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Abstract— In this paper, we consider a mobility system of
travelers and providers, and propose a “mobility game” to study
when a traveler is matched to a provider. Each traveler seeks
to travel using the services of only one provider, who manages
one specific mode of transportation (e.g., car, bus, train, bike).
The services of each provider are capacitated and can serve
up to a fixed number of travelers at any instant of time. Thus,
our problem falls under the category of many-to-one assignment
problems, where the goal is to find the conditions that guarantee
the stability of assignments. We formulate a linear program of
maximizing the social welfare of travelers and providers and
show how it is equivalent to the original problem and relate its
solutions to stable assignments. We also investigate our results
under informational asymmetry and provide a “mechanism”
that elicits the information of travelers and providers. Finally,
we investigate and validate the advantages of our method by
providing a numerical simulation example.

I. INTRODUCTION

Commuters in big cities have continuously experienced
the frustration of congestion and traffic jams. Travel delays,
accidents, and altercations have consistently impacted the
economy, society, and the natural environment by playing
a decisive role in the increase of idling vehicle engines on
city roads [1]. In addition, one of the pressing challenges of
our time is the increasing demand for energy, which requires
us to make fundamental transformations in how our societies
use and access transportation. Thanks to evolutionary devel-
opments that are currently afoot, it is highly expected that we
will be able to eliminate congestion entirely and significantly
increase mobility efficiency in terms of fuel consumption
and travel time [2]. Self-driving cars offer a most intriguing
opportunity that will enable us to travel safely and efficiently
anywhere and anytime [3]. Several studies have shown the
benefits of emerging mobility systems (e.g., ride-hailing,
on-demand mobility services, shared vehicles, autonomous
vehicles) to reduce energy and alleviate traffic congestion
in a number of different transportation scenarios [4]–[7].
One question though that still remains unanswered is: Can
we develop an efficient mobility system that can enhance
accessibility while controlling the ratio of travel demand over
capacity and guarantee the welfare of all travelers?

Recently it was shown that when daily commuters were
offered a convenient and affordable taxi service for their
travels, a change of behavior was noticed, namely these
commuters ended up using cars more often compared to
when they drove their own car [8]. Along with other studies
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[9], [10] this shows us that in emerging mobility systems
the travelers’ tendency to travel will drive travelers to use
cars more often and shift them away from public transit. So,
in this paper to address this problem, we study the game-
theoretic interactions of travelers seeking to travel and getting
assigned to providers (e.g., technology and transportation
companies) where each operates one mode of transportation.
Inspired by the Mobility-as-a-Service concept, we consider
a system of multimodal mobility that handles user-centric
information and provides travel services (e.g., navigation,
location, booking, payment) to a number of travelers. The
goal of such a mobility system is to guarantee mobility as a
seamless service across all modes of transportation accessible
to all. For our purposes, we consider a game to model the
strategic and economic interactions in a mobility system with
two groups of agents, a traveler and a provider group, where
both have preferences and the objective is to assign each
traveler to only one provider.

One of the standard approaches to alleviate congestion
in a transportation system has been the management of
demand size due to the shortage of space availability and
scarce economic resources in the form of congestion pricing
(alternatively called “tolling mechanisms” in [11]). Such an
approach focuses primarily on intelligent and scalable traffic
routing, in which the objective is to guide and coordinate
decision-makers in path-choice decision-making. Interest-
ingly, by adopting a game-theoretic approach, advanced
systems have been proposed to assign users concrete routes
or minimize travel time and study the Nash equilibria under
different tolling mechanisms [12]–[17].

Partly related to our work are matching models which
describe systems or markets in which there are agents of
disjoint groups and have preferences regarding the “goods”
of the opposite agent they associate with. Notable examples
are mechanisms for assigning students to schools [18],
pickup and delivery [19], electric vehicles [20]. It is easy
to see that matching markets are quite practical as they
offer insights into the more general economic and behav-
ioral real-life situations. These examples are all centralized
approaches of determining who gets assigned to whom at
what cost and benefit. One of the very first studies was the
marriage model which was analyzed by [21] and existence of
stable matchings between men and women was established.
The authors in [22] extended it by incorporating monetary
transactions between the agents to the marriage model and
formulated it to the well-known “assignment game.” They
showed that there exists a set of stable assignments, called
the core (no agent wants to deviate from their match) and
it is identical to the solutions of a dual linear program.
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However, no explicit mechanism was offered on how to
achieve a stable assignment in the core. Thanks to the natural
usefulness of matching markets, various extensions of the
assignment game have been developed focusing either on
different behavioral settings or information structures [23],
[24].

The main contribution of this paper is the development of
a game-theoretical framework to study the economic interac-
tions of travelers and providers in a two-sided many-to-one
assignment game. By two-sided we mean that we consider
the preferences of both the travelers and the providers. By
many-to-one we mean that we impose constraints of how
many travelers can be assigned to one provider and how
many providers to one traveler. Our analysis can be divided
into two parts. First, we use linear programming arguments
to showcase the existence of an optimal assignment between
travelers and providers that is also stable, i.e., no one
will seek to deviate from their match. Second, we con-
sider an asymmetric informational structure, where no trav-
eler/provider is expected to provide their private information
willingly. We provide a pricing mechanism (Algorithm 1) for
this case and show how we can successfully elicit the private
information while also ensure efficiency (maximization of
social welfare).

The remainder of the paper is structured as follows.
In Section II, we present the mathematical formulation of
the proposed mobility game which forms the basis of our
theoretical study for the rest of the paper. In Section III, we
derive the theoretical properties of the mobility game and,
in Section IV, we validate the game with a numerical sim-
ulation. Finally, in Section V, we draw concluding remarks
and offer a discussion of some future research directions.

II. MODELING FRAMEWORK
A. The “Mobility Game” Formulation

We consider a mobility system of two finite, disjoint, and
non-empty groups of agents of which one represents the
travelers and the other the providers. We denote the set of
travelers by I, |I| = I ∈ N and the set of providers by
J , |J | = J ∈ N. In a typical mobility system, we expect to
have more travelers than available providers, so I � J . Each
provider represents a company (e.g., Uber, Lyft, Amtrak,
DART, Lime) that manages a fleet of vehicles (cars, trains,
busses, bicycles). We focus our study in static settings, in this
paper, thus, each provider can serve up to a fixed number of
travelers within a fixed time period. For example, in a generic
city neighborhood, on any given weekday morning, there are
at most a certain number of ride-sharing vehicles available
(Uber/Lyft). Formally, for each provider j ∈ J , we impose
a physical traveler capacity, denoted by εj ∈ N. Naturally,
each provider can serve a different number of travelers, so we
expect εj to vary significantly. For example, a train company
can provide travel services per hour to hundreds of travelers
compared to a bikeshare company in a city. Next, travelers
seek to travel using the services of at most one provider.
We do not focus our modeling in routing or path-allocation
(such problems have been studied extensively [25], [26]),

rather we are interested in an optimal collective assignment
of travelers to providers. Both travelers and providers have
preferences and can be characterized by their type; thus, this
is a two-sided mobility game.

Remark 1. Without loss of generality, we expect the aggre-
gate travel demands of all the travelers to be exactly met
by the aggregate capacities of all the providers’ mobility
services. Thus, we have

∑
j∈J εj = |I| = I .

Remark 2. Intuitively, via a smartphone app, travelers book
in advance for their travel needs and report their preferences
and request a travel recommendation (which provider to use).
The app collects all requests from specific neighborhoods at
a fixed time, and then assigns each traveler to a provider
by taking into account both the traveler’s as well as the
provider’s preferences.

Definition 1. The traveler-provider assignment is a vector
X = (x11, . . . , xij , . . . , xIJ) = (xij)i∈I,j∈J , where xij is a
binary variable of the form:

xij =

{
1, if i ∈ I is assigned to j ∈ J ,
0, otherwise.

(1)

We call xij the mobility outcome of each traveler i and each
provider j and denote by X the set of such outcomes.

Definition 2. For any traveler i ∈ I, θi = maxj∈J {θij} ∈
Θi, where θij ∈ [0, 1], is traveler i’s personal predisposition
of provider j ∈ J .

We denote by θ−i for the personal predisposition profile
of all travelers except traveler i. Intuitively, a traveler might
have a great affinity towards a taxicab service and a lower
affinity towards a bus service. So, we expect different travel-
ers to have different preferences on the mode of transporta-
tion to use.

Next, we represent the preferences of each traveler with a
utility function consisted of two parts: the traveler’s valuation
of the mobility outcome and the associated payment required
for the realization of the outcome. In other words, any
traveler is expected to pay a toll or ticket fee for the services
of a provider.

Definition 3. Each traveler i’s preferences are summarized
by a utility function ui : X × Θi → R that determines
the monetary value of the overall payoff realized by traveler
i from their assignment to provider j. Let tij ∈ [t, t̄] ⊂ R
denote traveler i’s mobility payment. Thus, traveler i receives
a total utility in the form

ui(xij , θi) = vi(xij , θi)− tij , (2)

where vi : X ×Θi → R≥0 is a linear valuation function that
represents the maximum amount of money that traveler i is
willing to pay for the mobility outcome xij .

Remark 3. If for any traveler i ∈ I, we have xij = 0 for
all j ∈ J , then ui = 0. Naturally, this means that for any
traveler i with xij = 0 for all j ∈ J we have tij = 0.

On similar lines, we define the providers’ utility function.
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Definition 4. A provider j’s utility is given by

uj(xij , δj) = tij − cj(xij , δj), (3)

where δj ∈ (0, 1] represents the type of provider j, and cj is
a linear cost function related to the operation of the mobility
services provided by j ∈ J . We denote by δ−j for the type
profile of all providers except provider j.

Remark 4. Intuitively, δj can be interpreted as the “op-
erational value” of provider j for the mobility services it
provides and operates. In other words, the monetary value
of the entire process of its service to serve a traveler on a
given location and time.

In both (2) and (3), the “payment component” tij is not
expected to dominate either the traveler’s or the provider’s
utility function. This is because tij have an alternate sign in
(2) and (3), so a high value (or low) can lead to negative
utility for the travelers (or the providers) leading to a
unfavorable match between traveler i and provider j. We
will see later in the paper how we can ensure unfavorable
matchings do not happen.

Definition 5. Under the assignment xij of traveler i and
provider j, their mobility (i, j)-matching payoff is given by

aij(xij) = ui(xij , θi) + uj(xij , δj), (4)

where aij measures the combined payoff or benefit measured
in monetary units of traveler i being assigned to provider j.

Remark 5. By Remark 3, if xij = 0, then aij = 0.

Definition 6. The utility assignment matrix A is constructed
with |I| rows and |J | columns and each entry represents the
(i, j)-matching utility aij between traveler i and provider j
for all i ∈ I and all j ∈ J .

Based on Definition 6, we can construct matrix A as
follows:

A =


a11 a12 a13 . . . a1J
a21 a22 a23 . . . a2J

...
...

...
. . .

...
aI1 aI2 aI3 . . . aIJ

 . (5)

The mobility game of travelers and providers is a col-
lection of four objects, namely set of agents, vector of
assignments, matrix of utilities, and a vector of capacities.
Formally, we state the next definition.

Definition 7. The mobility game can be fully characterized
by the tuple M = 〈I ∪ J ,X = (xij)i∈I,j∈J ,A, (εj)j∈J 〉.

Definition 8. A feasible assignment is a vector X =
(xij)i∈I,j∈J , xij ∈ {0, 1} that satisfies constraints∑

j∈J
xij ≤ 1, ∀i ∈ I, (6)∑

i∈I
xij ≤ εj , ∀j ∈ J , (7)

where (6) ensures that each traveler i ∈ I is assigned to only
one mobility service j ∈ J , and (7) ensures that the traveler

capacity of each provider j is not exceeded while its services
are shared by multiple travelers. An optimal assignment is a
feasible assignment (xij)i∈I,j∈J such that∑

i∈I

∑
j∈J

aij(xij) ≥
∑
i∈I

∑
j∈J

aij(x
′
ij), (8)

for all feasible assignments x′ij .

Definition 9. A feasible assignment X = (xij)i∈I,j∈J ,
xij ∈ {0, 1} is stable if there exist non-negative vectors
φ = (φi)i∈I and ψ = (ψj)j∈J such that∑

i∈I
φi +

∑
j∈J

εj · ψj =
∑
i∈I

∑
j∈J

aij(xij) (9)

with φi + ψj ≥ aij for all i ∈ I and all j ∈ J .

We will see later in Section III the mathematical and
physical interpretation of φ and ψ.

Definition 10. Let (t∗ij)i∈I,j∈J denote the mobility pay-
ments associated with the stable assignment, denoted by
(x∗ij)i∈I,j∈J . Then the equilibrium (x∗ij , t

∗
ij)i∈I,j∈J is

called an ideal-mobility equilibrium.

From Definition 9, it is easy to see that Definition 10
implies that an ideal-mobility equilibrium in mobility game
M ensures that (i) providers are assigned to travelers up to
their capacity (thus, maximizing revenue), and (ii) travelers
receive the best-possible utility being assigned to a provider
(thus, maximizing welfare).

Assumption 1. Every aspect of the mobility game M is
considered known information to every traveler and provider.

Assumption 1 seems strong but it will prove instru-
mental in Section III. Our analysis will focus on how to
show existence, optimality, and stability of traveler-provider
assignments and then in Subsection III-B, we will relax
Assumption 1 and show how we can elicit the private
information of both travelers and providers.

B. The Optimization Problem

In the mobility game M, we are interested to know
what are its stable assignments (alternatively called stable
equilibria), whether they exist and under what conditions.

Problem 1. The maximization problem of M is

max
xij

∑
i∈I

∑
j∈J

aij(xij), (10)

subject to: (6), (7),

where xij ∈ {0, 1} for all i ∈ I and all j ∈ J .

We can relax the binary variable constraint to a non-
negativity constraint variable in Problem 1. We will show in
the next section that this does not affect the optimal solutions
of Problem 1 as we can ensure all optimal solutions of the
equivalent linear program are binary valued.
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Problem 2 (Linear Program). The linear program formula-
tion of mobility game M is

max
xij

∑
i∈I

∑
j∈J

aij(xij) (11)

subject to: (6), (7), and
xij ≥ 0, ∀i ∈ I, ∀j ∈ J , (12)

where (12) transforms the (binary) assignment problem to a
(continuous) linear program of which xij can be interpreted
as the probability that traveler i is matched to provider j.

III. ANALYSIS AND PROPERTIES OF THE
MOBILITY GAME

A. Existence, Optimality, and Stability of Assignments

In this subsection, we show that for Problems 1 and 2 at
least one optimal solution exists (thus, ensuring stability).

Theorem 1. The stable assignments of mobility game M
are the same with the optimal solutions of Problem 1.
Furthermore, the set of optimal solutions of Problem 1 is
non-empty.

Proof. Due to space limitations, we have omitted the proof
but may be found in [27].

Next, we derive the dual of Problem 2.

Problem 3. The dual of Problem 2 is given below:

min
φ,ψ

∑
i∈I

φi +
∑
j∈J

εj · ψj , (13)

subject to:
φi + ψj ≥ aij , ∀i ∈ I, ∀j ∈ J , (14)

φi ≥ 0, ∀i ∈ I, (15)
ψi ≥ 0, ∀j ∈ J , (16)

where φ is a |I|-dimensional vector and ψ is a |J |-
dimensional vector.

Our objective is to establish a method for the mobility
gameM’s stable assignments by solving Problem 2. In turn,
we want to solve Problem 3 to find the stable assignments.
This is possible only if we can guarantee strong duality
(satisfying the conditions of complementary slackness). For-
mally, a feasible assignment xij and a feasible solution
(φ, ψ) are optimal if and only if

∑
i∈I

∑
j∈J aij(xij) =∑

i∈I φi+
∑
j∈J εj ·ψj . The conditions that guarantee opti-

mality are given by the theorem of complementary slackness,
i.e.,

φi + ψj − aij = 0, ∀i ∈ I, ∀j ∈ J , (17)∑
j∈J

(xij − 1) · φi = 0, ∀i ∈ I, (18)∑
i∈I

(xij − εj) · ψj = 0, ∀j ∈ J . (19)

Lemma 1. The set of solutions of Problem 3 is non-empty
and convex.

Proof. Due to space limitations, we have omitted the proof
but may be found in [27].

Remark 6. Intuitively, a dual solution (φ, ψ) can be seen as
a method to share the “gains of mobility” among travelers
and providers at an ideal-mobility equilibrium (see Definition
10). For example, component of vector φ describes the
realized gain of traveler i when assigned to provider j (thus
enjoying the mobility services of provider j). A component
of vector ψ describes the per unit gain of provider j.

Corollary 1. The set of solutions of Problem 3 is a compact
subset of R|I| × R|J |.

Proof. By Lemma 1 and Remark 6, it is straightforward to
show that the set of solutions of Problem 3 is compact.

Corollary 2. There always exists at least one profile of mo-
bility payments (tij)i∈I,j∈J under assignment (xij)i∈I,j∈J .

Proof. By definition of the mobility game M for any (fea-
sible) assignment (xij)i∈I,j∈J , there must be an associated
profile of mobility payments (tij)i∈I,j∈J .

Next, we show that the existence of an optimal profile
of mobility payments (tij)i∈I,j∈J can be guaranteed by
the formulation of the dual program of Problem 2 and the
computation of its solutions.

Theorem 2. There exists an optimal profile of mobility pay-
ments (t∗ij)i∈I,j∈J under stable assignment (x∗ij)i∈I,j∈J .
Furthermore, we must have φi = ui and ψj = uj for all
i ∈ I and all j ∈ J .

Proof. Due to space limitations, we have omitted the proof
but may be found in [27].

B. Asymmetric Information in the Mobility Game
So far, we have implicitly assumed that both the travelers

and providers have complete information of the entire infor-
mation structure of the mobility game M. In other words,
each traveler knows every other travelers’ and providers’
information, i.e., travelers know each others’ utilities and
valuations, providers know each other providers’ types and
cost functions. In a realistic setting, this implicit assumption
is unreasonably restrictive. Thus, for the rest of the paper,
we focus on a “mechanism” that induces the mobility game
M by eliciting the private information of all the travelers
and providers. First, we relax Assumption 1 and consider
that the types of travelers, i.e., θ = (θi) and of providers,
i.e., δ = (δj) are private information, i.e., known only to
themselves. Next, we denote by X−i the assignment of
travelers in I \ {i} to providers in J . Similarly, we denote
by X−j the assignment of travelers in I to providers in
J \{j}. Furthermore, we assume that travelers are charged by
the mechanism, say ti ∈ R, and providers are compensated
by the mechanism, say tj ∈ R. The proposed mechanism
ensures to collect all funds from the travelers and compensate
accordingly the providers.

Theorem 3 (Voluntary Participation). No traveler i ∈ I and
no provider j ∈ J can gain for better individual utility
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Algorithm 1: Pricing Mechanism
Data: I,J , (θi)i∈I , (δj)j∈J
Result: x∗ and (tij)i∈I,j∈J
Define the valuation functions of every traveler and

provider and use them to construct matrix A. Solve
for the optimal solution x∗ of Problem 1;

for i ∈ I do
Solve for the optimal solution X∗−i of Problem 1;
Set the mobility payment for each traveler i:

ti =
∑

`∈I\{i}

∑
j∈J

u`(xij , θ−i)

−
∑

`∈I\{i}

∑
j∈J

u`(xij , θ`)

end
for j ∈ J do

Solve for the optimal solution x∗−j of Problem 1;
Set the mobility payment for each provider j:

tj =
∑
i∈I

∑
κ∈J\{j}

uκ(xij , δ−j)

−
∑
i∈I

∑
κ∈J\{j}

uκ(xij , δκ)

end

by matching externally compared to the utility gained by
participating in the induced mobility game M.

Proof. It is sufficient to show that no agent in I ∪ J can
gain negative utility by participating in the induced game
M, i.e., we must have ui, uj ≥ 0 for all i, j ∈ I ∪ J .
First, note that the maximization of

∑
i∈I

∑
j∈J aij(xij) is

the highest possible value we can achieve. Removing even
one agent, does not increase this value under any scenario.
Thus, by definition, both payments ti and tj are non-negative.
At equilibrium, the utilities of any traveler and provider
are equivalent to the solutions (φ, ψ) of Problem 3 (as we
showed in Theorem 2). Since (φ, ψ) ensures non-negativity
it follows that ui, uj ≥ 0 for all i, j ∈ I ∪ J .

Theorem 4 (Truthfulness). Misreporting does not benefit any
traveler or provider.

Proof. Due to space limitations, we have omitted the proof
but may be found in [27].

Proposition 1. If traveler i is matched to provider j while
having misreported their type to the mechanism, then traveler
i does not gain a better utility compared to the utility gained
under the true type.

Proof. We show this only for the travelers as the arguments
are similar for the providers. By construction of the mobility
payments in Algorithm 1 non-negativity of the payments
for each traveler is guaranteed, i.e., ti ≥ 0. By definition,
the valuation of each traveler is non-negative under any

assignment. Thus, the utility defined in (2) is also non-
negative. At equilibrium, we have

max
xij

∑
i∈I

vi(xij , θi) ≤
∑
i∈I

vi(x
∗
ij). (20)

Thus, it follows that

ui(xij , θi) = vi(xij , θi)− ti
=

∑
i∈I

vi(x
∗
ij)−

∑
`∈I\{i}

v`(xij , θ`) ≥ 0. (21)

Therefore, no traveler can hope for better utility by misre-
porting.

Proposition 2 (Social Efficiency). The proposed mechanism
satisfies social efficiency as it ensures the maximization of
the aggregate social welfare of both travelers and providers.

Proof. By construction of the mobility payments in Algo-
rithm 1, it follows immediately that the optimal solution
maximizes the social welfare.

IV. SIMULATION RESULTS

In this section, we present a numerical example, its
solution and discuss its physical interpretation. Consider a
mobility system of four providers J = {bike, car, bus, train}
and twenty travelers I = {1, 2, . . . , 20}. Each provider has
traveler capacities, namely we have εbike = 1, εcar = 4,
εbus = 5, and εtrain = 10. Moreover, we partition the
set of travelers I into four types, i.e., students, commuters,
tourists, consumers with sizes |Istudents| = 3, |Icommuters| = 5,
|Itourists| = 4, |Iconsumers| = 8. Each type of travelers can
represent the personal predisposition θ = (θi)i∈I . Next,
with a slight abuse of notation, we generate a random utility
assignment matrix

A =


1 2 0.5

2.5 2 1.5
2.5 4 1.5
2.5 5 6.5

 , (22)

where each row represents a type of travelers and each
column represents a provider. The entry aij of A represents
the overall utility of assignment xij .

We solve Problem 2 and compute with an optimal solution
that maximizes the aggregate utilities of each traveler and
each provider according to the travelers’ preferences and
maximizing the capacities of each provider. The computa-
tional complexity of the proposed method is relatively low as
long as the number of travelers and providers remain small.
This is reasonable to expect as at any given moment there can
only less than five different travel options (so, the number
of providers is always small). By ensuring we partition the
travelers’ requests according to origin, destination, and type,
we can make certain that the number of travelers does not
make the optimization problems untrackable.

We can see from Fig. 1 that an efficient allocation of
the providers’ resources and services to different types of
travelers can be attained using a game-theoretic framework.
The assignment shown in Fig. 1 is stable, maximizes the
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Fig. 1. Optimal assignment of travelers to providers with 20 travelers and
4 providers.

social welfare, and maximizes the capacity of the providers
(thus, maximizing their utilities too).

V. CONCLUDING REMARKS

In this paper, we provided a theoretical study of a two-
sided game for a mobility system of travelers and providers
focusing on how to discretely assign travelers to providers
when both have preferences. We formulated a binary pro-
gram and its equivalent linear program and showed that at
least one optimal solution exists and derived the conditions
for such solution to be stable. We then allowed informational
asymmetry in the proposed mobility game and provided
a pricing mechanism to ensure we can elicit the private
information of all travelers and providers. We showed that
our mechanism guarantees economic efficiency in terms
of maximizing the social welfare, and ensures voluntary
participation, thus making sure that all agents have a unique
dominant strategy.

Ongoing work includes relaxing our assumption of linear-
ity in the utility functions and also investigating our model
under the behavioral model of prospect theory [28]. An
interesting research direction should involve an extension of
our model with a sophisticated construction of the travelers’
utilities and preferences using data gathered from a behav-
ioral survey. This would helps us observe any correlations
between the travelers’ tendencies or attitudes and mobility
preferences (which mode of transportation to use).
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