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Laplace transform

The transform F(p) of a function f(t) subjected to the Laplace transformation is defined by the integral:

F(p) = L[f(1)] = f e " f(t)dt
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Laplace transform

The transform F(p) of a function f(t) subjected to the Laplace transformation is defined by the integral:

-

F(p) = L[] = | e " f(r)de

The Laplace transform of a given function maybe determined by direct integration :

F(p) = #[e™] = J e edr = f e ey
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Properties of the Laplace transform

Laplace transform of a linear combination of functions.

f(0) = [1(8) {0+ - + (1)

!

LLf()] = J;]x[fl(f} H O - + f(D]e ™ dt

: ffl(:)e e+ ff:(r)e' "l + e+ ff.,(r)e'f"dr

!

LIf(@t)] = F\(p) + Fy(p) + ++ + F (p)
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Properties of the Laplace transform

The Laplace transform of the derivative of f(t), i.e., f’(t), can be readily obtained.

FLf(1)] = j fr(e ™ d
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Properties of the Laplace transform

The Laplace transform of the derivative of f(t), i.e., f’(t), can be readily obtained.

LI (0] = j f'(t)e ™ d / 2 = - / B

o dr
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Properties of the Laplace transform

The Laplace transform of the derivative of f(t), i.e., f’(t), can be readily obtained.

L) = J [ (e [ulbde=uo= [t

o dr

u=exp(-pt)
dv=f(t)dt

W. Boyce and R. DiPrima. Elementary differential equations and boundary value problems. © John Wiley



Properties of the Laplace transform

The Laplace transform of the derivative of f(t), i.e., f’(t), can be readily obtained.

LI (0] = j f'(t)e ™ d / 2 = - / B

o dr

ZIf'()] = fOe™™R + p f xf(:)e‘*”’dr -
: u=exp(-pt)
dv="f(t)dt
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Properties of the Laplace transform

The Laplace transform of the derivative of f(t), i.e., f’(t), can be readily obtained.

LI (0] = j f'(t)e ™ d / 2 = - / B

o dr

LIf(O] = f(De s + p f f(t)e 7 dt -

0 u=exp(-pt)
dv=f(t)dt
LIf'(1)] = pLLf()] = £(0)

W. Boyce and R. DiPrima. Elementary differential equations and boundary value problems. © John Wiley



Properties of the Laplace transform
L[ (1) = j 'If’{r)rf' " dt

O = fOe?]; + p f f@ed

L'l = p2fOl - £O)  E[f"(0)] = p£[f' (O] — f'(0)

W. Boyce and R. DiPrima. Elementary differential equations and boundary value problems. © John Wiley



Properties of the Laplace transform

Ay = | rwe

ZIf'(0] = f()e "5 + Prf(f)fi*“”dr

()

'] =pLfO] - fO) £

-

(),

f(1)

= pL[f' (O] — f(0)

= p(pLlf(1)]

— f(0)) — f(0)

W. Boyce and R. DiPrima. Elementary differential equations and boundary value problems. © John Wiley




Properties of the Laplace transform

£1'(0] = er'(t)f"’" dt

ZIf'()] = fO)e ™5+ p ﬁ }xf(r)e“”df

L' (0] = pLLf(D] = £(0)

X
4

()]

f(1)

S0

= pL[f'(1)]

— 1'(0)

= p(pLLf()] — f(0)) — f'(0)

= p*¥[f(1)]

— pf(0) — f'(0)

W. Boyce and R. DiPrima. Elementary differential equations and boundary value problems. © John Wiley




Properties of the Laplace transform

LIf(1) = L F(o)e ™ de LL"(0D) = p"L[f(D] - g‘;f“'”(ﬂ)p” |

ZIf'()] = fO)e ™5+ p ﬁ }xf(r)e“”df

Lf'(0] = pLLfO)] = £O)  Z[f"(t)] = pL[f'()] — f'(0)
L] = p(p£Lf(1)] = f(0)) — £'(0)
LIf(0] = pL[f(0)] — pf(0) — £'(0)

W. Boyce and R. DiPrima. Elementary differential equations and boundary value problems. © John Wiley




Properties of the Laplace transform

The transform of an integral of a function f(t) may be expressed as

EP[ J‘r_f{:] dt ‘ = 'H{[g”]

W. Boyce and R. DiPrima. Elementary differential equations and boundary value problems. © John Wiley



Thus, for rate equations that are linear with respect to the reactants, Laplace methods is great

Reversible reactions

k, _
A‘l e ﬁz

The differential equation for this mechanismis:

_dlA)] _ _
Al _ g ()] - kolA)
A2 ) - kfay

At time t=0 both A, and A, are present, thatis |A,] = |A,}, and |A,] = [Az-],,

[Ade + [ALdy = [Ay] + [A,]



Reversible reactions

Jr
A=A

I:--
The differential equation for this mechanism is:
.rf A
UA] Al - kIA]  SLF0) = pLIFO] - £(O)
_d[A;]

22 = o[A)] - k[A)]



Reversible reactions

A == A,
I:--
The differential equation forIis mechanism is:
AR Al - kA 0] = pLIFD) - F(O)
A2 ) - kfay

(p + K )NE[A)]) — k,E[A,] = Ay
=k (£[A]) + (p + k)E[AS] = [As]y



a cC

Reversible reactions The determinant of a 2x2 matrix is denoted by )

To evaluate a 2x2 determinant use

-"': a c|=ﬂd""'bﬂ

Cramer’s rule for a system of linear equations :

The solution to the system:

Is given by:
ax+by=c,
¢ b a ¢
a,x+b,y=c, e b .
a, b, a, b
a, bz; a. bz




Cramer’s rule

|

a,x+by=c,
a,x+b,y=c,

6X — S5y =—23
Jx+3y= 16

}

a,




Cramer’s rule

|

a,x+by=c,
a,x+b,y=c,

6X — S5y =—23
Jx+3y= 16

}

¢, b
c, b,
EE bl
a, b,|
-23 -1
16 3




Cramer’s rule ol b

at bl

ax+by=c, a, b]
a,x+b,y=c,

) ‘—23 -1

ﬁ.}:_5}f:_23 = 16 3

3x+3y= 16 N

__(2)()-(6)(=5) _-69+80 _11 _

1
(6)(3)-(3X=5)  18+15 33 3

_(0)16)-()(-23) _96+69 _165 _
6)(3)-(3)=5) 18+15 33




/
Cramer S ru‘e ———— The determinant of a 3x3 matrix is denoted by
a)x +b1y+ C1Z = dl
a d g
HEI+bZ.}"+ EEE — dl To evaluate a 3x3 determinantuse |b e 4
c f i
azx+byy+cyz =d; |
Cramer’s rule for a system of linear equations :
The solution to the system:
. D D
Is given by: x=-—-% =2 ==z
g Y D y=-— z D
a b ¢ d b ¢ a dy o a b 4
D= ay "52 ca Dx= dz bz Cy D},= as dz Cy .Dz=ﬂ2 b2 dz
as h €3 d3 b} Cc3 as d3 C3 as b3 d3

b

h
f i
e h d g
-b
f i foi




Cramer’s rule

a;x+bly+clz=.d1_ —x+2y+3z=-7
ayx+byy+cyz=d, —4x -5y +6z2=-13
a3x+byy+c3yz=ds Tx—8y—-9z= 39
& b
D=lay; by ¢y
a3 by c3




Cramer’s rule

ax +byy+ ez =dy ) —x+2y+3z2=-7
ayx+byy+cyz=d, —4x -5y +6z2=-13
a3x+byy+c3yz=ds Tx—8y—-9z= 39
lay B e | -1 2 3]
D=lay by ¢ D=|-4 -5 @]
az by c3 P -3 -9




Cramer’s rule

a1 x +byy+ clz=.d1_ —x+2y+3z=-7
ﬂgx+bz_}-'+ﬁzz=d2 —4I—Ey+ﬁz=-13
azx+byy+cyz=dj Ix—8y—-9z= 39
a1 b c | W20 -5 6 2 3] |2 3
D=lay by o 272 Sl S
az by c3 D = -1[(-5(-9) - (6)(-8) ]+ 4 [ (2)(~9) - (3)(~8) ]+ 7[(2X(6) - (3)-5)]

D = ~1(45+48) + 4 (-18+ 24) + 7(12 +15) = 120



Cramer’srule
ay;x +by+ ¢z =d, —x+2y+3z=-17
ayx+byy+cyz=d, —4x -5y +6z2=-13
a3x+byy+c3yz=ds Tx—8y—-9z= 39

D, D, D, D = -1(45+48) +4 (18 +24) + 7(12 +15) = 120
D D D
d b q -7 2 3 s 6 ) 3 o
Dx_d b2 =|= -— = — - 2 3
dj b 32 D, 3;3 _35 -_69 = ?l-s _9‘-(-13)}_3 h9|+39|_5 6]:-?(45+43)+13(—13+24)+39{12+15)=4_3{)
a dp g -1 -7 3
D,=|a, dy ¢ _ -13 6 -7 3 -7 3
¥ a: d; c: D, = -?4 ;;3_: =-1'3g _9’-(4)‘39 hg|+7|_13 6’=—1{11?—234J+4(63—11?)+?{—42+39)=—120
1 b 4 -1 2 -7 _ ) A4 1
D;=|ay b d, D ,={-4 -5 -13|==1 ~ ~7]- - =7l
s b d z S 393 D g 397, 39|* 7| o5 _q3 = "1-195-104)+4 (78-56) +7(-26-35) = —40




Cramer’s rule

ayx +byy + 1z = d —x+2y+3z=-7
ﬂgx+bz_}-'+ﬁzz=d2 —4I—Ey+ﬁz=-13
azx+byy+cyz =d; Ix—8y—-9z= 39
_ D, _ D, D, D =-1(45+48) +4 (=18 +24) + 7(12 +15) = 120
.1 y=— A —_—
D D D
N N N

120 120 120 3



Reversible reactions

L' (0] = pLLf(D)] = £(0)

The differential equation for this mechanism is:

(p + kLA — kA, = (A, a,x+by=c
—k(E[A D) + (P + k)E[AS] = [Aqdy a,x+b,y=c,

¢, b a, ¢
. c, b, - a, ¢

a, b, a, b,

a, b, a, b,



Reversible reactions

Mt My LLf'(0) = pLLF O] = £(0)

The differential equation for this mechanism is:

(p + k)(EIA]) — kE[A,] = (A, a,x+by=c,
—k(EAD) + (p + k)E[A] = [Aqdy a,x+b,y=c,
[*'ﬂ"1]i| _'!':'- iF + .‘i.'] [AE]u! € bbl a, ¢
c [A), (p + k) : - —k, [A.]l 1% 9 _19: G
e.f[.g"-\.,] - _IJ' " .I‘: 4 —.ﬂ-. nf[l"ji-zl - p + 'k-l _q_;t x ﬂl bl y ﬂ.’l bl
—k, p+ k, -k, p+k, a, b: a, bz




Reversible reactions

ﬁkﬁz

2

L' (0] = pE£Lf ()] = £(0)

The differential equation for this mechanism is:
(p + k)NE[A)]) — kZE[A,] = [A ]
—k(F[A]) + (p + k)FE[Ay] = [Asdy

.T.[FL ] = p + kﬂ[‘ﬂ"lln + ___E:[_‘Ezlu__

(AL —k, EF’ ¥ :a {f"‘JIL pp + (ky + k) plp + (k, + k3))
Ae (0 + k) 4k (A )
A= 1otk k] TR -k,
-k, p+k, -k, ptk; 4[A,) = (p + k:}[_-"l:]u + _kII.A[]ﬂ

plp + (ky, + k) plp + (ky + ky))



Reversible reactions

T — "

o e LLf'(0] = pELf(®)] — £(0)

The differential equation for this mechanism is:
p + kNE[A]) - kE[A,] = [A)],
—k(F[A]) + (p + k)E[AL] = [Ag]y

Inverse Laplace transform :

$NF(p)] = f(1)

N Lp + kE)[AI]II + kﬂ.[*‘i‘z]”

Ade &, iF + :1 {f“ﬂn’ HA = 2Tk, + k) T P+ (K, + K)
Al (0 + Ky k(A e
flA] = p+k, -k, F1A,] p+k, -k
=K, p+k, -k, ptk H[A,] = (p + -'If:}[_""'*:]u + _h[-"-"i[]q_.

plp + (ky + k) plp+ (k + k)



Reversible reactions

Inverse Laplace transform :

A =

2-NF(p)] = f()

(p + KJ[A]

k| A

plp + (k, + k;))

plp + (ky + k)

TABLE 2-1.2 Some Useful Laplace Transform Pairs

No. F(p) )
1
1 F i
2 ) e ™ Walid for complex a.
pta
1 1 -
R 3 B
I. l al 2]
M TR b-ac 7
1 L 1 -al __ -
> | Pprap+h ab[”ta—m“” i
f 1 — +E-M+ I—l,—h' ;Err
(p+a)p+b)p+c) (b — a)ie — a) {a — b)e — b) [a = )b - c)
1 -
7 (p+af e
| | » .
8 e g F“—E‘ = ate™].
— o P
’ (p+a)p+h) (a—b) [ae be™™]
P 1 o
Y Goar-b @b 1%~ b
11 *' SRR - ¢ -
(p+a)p+b)(p+e) (b — a)(c - a) {a — BY(c — b) {a — e)(b — )
P B
12 o (1 = at)e
pta 1 - - er
Pl rapro okl i
r a’ = b e 2 -
14 GraNp+Dp+o) | B-ac-2° T BESD), L -cb-0




TABLE 2-1.2 Some Useful Laplace Transform Pairs

Reversible reactions w [
1 F i
2 - :_ p e ™ Walid for complex a.
1 1 -
Inverse Laplace transform : Y | 55TS 2 =€)
I. l al ]
Y| Brar b G-ac
'[ : ] = 1 ! |
El F{:P} f{:r} 3 P{F"’"}{P"'ﬁ} E[l"" l:ﬂ'—b]{he —ﬂfh]
p 1 o — 1 ey 1 w1
(p+a)p+b)ip+c) (b — a)ie — a) {a — b)e — b) {a — e)(b — £)
+ k (A, :
F[A,] = p IA + k; T | Grap o
plp+(k + ky)) plp+(k +kj)) . r
8 e g ‘F“—E‘ = ate™].
9 " JE— [ae™ — be™)]
(A] (ALlk (p+a)p+h) (a — b)
A = —10(k, + ke hithr) 4 (] — g~ it —r 1 -
[A] k, + k) 2 ° g k) € ) ® | e=e-h ey iogated
11 P —a i __ + - __ c -g
prap+bipto | G-ac-a° (@-bc-B)° ~@-ob-0°
P i
12 — (1 — at)e
pta 1 : e
13 TED Y ©—b) [(a = b)e™ — (a — c)e™]
r a - b - c ot
14 (prap+bip+e | b-ac—-a) © D, - oh =0 *




TABLE 2-1.2 Some Useful Laplace Transform Pairs

Reversible reactions w [
1 F i
2 - 1_ p e ™ Walid for complex a.
1 1 -
Inverse Laplace transform : Y | 55TS 2 =€)
I. l al 2]
Y| Grapeh b-ac 7
l[ ] = 1 l |
El F{:P} f{:r} 3 P{F"’"}{P"'ﬁ} E[l"" {ﬂ—b]{he —ﬂfh]
" S T R T T
(p+a)p+b)p+c) (b — a)ie — a) {a — b)e — b) [a = )b - c)
E[A I o {p + kﬂ{hl]n kq A 7 [p -llrﬂllz fe™™
] =
o+ (K + k) p(p + (K, + k) — Y ——
e g = £ ate™].
9 " JE— [ae™ — be™)]
(A] (A, (p+a)p+h) (a—b)
Al ALk
A = —10(k, + ke hithr) 4 (] — g~ it —r 1 -
[A] k, + k) 2 ° g k) € ) ® | e=e-h ey iogated
11 *' SRR - ¢ -
(p+a)p+b)(p+e) (b — a)(c - a) {a — BY(c — b) {a — e)(b — )
A i p —
IAII={kE—+'lEm=+k,E k-t n | =y (1 - anje
% | Si5eis +‘1;:+ 3 {El 5y 1@ = D™ = (a= )]
r a’ - v . ¢’ ot
14 (prap+bip+e | b-ac—-a) © IR ek




Linear algebra methods

k
A == A,

The differential equation for this mechanism is:

_dlA] _ _
Al _ g ()] - kolA)
A2 ) - kfay

At time t=0 both A, and A, are present, thatis |A,] = |A,], and |A,] = [AJ-],,

[Ade + [ALdy = [Ay] + [A,]



Linear a\gebra methods

AL T2 A

The differential equation for this mechanism is:

_% = k\[A] = ky[A;] t”'ﬂ" ]
o dr | (kKA
A2 Al - kA d[A,]| "\ Kk —ky/\[A,]

di



Linear a\gebra methods

AL T2 A

The differential equation for this mechanism is:

SR _ kAL - KofA) i
dt d f—k
d[A,] ik [ r
- dr: = kj[Ay] — ky[A] d|A, ] ks
i
[~k
K = ( A



Linear algebra methods

A, = A,

I:--

The differential equation for this mechanism is:

_% = ki[A] = ky[A)] i[:?l—]- I
[ Ry
d[A, -
- E:HJ = ky[As] — Kk [A] "1'1""'-:] [ 'l."-l
dt
- _k1
E—!-& = KA il ( L

di



_d[A]]

Linear algebra methods dt
_d[A)]

,lf i L dt

A=A, x| e &) dA,]

k. o A
d{i] =[ :: —:)[[:1})

The differential equation for this mechanism is: dr

= ki[A] — ky[A;]

= Kyl As] = ky[A]

f:',-i
= KA
-_-Jr

We define an orthogonal matrix P which is invertible
such that :

A =PB

In addition :

P 'KP = A

where A is the matrix of negative eigenvalues with —A,, —A,, ... —A



Linear algebra methods

Jr
l'ﬂ‘"l e A“E K_(

The differential equation for this mechanism is:

f:',-i
= KA
-_-Jr

We define an orthogonal matrix P which is invertible
such that :

A =PB

In addition :

P 'KP = A

where A is the matrix of negative eigenvalues with —A,,

ky

_ll.lz- e

d[A]]
dt

_d[A,]
dr

k
) diag) .
mi] ) [_:: —:)[{:})

dl |

= ki[A] — ky[A;]

= Kyl As] = ky[A]

dB/dt = P'dA/dt = P-1KA = P-1KPB

dB

= PIKPB = AR
dt



Linear algebra methods

k
A= e A, K;(

The differential equation for this mechanism is:

f:',-i
= KA
-_-Jr

We define an orthogonal matrix P which is invertible
such that :

A = PB
In addition :
P 'KP = A

where A is the matrix of negative eigenvalues with —A,,

ky

_ll.lz- e

dlA,]

= ki[A] — ky[A;]

dt
dlA,
A kA - kA
ks
*J diA,]
de | _ [~k LATILS
dlA, ] [ k —k:)[[a“tzl)
di
B = P 'KPB = AB
di 1
Solution
B = e'”H-,

B, is the vector of initial values of B
A“ And att=0: Ai = PB,



d[A,]

= ki[A] — ky[A;]

Linear a\gebra methods dt
d| A,
A kA - kA
. [k, K,
A, o — A; “‘(k, ) dA,]
: dr | _ [~k k:) ’[:"HI)
""'I"""Lz] [ ki —k; [["ﬂlzl
The differential equation for this mechanism is: dr
u'A
= KA
dr iR
We define an orthogonal matrix P which is invertible — =P 'KPB = AB
such that : dt
A=PB== P 'A=8B 1
In addition :
P 'KP = A B=¢B,

where A is the matrix of negative eigenvalues with —A,, —A,, ... —A



_d[A]

Linear algebra methods dt
_d[A)]

= ki[A] — ky[A;]

= ky[As] — k[A]

. dr
A=Ay x-(h Y
L, e ky —k dia, )
. dt _ f=k;3 li:l) '[A]])
""'I-"""Lz] [ h _"-': [[All
The differential equation for this mechanism is: dr
u',-l dB
= KA _ p-l
-:i‘.r = = P T'KPB =
We define an orthogonal matrix P which is invertible 1
such that :
A=PB=> P 'A=B B = ¢VB,
In addition :

P IKP = A 1

where A is the matrix of negative eigenvalues with —A,,=A,, ... —A, [P 'A =eV"R. = ¢YP ' A
i l




Linear a\gebra methods

The differential equation for this mechanism is:

A =2 A,

f:',-l
= KA
-_-Jr

We define an orthogonal matrix P which is invertible

such that :

In addition :

A=PB== P 'A=8B
P 'KP = A

|

where A is the matrix of negative eigenvalues with —A,,

ky

_.ll'lz- e

d[A,]
dt
_d[A,]
drt
diA,]
di f—K;
d|A,) [
T

= ki[A] = k)[A;]

= Kyl As] = ky[A]

k.:)
_-‘E:

P'A=e"B =e"P A,

Multiplying through by P from the left :

A=PeVP A,



_rf[A]]
Linear algebra methods dt
_d[A)]
k, At dt
A TE' As ""( k, —k;) d[A,]
: d1 =['—k. k:)[’[ﬂll)

= ki[A] — ky[A;]

= Kyl As] = ky[A]

. . ) ) . i l""[":"'1] ky  —k,/\[A,]
The differential equation for this mechanism is: dr
d A
— = KA
dt
A=PeVP A,

We must find the matrix P that
diagonalizes Kt :

det(K — Al) =0



d[A,]

Linear a\gebra methods dt
dlA,
- EHJ = ky[A,] -
- [~k Kk
A, o —— A, « o ) dA,]
] dt _ ['—J-:,
dlA,] ky
The differential equation for this mechanism is: dr
dA
i - KA (=k; = AN(—ky = A) = kyky =0
A=PeVP A

We must find the matrix P that
diagonalizes Kt :

det(K — Al) =0

ol

= ki[A] — ky[A;]

ky[A]

[A]
|A]

|



d[A,]

= ki[A] — ky[A;]

Linear algebra methods dt
dlA,
A2 _ ) - kfay
- =k, Kk,
& % = A <l )
¢ de | _ ['—.l:t .Ii:l)['[ﬂ.]])
: : : : : : d{A,] ki —k/ A,
The differential equation for this mechanism is: dt
u'ﬁl
i - KA (=k, — AM(—ky = A) = k,k, = 0
A=PeVPpla A, =10 and Ay = =(k; + kj)
We must find the matrix P that _ [k 1
diagonalizes Kt : Py = (;:) and P, = (.-1)

det(K — Al) = 0



d[A,]

= ki[A] — ky[A;]

Linear a\gebra methods dt
dlA,
A2 _ ) - kfay
- [k, Kk,
A e AE : _( £ —k;) d[A,]
¢ de | _ ['—.l:t kl)['[ﬂ.]])
: : : : : : d{A,] ki —k/ A,
The differential equation for this mechanism is: dt
u'ﬁl
i - KA (=k, — AN=k; = A) = k,k, = 0
A=PeVPpla Ay =10 and A, = —=(k; + k3)
We must find the matrix P that _ [k 1
diagonalizes Kt : Py = (;:) and P, = (._1)

det{iK — Al) =0 P = (AI I) , Which diagonalizes Kt



d[A,]

- kl[All - kEIAg]

Linear algebra methods dt
dlA,
o DA - kA
_ [k k;
A I: AE e ( k) _k:) diA, ]
. de \ _ [~k kl)([h,])
d[‘ﬂ'*z] [ ki —ky/\[Ay]
The differential equation for this mechanism is: T dr
dA
i = KA AMA=0 and A= 1—[&, + ﬁ:g
A= Ff'lpl P Ih' P = (k_! I) P__([I:l;ll:] {kjﬂkﬁiﬂ)
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Linear algebra methods
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This approach is fine for any set of
first-order or pseudo first-order equations. N ([A, ])
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