes of PSL(2, q) under the isomorphism t
discussed at the beginning of Section 2.2, respectively, they form the conjugacy classes of H.

Lemma 3.2. The conjugacy classes of H are given as follows.

(i) D={d(1,1, D}

(ii) F* and F~,where FFUF~ ={ge H|T(g) =4, g#d(1,1,1)};

(iii) 6] ={g € HIT(g) =6}, 1<i<3@—5ifqg=1(mod4), or1<i< 3(q—3)ifq=3 (mod 4),
where 0; € Ogq, 6; # 4, and 6; — 4 € Og;

(iv) [0]={g e H|T(g) =0};

(V) [l ={geH|T(@=m}, 1<k< (-1 ifg=1(mod4),or 1 <k< (q—3)ifqg=3 (mod 4),
where 1; € Og, T, # 4, and m, — 4 € g

Remark 3.3. The set F™ U F~ forms one conjugacy class of G, and splits into two equal-sized classes
FT™ and F~ of H. For our purpose, we denote F* U F~ by [4]. Also, each of D, [6;], [0], and [7y]
forms a single conjugacy class of G. The class [0] consists of all the elements of order 2 in H.

In the following, for convenience, we frequently use C to denote any one of D, [0], [4], [6;], or [m].
That is,

C =D, [0], [4], [6i], or [mx]. (3:2)
3.2. Intersection properties

We study the intersection sizes of certain subsets of H with the conjugacy classes of H.

Definition 3.4. Let P,Q € E be two external points, £ a secant line, and W C E. We define Hp g =
{he H| (PH)" e Seq}, Spe={he H| (PH)" = ¢}, and Up w = {h € H | P" € W}. That is, Hp g consists
of all the elements in H that map the secant line P+ to a secant line through Q, Sp,, is the set of
elements in H that map P to the secant line ¢, and Up, v is the set of elements in H that map P to
a point in W.

The following lemma and corollary are clear.

Lemma 3.5. Let g € G, P,Q e E, W C E, and ¢ a secant line. Then H§Q = Hpsz qs, Sge = Spe 2, and
Ug’w =Upg,wg.
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Corollary 3.6. Let g € G and C be given in (3.2) and let P, Q € E, W C E, and ¢ a secant line. Then
(CﬂHpQ)g C N"Hpz qs, (CNSpe)s=CNSpe g, and (CNUp.w)S =C NUpe we.

In the following lemmas, we investigate the parity of |Hp,q N C| for any two external points P
and Q. This information will be used in the proof of Lemma 7.1.

Lemma 3.7. Let P € E and K = Hp. Then:

i) [IKND|=1.
(ii) |K N[0]| = 2(q—i—l) or 2(q — 1) according as q =1 or 3 (mod 4).

(iii) |K N [m]| = O for each k.
(iv) |K N[6;] |—2foreach1
(v) IKN[4]] =

Proof. The pre-image of K in SL(2, q) is the normalizer of a cyclic group generated by (f) ;,J] ) Denote

by Z the image of this group. Then Z is a dihedral group and K — Z is a set of involutions. This
implies (i) and (ii). Clearly, |[6;]1N Z| =2, and so all other assertions follow. 0O

Recall that ¢p o denotes the line through the points P and Q, and Tp denotes the set of tangent
lines through P.

Lemma 3.8. Assume that g =1 (mod 4). Let P and Q be two distinct external points and let C = D, [4], [7¢]
(1<k<5(@—1),0r[6]1 A<i< f(@—5).

(i) Suppose that £p g € Sep and Q ¢ PL. If |'Hp,q N C| is odd, then C must be equal to one of two distinct
classes of type [6;].
(ii) Suppose that €p g € Sep and Q € PL.If |Hp,o N C|is odd, then C = D.
(iii) Suppose that €p g € Pap. Then |Hp o N C| is always even.
(iv) Suppose that €p g € Tp. If [Hp,g N C| is odd, then C = [6;] for some 1 <i < }l(q — 5) (possibly more than
one [6;] intersect with Hp q in an odd number of group elements).

Proof. Without loss of generality we may assume that P = (0, 1,0) since G acts transitively on E.
Let K = Gp. Assume that £1 and ¢, are two lines in Pap, Sep, or Tp, and Q € £1. By Lemma 2.11(iii),
it follows that Elg = {, for some g € K, and so Q% € ¢,. Moreover, Corollary 3.6 gives |Hpqo N C| =
[(Hp,q N C)8| = |Hpe, gz N C| = [Hp,g¢ N C|. Therefore, to prove the lemma, it is enough to take Q to
be an arbitrary external point on a special secant or passant or tangent line through P.

(i) Q¢ P+ =10,1,0] and ¢p,g=1[1,0, y] € Sep, for some y € 0.

In this case, we have Q = (1,m, —y~!) for some m # 0 and m? + y~! € O,. From the computations
done in the proof of Lemma 2.12, we know that both ¢; =[1,0, y] and ¢, =[1, —2m~!, —y] are fixed
by Kq, and Seq \ {£1, £2} splits into %(q — 5) orbits of length 2 under the action of Kq. Let R be a
set of the representatives of these orbits of length 2. Then by Corollary 3.6, we have |Hpq N C| =
ZeGSeQ |Sp,e N C| = 1|Sp,e; NCl+ |Spe, NCl+ Dy 2ISp,e N C|. Here we have used the fact that if
{¢, ¢’} is an orbit of secant lines through Q, then |Sp, N C|=|Sp ¢ N C|. From the above equation we
see that the parity of |Hp g N C| is the same as that of |Sp ¢, N C| 4 |Sp¢, N C|. In the following, we
determine the parity of |Sp ¢, N C| and |Sp¢, N C].

(1a) Let g € Sp ¢, NC, where g is given by (3.1). Since (P1)8 is determined by the following column

vector
d? —bd b2 0 —bd
(—ch ad + bc —2ab> (1):(ad+bc),
c2 —ac a? 0 —ac

we see that the quadruple (a, b, c,d) determining g satisfies the following system of equations
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ad +bc=0

ac = ybd,

ad —bc =1,

a+d=s, (3.3)
where s = £2, £,/m, +./6;. Therefore |Sp,¢; N C| can be determined by the number of solutions
(a,b, c,d) to the equations in (3.3). The equations in (3.3) yield a® — sa + % = 0, whose discriminant
is 2 —2.1f s> —2=0 (so 2 is a square), then a=d = % and b=c==+ —%, giving two distinct

group elements g € [2]. If s> —2 ¢ Og, then the equations in (3.3) yield 0 or 4 different solutions of
(a,b,c,d) such that (a,b,c,d) and (—a, —b, —c, —d) appear at the same time if any; these solutions
give rise to 2 distinct group elements g in [s2]. If s2 — 2 € [/q, it is obvious that [Hp ¢, N[s?]| =0. It
is also clear that |Sp ¢, N D| = 0. Therefore, |Sp,¢, N C| is even for all choices of C as specified in the
statement of the lemma.

(1b) Let g € Sp¢, N C, where g is given by (3.1). Similarly, the quadruple (a, b, c, d) determining g
satisfies the following system of equations

2
ad + bc = —(bd),
m

ac = —y(bd),
ad —bc=1,
a+d=s, (3.4)

where s = +2, +.,/7y, ++/0;. From the first three equations in (3.4) we obtain 1= (ad — bc)? = (ad +

bc)? — 4abed = 4(# + y)(bd)?; that is, bd = iﬁ, where w = 4(# +y) € Oq and y € Og. Thus,

d? —ds + (ml—ﬁ +3)=0or d> —ds+ (_W + 3) = 0. The discriminants of these two quadratic

equations are Al(sz) =52 - 4(— 1) and Ay(s?) = s? 4(—— 1), respectively. Note that
neither 4( 2) nor 4(— \/_ + ) can be 0 since y # 0 and

<4>(;+1)(4)(_;+1)_@ ; 55
myw | 2 myw 2)" w S5 '

If |Sp.¢, N[5 ]| is odd, then either A1(sz) =0 or Ay(s%) =0 since (+—~ J— + 3) #0. It follows that

either 2) or s =4(— 5), and so by (3.5), we see that s> must be any one of 0i,

s =4(—— \/_ m\/_
and 6;,, where 6;, _4(m + 1), 0, =4(— ﬁ + .

Combing (1a) and (1b), we see that, if |Hp,g N C| is odd, then C must be any one of two classes
[0i,]1 and [6;,], where 6;,, 6;, are given as above.

(i) Q= (1,0, —y~ 1) e P+ and ¢p o =1, 0, y] € Sep, for some y € 0.

In this case, we know that both P+ and #p, o=11,0, y] are fixed by Kq, and Seq \ {¢p,q, P} splits
into —(q —5) orbits of length 2 under the action of Kq from the computations done in the proof
of Lemma 2.12. Let R be a set of the representatives of these orbits of length 2. Then we have
|Hp,oqNC|= deseQ ISp.e NCl=[Sp.epog NCI+IKNCl+ D 4 2ISp¢ N C|. Here we have used the fact
that Sp p. = Gp. = K. From this equation we see that |Hp,g N C| is even except when C = D since
|Sp.epo N C| is even by the results in (1a) and the fact that [K N C| is even except when C = D by
Lemma 3.7.

(iii) Q ¢ Pt and ¢p,g =11, 0, x] € Pap, for some x € /.
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In this case, we know that Kq has %(q — 1) orbits of length 2 on Seq by computations similar
to those done in the proof of Lemma 2.12. Let R be a set of representatives of these orbits. Then
[Hp,q N Cl=D>ycr 2ISp,¢ N C|, which is always even.

(iV) Zp’Q e Tp.

Without loss of generality, we may take ¢p g =[1,0,0] and Q= (0, 1, f) with f € F;. Then Seq =
{0, 1, —fF I U{ll,—fu,ul |u e F}, f?u? —4uenq). Let Us ={u|ueF;, f2u?—4ueny). For
convenience, set £y :=[1, —fu,u] for u e Uy and £3 :=[0, 1, —f~1. Then Seq={{3}U{ly |ueUs}.
It is easy to see that Kq contains the identity element only. Therefore, to find the parity of [Hp g N C],
we need to determine the parity of each term in the sum |Sp ¢, NC|+ Zueuf |Sp,¢, NCl=|Hp,gNCl.

It is clear that |[Hp,q N D| =0 since P+ ¢ Seq. The rest is devoted to the cases where C is neither D
nor [0].

(4a) Let g € Sp¢; NC, where C # D, [0], and g is given by (3.1). The quadruple (a, b, ¢, d) deter-
mining g in Sp ¢, N C satisfy the following system of equations

bd =0,
ad +bc=t,
ac = i
f’
ad —bc=1,
a+d=s (3.6)
where s =42, +./0;, /7y, and t € Fy.
Ifd=0,thent=—-1,b= fs,c= —%, and a = s. In this case, we obtain a unique group element g

in each [s%]. If d #0, then t =1 and a® — sa + 1 =0, whose discriminant is s> — 4. This quadratic
solution has a single solution a € Fq if and only if s> — 4 = 0. Therefore, |Sp¢, N C| is odd except
when C =[4].
(4b) Let g € Sp¢, NC, where C # D, [0], and g is given by (3.1). The quadruple (a, b, c,d) deter-

mining g satisfy the following system of equations

ad + bc = fubd,

ac = ubd,

ad —bc=1,

a+d=s, (3.7)
where s = +2, +,/7, £4/6;, and u € Uy. The above equations in (3.7) yield d? —sd + %(% +1)=0
or d2 —sd + %(—fTI‘ +1) =0, where

r=./f?u? —4u. (3.8)

The discriminants of the above two quadratic equations are Aq(s%, u) := s> — 2(% + 1) and
Ay (s3,u) =5 — 2(—% + 1), respectively. Note that
u u 16u
(2)(f—+1)(2)<—f—+1> =——3 (3.9)
r r r
and 2(— 2% 4+ 1) —4=—2(L% 1 1),
Set U}“ :={uenq| fPu? —4u ey} and Ur :={u € tdq | f2u? —4u € Og}. Then Uf:UjfUU;.
Moreover, it is easy to see that |Uf’| is equal to the number of w € [/, satisfying w — 4 € (/4 and this
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number is [((4g — DN gl = %(q — 1) by (i) of Lemma 2.10. Given a line ¢, with u e Uy, |Sp g, N [s%]]
is odd if and only if either A1(s%,u) =0 or Ay(s%, u) =0 since %(:I:f—r” +1) #0; that is, |Sp.¢, N [s?]]
is odd if and only if either 2(% +1)egq or 2(—% +1) e Oq.

When u € U}L and |Sp ¢, N[s?]] is odd, s is equal to either 6;, or 6;, by (3.9), where 6;, = 2(f—r” +1)

and 6;, = 2(—f7” 4+ 1). Given 0 # u; € U;[, T = 1/fzui2 —4u;, i=1 or 2, we have f% = :I:fr—l;2 if
and only if u; = uy. Therefore the two conjugacy classes determined by u are different from those
determined by uy if uq # u.

When u € Uj?, exactly one of 2(% + 1) and 2(—ﬂ + 1) is a square by (3.9), thus at most one of

.
A1(s2,u) and A, (s%,u) can be zero. This shows that for each u e U)T, there is a unique class [my],

[k ]NSp.¢, | is odd, where 7y is one of 2(—f—r” +1) and 2(% +1) depending on which one is a square.

Given 0 # u; € UJT, ri = ‘/fzul.z —4u;i, i =1 or 2, we have fr—Ll“ = :I:fr—g2 if and only if uy; = uy. Therefore
the (unique) conjugacy class determined by uq is difference from the one determined by u;. Since

there are }l(q — 1) classes [m] and |Uj7| = %(q — 1), it follows that, when u runs through U  once,

-
class [my], there are an odd number of group elements mapping P to ¢,, where u determines .
Combining (4a), (4b) and |Hp g N[s?]| = |Sp.¢e; N[s2]] + Zueu? |Sp.¢, N2+ Zueu; 1Sp.e, N[5,

we see that, if [HpgqN [s2]| is odd, then there are an odd number of terms whose values are odd in
the right-hand side of the above equation; this can occur only when s? = 6; with 1 <i < %(q —5) and
there are probably more than one 6; satisfying this condition. Part (iv) is now proved. O

each s, with appears in {2(% +1)enOqlue U;} U {2(—f—” +1)edqlue UJT}. Therefore, in each

Lemma 3.9. Assume that g = 3 (mod 4). Let P and Q be two distinct external points and let C = D, [4], [7x]
(1<k<3(q-3),0r[6:] (1 <i< 3@ —3))

(i) Suppose that £p g € Sep and Q ¢ PL. Then |'Hp,q N C| is always even.
(i) Suppose that ¢p q € Pap and Q € P+. If |Hp.q N C| is odd, then C = D.
(iii) Suppose that £p g € Pap and Q ¢ PL. If |Hp,g N C| is odd, then C must be equal to one of two distinct
classes of type [ty ].
(iv) Suppose that €p g € Tp. If |[Hp,g N C| is odd, then C = [7r)] for exactly one k.

Proof. The proof is basically identical to that of Lemma 3.8. We omit the details. O
Lemma 3.10. Let P € E. Then |Hp p N C| is even for C = D, [4], [7y] or [6;].

Proof. Since G is transitive on E, again, without loss of generality, we may assume that P = (0, 1, 0).
Let K = Gp. Then K is transitive on Sep by Lemma 2.11(iii). Furthermore, we have |Sp, N C| =
|Sp,¢; N C| for €, £1 € Sep as £ and ¢; are in the same orbit of K on Sep. Since K is transitive on Sep,
we have

1
HepNCl= ) ISp.cNCl=2(@—1DISps, NCI, (3.10)

{eSep

where ¢7 is a fixed line in Sep.

If =1 (mod 4), the last term in (3.10) is always even, and so |Hp p N C| is even for each given C.
If ¢ =3 (mod 4), we may take ¢1 =[1,0, y] for some y € /4. The same computations as those for the
case (1a) in the proof of Lemma 3.8 show that |Sp ¢, N C| is even for each given C as well. The proof
is complete. O

Definition 3.11. Let P € E. We define N;(P) := E \ Ng(P)?. Then N (P) is the set of external points
(excluding P) on the passant lines through P if g =1 (mod 8), and it is the set of external points
(excluding P) on either the passant lines or the tangent lines through P if g =5 (mod 8).
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The following two lemmas are important in the proof of Lemma 7.1. Since the proofs of the two
lemmas are quite similar to that of Lemma 3.8 and the computations involved are somewhat tedious,
we omit the proofs.

Lemma 3.12. Assume that g =1 (mod 4). Let P and Q be two distinct external points and let C = D, [4], [7r¢]
(1<k<z@—1),0r[6]1(1<i< 5(q—5)).

(i) Suppose that £p g € Pap. If |Z/{P,N/E @) N Clisodd, then C = D, or [ry] for exactly one k.
(ii) Suppose that £p g € Sep. Then |Up, VACA C| is always even.
(iii) Suppose that ¢p g € Tp. If =1 (mod 8) and |UP7N/E(Q) N C|is odd, then C = [y ] for 1 <k < %(q —-1);
ifq=>5 (mod 8) and WP,N’E(Q) N C|is odd, then C = D, or [my] for 1 <k < }l(q —1).

Lemma 3.13. Assume that g = 3 (mod 4). Let P and Q be two distinct external points and let C = D, [4], [7¢]
(1<k<3@—=3)0r[6]1(1<i< 5(q—3)).

(i) Suppose that £p q € Sep. If |Up n, ()2 N C| is odd, then C = D, or [6;] for exactly one i.
(ii) Suppose that £p g € Pap. Then [Up )2 N C| is always even.
(iii) Suppose that €p g € Tp. If g =3 (mod 8) and [Up y, )2 N C| is odd, then C =[6;] for 1 <i < %(q —3);
ifq=7 (mod 8) and |Up n, () N C|is odd, then C =D, or [6;] for 1 <i < %(q —-3).

Lemma 3.14. Let P € E and let C = D, [0], [4], [7tk], or [6;].

(i) Ifg=1 (mod 4), then |Z/{P,N1E @ N C|is always even.
(ii) Ifg =3 (mod 4), then |Up y,p): N C| is always even.

Proof. We know that Gp is transitive on Pap, Sep, and Tp := {{q, {3}, where £; and ¢, are the two

tangent lines through P. We first consider the case where g =1 (mod 4). If g=1 (mod 8), then we

have that |UP,N%(P) NC|= Zeepap lUp E\py N C| = %lup,gl*\{p} N C|, where £* is any fixed passant

line through P. Note that %(q — 1) is even in this case. We see that |Up Np@) N C| is even as claimed.
If g=5 (mod 8), then

1Up Ny N Cl = Z lUp e\ Py N Cl+ |Up g, Py N Cl =+ |Up,E,\py N C]

LePap

qg—1
=5 [Up Ep\ipy N C| + 2|Up £, \(p) N C,
where £* is any fixed passant line through P. It is easily seen that |Ufp, Np@) N C| is even.
The conclusion in the case where g =3 (mod 4) can be similarly proved. We omit the details. O

4. Group algebra FH
4.1. 2-blocks of H

Recall that H = PSL(2, q). In this section we recall several results on the 2-blocks of H. The results
and statements in this section are standard in the theory of characters and blocks of finite groups.
We refer the reader to [16] or [3] for a general introduction on this subject.

Let R be the ring of algebraic integers in the complex field C. We choose a maximal ideal M of R
containing 2R. Let F = R/M be the residue field of characteristic 2, and let x:R — F be the natural
ring homomorphism. Define

Sz{g\reR,seR\M}. (4.1)
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Then it is clear that the map *:S — F defined by (g)* =r*(s*)~! is a ring homomorphism with
kernel P = {g |r €M, s € R\M}. In the rest of this paper, F will always be the field of characteristic 2
constructed as above. Note that F is an algebraic closure of F».

Let Irr(H) and IBr(H) be the set of irreducible ordinary characters and the set of irreducible
Brauer characters of H, respectively. If x € Irr(H), it is known that x uniquely defines an algebra

homomorphism w, :Z(CH) — C by wy (€) = ‘Clxx(%d, where C is a conjugacy class of H, xc € C

and C = Y xec X. Since wy (C) is an algebraic integer, we may construct an algebra homomorphism
Ay :Z(FH) — F by setting A (C) Wy (C)* We see that every irreducible ordinary character x gives
rise to an algebra homomorphism Z(FH) — F. This is also true for irreducible Brauer characters, that
is, every irreducible Brauer character determines an algebra homomorphism Z(FH) — F. The 2-blocks
of H are the equivalence classes of Irr(H) U IBr(H) under the equivalence relation x ~ ¢ if 1, =iy
for x, ¢ € Irr(H) UIBr(H). For basic results on blocks of finite group, we refer the reader to Chapter 3
of [16].

The group H has 1 trivial character 1 of degree 1, 2 irreducible ordinary characters 81 and f;
(respectively, 71 and 1;) of degree %(q-i— 1) (respectively, %(q —1)), 1 irreducible ordinary character y
of degree g, l(q — 1) (respectively, }l(q 3)) irreducible ordinary characters ys for 1 <s < 411(‘1 -1
(respectively, 1 < s < 4(q — 3)) of degree g — 1, and l(q — 5) (respectively, l(q — 3)) irreducible
ordinary characters ¢, of degree g+ 1 for 1 <r < 4(q — 5) (respectively, 1 <r < 4(q -3))if g=
1 (mod 4) (respectively, g =3 (mod 4)). The character table of H is given in Appendlx A. The following
lemma describes how the irreducible ordinary characters of H are partitioned into 2-blocks.

Lemma 4.1. First assume that ¢ =1 (mod 4) and ¢ — 1 =m2", where 2 { m.

(i) The principal block Bg of H contains 2" 2 + 3 irreducible characters xo=1,¥,pB1,B2.9i,, ..., ¢,~(2n_27]),
where xo = 1 is the trivial character of H, y is the irreducible character of degree q of H, 1 and 3, are
the two irreducible characters of degree %(q + 1), and ¢;, for 1 <k < 2"=2 _ 1 are distinct irreducible
characters of degreeq + 1 of H.

(ii) H has 1 7(q —1) blocks Bs of defect 0 for 1 < s < 4 1 (g —1), each of which contains an irreducible ordinary
character s of degree q — 1.

(iii) If m > 3, then H has mT_l blocks B; of defect n — 1 for 1 <t < mT_l each of which contains 2"
irreducible ordinary characters ¢, for 1 <i < 2n-1,

Now assume that ¢ = 3 (mod 4) and q + 1 =m2", where 2 { m.

(iv) The principal block Bg of H contains 2"~2 +3 irreducible characters xo =1, ¥, 11, 2, Xiys - - » Xign-2_y,
where yo = 1 is the trivial character of H, y is the irreducible character of degree q of H, i1 and n are
the two irreducible characters of degree %(q —1),and x;, for1 <k < 2"=2 _ 1 are distinct irreducible
characters of degree q — 1 of H.

(v) H has %(q — 3) blocks B, of defect O for 1 <r < %(q — 3), each of which contains an irreducible ordinary
character ¢, of degree q + 1.

(vi) If m > 3, then H has ;(m — 1) blocks B; ofdefect n—1for1<t< %(m — 1), each of which contains
2"~V irreducible ordinary characters x;, for 1 <i <2"1,

Moreover, the above blocks form all the 2-blocks of H.

Proof. Parts (i) and (iv) are from Theorem 1.3 in [15] and their proofs can be found in Chapter 7 of III
in [3]. Parts (ii) and (v) are special cases of Theorem 3.18 in [16]. Parts (iii) and (vi) are proved in
Sections II and VIII of [4]. O

The following result will be used to calculate some of the block idempotents. Recall that g € H is
p-singular if p divides the order of g.
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Lemma 4.2. (See [16, Corollary 3.7].) Suppose that B is a p-block of H and let g, h € H. If h is p-regular and
g is p-singular, then } _, ;g X (1) x (g) = 0.

4.2. Block idempotents

Let BI(H) be the set of 2-blocks of H. If B € BI(H), we write fp =}, 5 €y, Where ey =
% deH x (g~ g is a central primitive idempotent of Z(CH) and Irr(B) = Irr(H) N B. For futureAusE,
we define IBr(B) = IBr(H) N B. Since fp is an element of Z(CH), we may write fp = ZCed(H) fs(C)C,
where cl(H) is the set of conjugacy classes of H, C is the sum of elements in the class C, and

_~ 1 j—
O =— > x(Mx(x") (4.2)

|H|
x €lrr(B)

with a fixed element x¢c € C.
Theorem 4.3. Let B € BI(H). Then fg € Z(SH). In other words, fp (f) € S for each block of H.
Proof. It follows from Corollary 3.8 in [16]. O

We extend the ring homomorphism *:S — F to a ring homomorphism *:SH — FH by setting
(D gen $g8)" = D _gep Sz&- Note that x maps Z(SH) onto Z(FH) via (3_ccanyScO)™ = X ceam) ScC-
For convenience, we write eg(C) = fg(C)*. Now we define eg = (fp)* € Z(FH), which is the block
idempotent of B. Note that egep = dgp-ep for B, B’ € BI(H), where §gp equals 1 if B = B/, 0 otherwise.

To find fg([0]) or eg(]0]), we need the following lemma.

Lemma 4.4. Assume that g — 1 =m2" or g + 1 = m2" according as ¢ = 1 (mod 4) or ¢ = 3 (mod 4), where
21m. Let g € [0] and ¢;, (respectively, x;, ) for 1 <k < 2"=2 _ 1 be the ordinary characters of degree q + 1
(respectively, ¢ — 1) in the principal block of H if g =1 (mod 4) (respectively, ¢ = 3 (mod 4)). Then

221

. — _27 lfq =1 (mOd 8)7
I; i (8) = { 0, ifg=>5(mod8),

and
2n—2_1

(2. ifq=7(mod8),
I; Xi (8) = {0, ifg=3 (mod 8).

Proof. Let 14 be the identity of H and g € [0]. If g=1 (mod 4), from Lemma 4.2 and the character
table of H in Appendix A, we have

0= Y x(wx@

x €lrr(Bo)
q+1 (q-1)/4 a—
=M+ @) +(2) 5 (=1 +@+1) Z ¢, (8)-
k=1
Therefore,
221

‘ ] =2, ifg=1(modS8),
; ‘/’lk(g)—{o ifg =5 (mod 8).

b

The conclusion in the case where g =3 (mod 4) can be proved in the same way. O
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Using the character tables of H in Appendix A, Lemmas 3.2, and 4.1, we can find eg(f) for each
2-block B and each conjugacy class C of H.

Lemma 4.5. First assume that ¢ =1 (mod 4) and q — 1 =m2" with 2 tm.

1. Let Bg be the principal block of H. Then (a) eg, (ﬁ) =1;(b) eBO(I?:L) =ep, (f:) e F;(c) eBO([/@\i]) e F,
e, ([0]) = 0: (d) e, (7)) = 1. R _ _ N

2. Let BS be any block of defect 0 of H. Then (a) eg,(D) = 0; (b) ep,(F™) = ep,(F~) =1; (c) ep,([0]) =
ep, ((6:1) = 0; (d) e, ([¢]) € F. R .

3. Suppose m > 3 and let B; be any block of defect n — 1 of H. Then (a) ep (D) =0; (b) eB;(F+) =

eg (F7) =1;(c) e, (101]) € F, e, ([0]) = 0; (d) ey ([mc]) =
Now assume that q = 3 (mod 4). Suppose that ¢ + 1 =m2" with 2 {m.

4, Let By bg\the principal/liock of H. Then (a) ep, (ﬁ) =1, (b) ep, (FF) =ep, (1?:) e F;(c) eBO([QT]) =1;
(d) e, ([0]) = 0, e, () € F. R _ _ N

5. Let By be any block of defect 0 of H. Then (a) ep, (D) = 0; (b) e, (FT*) =ep, (F~) =1; (c) ep, ([0]) =
e, ([tx]) =0; 0; (d) e, ([6;i]) € F. . e

6. Suppose that m > 3 and let B; be any block of defect n — 1 of H. Then (a) eBé(D) = 0; (b) eB;(F+) =

eg, (F~) =1; (c) ep ([6i]) = 0; (d) e, (10]) = 0, e, ((mi)) € F.
Proof. We only give the proof for the case where g =1 (mod 4).

Since D contains only the identity matrix, by Lemma 4.1(ii), (4.2), and the second column of the
character table of PSL(2, q), we have

[(2211—2 +2n—1)m2 +m2”+1]
gm(%5)

-1
Joo D) = > xx(xph) = cQ\QNP.

x €lrr(Bo)

The last inclusion holds since 24 [(22"~2 4 2" 1)ym? + m2" + 1] for n > 2 and ZJ(qm(q“) Since
fg"o (D) =ep,(D) and F has characteristic 2, it follows that eg, (D) = 1. Similarly,

Feo (k) = Z XX (Xy) = eQ\Qn7P

q
)( elrr(Bg) ( )

and

foo(0) = — > x(Mx (%))
|H| o
€Bo
"2

1
- (q+1)2n[q+1) Z ¢i (X)) + (@ + DD + (@ + (=D~ 1>/4}

=0. (4.3)

The last equality in (4.3) follows from Lemma 4.4. Therefore, ep,([7rx]) =1 for 1 <k < %(q — 1) and
e, ([0]) = 0. The remaining conclusions in part 1 follow from Theorem 4.3.
Let Bs be any block of defect 0 of H. Similar calculations yield

fBg(ﬁ)EP 635(5):0;
o, (FF) = fp,(F~ )eQ\QNP, ep,(FF) =ep (F7) =1;
fBS([O]) = st([/Q\l]) =0, es, ([T)j) = eBs([/@\i]) —0;

fe,(0mkl) €6, ep,([x]) € F.
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Let B; be any block of defect n — 1 of H. Then

f5,(D) € P, e, (D) =0;
fo(FT) = fg(F7) eQ\QNP, e (FT)=ep(F)=1;
fBQ([/@\i])es’ EB;([Q/H)EF;

-~

fy(0) =0,  fy ([me]) =0, ep (0)=0, eg ((md) =0. O

Let M be an SH-module. We denote the reduction M/PM, which is an FH-module, by M. Then
the following lemma is apparent.

Lemma 4.6. Let M be an SH-module and B € BI(H). Using the above notation, we have
fsM =egM,

i.e. reduction commutes with projection onto a block B.

5. Incidence matrices and their corresponding maps

Let k be the complex field C, the algebraic closure F of [F,, or the ring S in (4.1). Let W be a
subset of E. We use Xy to denote the characteristic vector of W with respect to E; that is, Xy is
a (0, 1)-row vector of length |E|, whose entries are indexed by the external points P € E; the entry
of Xy indexed by P is 1 if and only if Pe W. If W = {P} is a singleton subset of E, then we usually
use Xxp instead of x(p) to denote the characteristic vector of {P} if no confusion occurs.

Let kf be the free k-module with the natural basis {Xp | P € E}. It is clear that kf is a kH-
permutation module since H acts on E. Let y =) p_papXp € kE, where ap € k. Then the action of
heHonyisgivenby h-y=h-} p.papXp =) p.pap(h-Xp) = p_p apXpr. Since H is transitive
on E, we have

kE =1ndf (1p), (5.1)

where K is the stabilizer of an external point in H, 1j is the trivial kK-module and Ind,ﬁ’(lk) is the
kH-module induced by 1j.
Now we define the map

¢:FF — FE (5.2)

by first specifying the images of the natural basis elements under ¢ as follows xp — ZQGP 1 g XQ;

then we extend this specification linearly to the whole of FE. As an F-linear map, it is clear that the
matrix representation of ¢ with respect to the natural basis (suitably ordered) of FE is B. (Here B is
viewed as a matrix with entries in F.) Let ¢' denote the i-fold composition of ¢. Then it is obvious
that the matrix of ¢' with respect to the natural basis of FE is B and ¢'(x) = XB'. Moreover, ¢° = ¢
since B> =B by Theorem 2.1.

Lemma 5.1. The above map ¢ is an FH-module homomorphism from FE to FE.
Proof. This follows from the fact that H preserves incidence. O

In the rest of the paper, we will always use 0 and 0 to denote the all-zero row vector of length |E]|
and the all-zero matrix of size |E| x |E|, respectively.

Proposition 5.2. As FH-modules, FE = Im(¢) @ Ker(¢), where Im(¢) and Ker(¢) are the image and kernel
of ¢, respectively.
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Proof. It is clear that Ker(¢)  Ker(¢?). If x € Ker(¢?), then x € Ker(¢) since
P (X) =¢>(X) =¢(¢* %)) =

Therefore, Ker(¢*) = Ker(¢), from which we deduce that Ker(¢?) = Ker(¢). Furthermore, since
Ker(¢) < Ker(¢?) < Ker(¢?)  Ker(¢?) < -- -, we have Ker(¢') = Ker(¢) for i > 2. Applying the Fitting
decomposition theorem [14, p. 285] to the operator ¢, there is an i such that FE = Ker(¢') @ Im(¢").
From above discussions, we must have FE = Ker(¢) & Im(¢). O

Corollary 5.3. As FH-modules, Ind (1) = Ker(¢p) @ Im(¢).

Proof. The conclusion follows immediately from Proposition 5.2 and the fact that Ind «(1F) = F*. E g

Next we define C:=B*+ 1 and D:=C + J, where B is again viewed as a matrix over F, I is
the identity matrix and J is the all-one matrix. By Remark 2.18, the matrix C can be viewed as
the incidence matrix between the external points P € E and the subsets Ng(P)? of E, P € E; that is,
XpC = XN, (p)a. Similarly, the matrix D can be viewed as the incidence matrix between the external
points P € E and the subsets N;(P) of E, P € E; that is, xpD = XN.(P)- Let @1 (respectively, ¢;) be
the FH-homomorphism from Ff to FE whose matrix with respect to the natural basis is C (respec-
tively, D). The following proposition is clear.

Proposition 5.4. Using the above notation, we have Ker(¢) = Im(¢p1).
Also, we have the following decomposition of Ker(¢).

Lemma 5.5. Assume that ¢ = 1 (mod 4). Then as FH-modules, we have Ker(¢) = (j) @ Im(¢y), where (j) is
the trivial FH-module generated by the all-one vector J of length |E|.

Proof. Let y € (j) N Im(¢g,). Then y = ¢ (X) = A] for some A € F and x € FE. By the definition of ¢,
we have ¢;(x) = xD. It follows that x(B* +1+ J) = AJ Note that J?2 = J and j] ] since 21 |E| when
g=1 (mod 4). Also each row of B* has an even number of 1s since the row of B* indexed by P € E
is the characteristic vector of Ng(P) or Ng(P) UTg(P) according as =5 (mod 8) or g =1 (mod 8)
(see the proof of Theorem 2.1); that is, B* ] = 0. Thus,

=2 =x(B*+1+])J=x(B*J+1]+ J*)=xO@+ ]+ ])=0

It follows that A = 0. We have shown that (j) NIm(¢py) =0.

It is obvious that (j) + Im(g7) € Ker(¢). Let x € Ker(¢). Then by Corollary 2.17, there exists a
y € FE such that x = y(B* + I), which in turn is equal to y(B* + I + J) + (v,])] since yJ = (y,])],
where (y,i) is the standard inner product of the vectors y and j Hence X € (j) + Im(gy) and thus
Ker(¢) = (J) ® Im(¢2). O

6. An induced character

In this section, we consider the induced complex character 1T,}<’ afforded by the CH-module

Ind?(lc) and decompose 1?2’ into the sum of irreducible complex characters of H by using the
well-known Frobenius reciprocity [7], the character tables of H, and Lemma 3.7.

Lemma 6.1. Assume that ¢ =1 (mod 4). Let x5, 1 < }l(q — 1), be the irreducible ordinary characters
of degree q — 1, ¢r, <rg 4(q — 5), irreducible ordmary characters of degree q + 1, y the irreducible of
degree q, and Bj, 1 < j < 2, irreducible ordinary characters of degree 1 S(@+1).
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(i) If =1 (mod 8), then 1tfl =1+ 30" xs +2y + 1 + 2 + Z(q 9)/4¢rj, where ¢r;, 1< j <
4(q 9), may not be distinct.

(i) Ifg =5 (mod 8), then 14H =14+ Y9V ¥ 42y 4 Z(q 5)/4¢r]., where ¢, 1< j < 4(q — 5), may
not be distinct.

Next assume that g = 3 (mod 4). Let x5, 1 < s < }l(q — 3), be the irreducible ordinary characters of degree
—1,¢, 1< }l(q 3), the irreducible ordinary characters of degree q 4 1, y the irreducible character of
degree g, and nj, 1 < 2, the irreducible ordinary characters of degree 5 -t

(ifi) If g =3 (mod 8), then 11§ =1+ X4 ¢ +y + 1+ ma + TV X, where x5, 1< j <
4(61 3), may not be distinct.

(iv) Ifg=7 (mod 8), then 11tH =14+ "9 3¢ 4y 4 Z(‘H])M Xs;» where xs;, 1< j < (@ +1), may
not be distinct.

Proof. We only give the detailed proof for the case where g =1 (mod 4).
Let 1y be the trivial character of H. By the Frobenius reciprocity [7], (1TE )y =

(L1glk =1
Let xs be an irreducible character of degree ¢ — 1 of H, where 1 <s < %(q —1). We denote the
number of elements of K lying in the class [my] by di. Then dy = 0 by Lemma 3.7. (1ng, Xs)H =

(1 XV )k = ey Cger x4 (@) = 251 @ = 1) + T (=dis @05 — des=@05)) =1,

Let y be the irreducible character of degree qg of H. Then (1T,’z,y)H = (1,;/“(’),( =
1 Leer V@ = 25 1D@ + H@(E2) + D)(IH] =2,

Let B; be any irreducible character of degree ﬂ of H. Then (1TK Bi)H IKI deK /6]¢K(g)
ZIOEH +@ X1 o+ (B (@ “/“] If g=1 (mod 8), then 1 +(2) ¥ {77 £ 6) +
(B (D@D = g+ 1) + 2 X9 ¢(6). By the fact that ¢(6;) =1 or —1, we have 47 <
q+1D+ @2 Z(q 5)/45(9) < 3(‘7 D Since (1T,P<I Bj)n is a non-negative integer and q — 1 is the
only integer in the interval [qu7 3(q 1)] that is divisible by ¢ — 1 when g > 9, we must have that
Z(q >)/4 £(6;) = —1. Similarly, if g = 5 (mod 8), then Z(q >)/4 £(6;) = 0. Therefore,

H o\ _ J1, ifg=1(modS8),
<1TK"BJ>H_{O, ifg =5 (mod 8).

Since the sum of the degrees of 1, x5, ¥, and B; is less than the degree of 1Tf<1 and only the

irreducible characters of degree g —I—l of H have not been taken into account yet, we see that all the

irreducible constituents of 114 —1 -V y 2y g — g, or 118 —1 -394y 2y must
have degree g+ 1. O

Corollary 6.2. Using the above notation,

(i) ifg =1 (mod 4), then the character of fg, - Ind%(hc) is xs for each block B of defect 0;
(ii) if g =3 (mod 4), then the character of fp, - Ind? (1¢) is ¢y for each block B of defect 0.

Proof. The corollary follows from Lemmas 4.1 and 6.1. O

7. Statement and proof of main theorem

We state and prove the main theorem in this section.
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Lemma 7.1. Let eg € Z(FH) be the primitive idempotent associated with B € BI(H). Assume ¢ — 1 = 2"m or
q + 1 =2"m with 24 m depending on whether ¢ =1 (mod 4) or ¢ = 3 (mod 4). Using the above notation,

(i) ifg=1 (mod 4), then e, Im(¢) =0 for 1 <s < 4(q — 1) and e, Im(¢y) = ep, Im(gpy) =0 form >
and 1 <t < mT_l;

(ii) if g =3 (mod 4), then eg, Im(¢) =0 for 1 <r < %(q — 3) and ep, Ker(¢) = ep; Ker(¢) = 0 form>3
and1 <t < mT_l

Proof. It is clear that {xpB | P € E}, {xpC| P € E}, and {xpD | P € E} span Im(¢), Ker(¢), and Im(¢y)
over F, respectively. Also, xpB, xpC, and XxpD are the characteristic vectors of Ep., Ng(P)?, Ng(P),
respectively. Let B € BI(H). Recall that eB(C) fB(C )*. We notice that

epXplL = Z fg(f)*Zh - Xpl

Cecl(H) heC

= > es©) Xpiy

Cecl(H) heC

- Y w@yY ¥

Cecl(H) heC QePLH)"nE

that is, epXpL = ZQGE S1(B,P,Q)xq, where S1(B,P,Q) := ZCed(H) |ICN Hp,Q|e3(f). Similarly, we
have that epXn;p) = ZQeE S52(B,P,Q)xq and egXn,(py = ZQGE S3(B, P, Q)xq, where S53(B,P,Q) is
defined to be the sum Y. IC NUp.Nz @2 les(C) and S3(B,P,Q) is Yccqm) IC N Up.nz @y e (©).

First we consider the case that g =1 (mod 4). We have to show that S1(Bs, P, Q) =S3(Bg,P,Q) =
S3(B;, P, Q).

Assume that Q =P. Since |C NHp, p| and |C NUp NE(p)/| is always even for C # [0] by Lemmas 3.10
and 3.14(i) respectively, and eBO([O]) = eBS([O]) = eBr([O]) =0 by 1(c), 2(c), 3(c) of Lemma 4.5,
S1(Bs,P,P) = S3(Bg, P, P) = S3(B;,P,P) = 0. If Zp,Q/S Pap, then S1(Bs,P,Q) =0 since |C N Hp gl
is always even by Lemma 3.8(iii) for C # [0] and eg, ([0]) = 0; by Lemma 3.12(i), 1(a), (d) and 3(a), (d)
of Lemma 4.5, S3(Bo. P, Q) = eg, (D) + ep, ([x]) =1+ 1=0 and S3(B;,P,Q) = e (D) + ey, ([m]) =
0+0=0.

Assume now that Q # P, {pgq € Sep, and Q ¢ PL. By Lemma 3.8(i) and 2(c) of Lemma 4.5,
then S1(Bs,P,Q) = eg, ([6;, 1) + ez, ([6;,1) + |[0] N Hp.gles,([0]) =0+ 0+ 0=0; by Lemma 3.12(ii)
and 1(c), 3(c) of Lemma 4.5, S3(Bo,P,Q) = S3(B},P,Q) = 0. If Qe Pt and_¢pq € Sep, by
Lemma 3.8(ii) and 2(a), (c) of Lemma 4.5, 51(Bs,P,Q) = ep (D) + [[0] N Hp,gles,([0]) =0+ 0 =0;
by Lemma 3.12(ii) and 1(c), 3(c) of Lemma 4.5, S3(Bo,P,Q) = S3(B;,P,Q) = 0. In the case where
tpq € Tp, by Lemma 3.8(iv) and 2(c) of Lemma 4.5, Si(Bs,P,Q) = e, ((6;,1) + --- + ep, (6, ]) +
I[0] N "Hp,qlep,([0]) =0+ ---+0+40=0 for some m>1; if g=1 (mod 8), by Lemma 3.12(iii) and
1(c). (d) and 3(c), (d). S5(Bo. P.Q) = 35" en, ([mi) + 1101 N M gles, (10D = S 1+ 0=0,
S3(B;.P.Q) = Y,V e ([me)) + 110) A e aleg (0D = Y, "*0+0=0; if g=5 (mod 8) by
Lemma 3.12(iii) and 1(a), (c), (d) and 3(a), (c), (d), 83(30, P,Q) = >\ ep ([mi]) + en, (D) +
1101 N Hp.qles, ([01) = Y, *1+1+0=10, S3(8;.P.Q) = Y\, ep, (Ime)) + +eg; (D) + 1101 N
Hpqleg (0D = Y\ 1)/“0+0+0 — 0. So we have shown that 51(BS,P Q) =0, S5(Bg,P,Q) =0,
and S3(B;,P,Q) = 0 for P, Q € E. The proof of part (i) is completed.

Now we assume that g =3 (mod 4).

If Q=P, since [CN"Hp,p| and |C NUp N, (p)2| is always even for C # [0] by Lemmas 3.10 and 3.14(i)
respectively, and eBr([/O\]) = eg, (@) = eBE([/O\]) =0 by 4(c), 5(c), 6(d) of Lemma 4.5, then S;(B;,P,P) =
S2(Bo, P,P) =Sy(B;,P,P)=0.If £p g € Pap and Q ¢ P, by Lemma 3.9(iii) and 5(c) of Lemma 4.5, we
have S (B, P,Q) = ep, ({7, ) + es, ([, 1) + 1101 N Hp gles, (01) = 0+ 0 4 0 = 0; by Lemma 3.13(ii)
and 4(d), 6(d) of Lemma 4.5, we have S»(Bo,P,Q) = |[0] NUp,n,(q)2|€B,([0]) =0 and S»(B;,P,Q) =
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|[0] OUP’NE(Q)HWB;([/O\]) =0. If ¢p,g € Pap and Q € P, by Lemma 3.9(ii) and 2(a) of Lemma 4.5, we
have S1(Br,P, Q) = ep, ([0]) + [[0]NHp,qles, ([0]) = 0; by Lemma 3.13(ii) and 4(d), 6(d) of Lemma 4.5,
S2(Bo, P, Q) = S2(B;,P,Q) =0. In the case where ¢p g € Tp, by Lemma 3.9(iv) and 5(c) of Lemma 4.5,
we always have S1(B;,P,Q) =0; if g=3 (mod 8), by Lemma 3. 13(iii) and 4(a), 4(c) and 6(a), 4(c)
of Lemma 4.5, S5(Bo, P,Q) = >\ e (16;]) + 1101 N Up Ny (@) les, (O =1+ X9 7*14+0=0
and S, (B;.P.Q) = Y\ 3)/4e3/<[911>+|[0mup N les; (0D = > 0+ 0=0; fq=7 (mod 8)
by Lemma 3.13(iii) and 4(c), 6(c) of Lemma 4.5, S»(Bo,P,Q) = eBO(D) + Y9 e (16;) + 1101 N
Up np@rles, (0D = 1+ X 07*1+0=0 and Sy(B}.P.Q) = e (D) + 10, e (6] + 1101 N
Up.n@peles; (I0) =0+ Y17°#0+0=0. So we have shown that S (B,,P,Q) =0, Sy(Bo.P.Q) =0,
and Sy (B;,P,Q) =0 for P,Q € E. The proof of part (ii) is finished. O

Theorem 7.2. Let Ker(¢) be the kernel of ¢ defined as above.

(i) Ifg=1 (mod 4), then Ker(¢p) = EB(q h/4 Ns), where (j) is the trivial FH-module and N; for
1<s< g (q — 1) are pairwise nomsomorphlc projective simple FH-modules of dimension q — 1.

(ii) Ifq =3 (mod 4), then Ker(¢) = @(q /4 N;, where Ny for 1 <r < g 1 (q—3) are pairwise nonisomorphic
projective simple FH-modules ofdzmenszon q+ 1

Proof. We have Ff = Ker(¢) @ Im(¢) by Proposition 5.2. Let B be a 2-block of defect zero of H.

Then egIm(¢) =0 by Lemma 7.1(i). By Lemma 4.6 we have ep Ker(¢) = egFE = fgSE. Therefore by
Corollary 6.2, eg Ker(¢) = N, where N is the projective simple module in B.
Suppose q =3 (mod 4). By Lemma 7.1(ii), we have ep, Ker(¢) =0 and ep Ker(¢) = 0 for all t. Thus

as 1= ZBeBl(H) 2:0

(@-3)/4 (@-3)/4
Ker(@)= @ esKer(p)= @ ep Ker@)= 5 N
BeBI(H) r=1 r=1

where N; is the projective simple module in B, by the discussion in the first paragraph. The theorem
is proved in the case where g =3 (mod 4).
Suppose g =1 (mod 4). By Lemma 7.1(ii), since eg,Im(¢2) =0 and ep, Im(¢py) =0 for all t, we

have Im(g;) = @(q BRI e, Im(¢2). By Lemma 5.5, Ker(¢) = (j) @ Im(¢y), so since eBs(j) =0, we
have from the first paragraph, eg, Im(¢y) = ep, Ker(¢) = eBSFE = Ns, where N; is the simple module
in Bs. Thus, by Lemma 5.5, we have

(@-1)/4
Ker(¢) = < @ Ns)

and the theorem is proved. O
The following corollary is immediate.

Corollary 7.3. The dimension of the code L generated by the null space of B over IF, is
L@-1%+1, ifg=1(mod4),

dimg, (£) =
lsz( ) {%(q_1)2_1’ lqu3(mOd4)

Appendix A
The character tables of PSL(2, q) were obtained by Jordan [13] and Schur [17] independently, from

which we can deduce the character Tables 3 and 4 of H as follows. Let € € C be a primitive (g — 1)-th
root of unity and § € C a primitive (q + 1)-th root of unity.
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Table 3

Character table of H when g =1 (mod 4).
Number 1 2 1q-5 1 i@-1
Size 1 3@ -1 qq+1) 39(q+1) a@—1)
Representative D F* [6i] [0] [k ]
ér qg+1 1 €@ 4 ¢—@r 2(=1) 0
y q 0 1 1 -1
1 1 1 1 1 1
Xs q—1 -1 0 0 _g@os _ g—(2ks
B 1@+ 5 (1) £ (6:) (-na-b/ 0
B2 1@+ 31 F Q) £(6) (—n@-b/ 0

Here s=1,2,...,4(q—1,r=1,2,...,4(q-5,k=1,2,..., 2@-1,i=1,2,..., 2(¢—5), and
£@)=1or —1.

Table 4

Character table of H when g =3 (mod 4).
Number 1 2 1(@-3) 1 1@-3)
Size 1 3@ —1) qq@+1) 39(@—1) q(q—1)
Representative D F* [6i1 [0] (i)
or q+1 1 €@ 4 ¢=@0r 0 0
y q 0 1 -1 -1
1 1 1 1 1 1
Xs q- 1 -1 0 _2(_])5 _6(2k)s _ 87(2k)s
m 5@-1 3(—1+=q) 0 (—1)@ts4 —¢(m)
2 5@-1 3(—1F=q) 0 (—1ats)4 —¢(m)

Here s=1,2,...,4(q—3),r=1,2,...,3(q-3), k=1,2,..., 7@—-3),i=1,2,..., (¢ — 3), and
C(@mg) =1 or —1.
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