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The Most Notorious StatementThe Most Notorious Statement
in the History of Mathematicsin the History of Mathematics

-- Fermat in Paris, 1621Fermat in Paris, 1621



Fermat’s Last Theorem

Fermat’s Last Theorem (FLT) asserts that there are no posi-

tive integers X,Y , and Z such that

Xn + Y n = Zn

in which n is a natural number greater than 2.

Andrew John Wiles proved Fermat’s Last Theorem in
1994 (with the help from Richard Taylor).
It had taken mathematicians only 329 years since
Fermat’s death in 1665 to settle the problem.

Theorem of Pythagoras: X2 + Y 2 = Z2

Hsiao:Stokes Paradox – p.5/23



Andrew John Wiles (1953 Andrew John Wiles (1953 ---- ))

• Andrew John Wiles:  
(born April 11, 1953)  is a 
British mathematician 
living in the United 
States. In 1974, he 
received his bachelor’s 
degree from the 
University of Oxford. He 
then completed his PhD. 
at the University of 
Cambridge in 1979 and is 
currently a Professor at 
Princeton  University.

• Wiles received the 1995-
1996 Wolf Prize for 
spectacular contributions 
to number theory and 
related fields, for major 
advances to number 
theory on fundamental 
conjectures and for           

Settling 
Fermat’s Last 
Theorem.
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Stokes Paradox
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1970 Fluid Mechanics1970 Fluid Mechanics
Seminar inSeminar in
Chemical EngineeringChemical Engineering
Department   of   Chemical   Engineering
Fluid   Mechanics  Seminar
Wednesday,   April  22  1:30 P.M. 
105  Colburn 

Prof.  George Hsiao
Mathematics Department
University  of  Delaware

“Stokes Paradox”

Professor Hsiao is an applied mathematician with a masters degree in civil 
engineering, specializing in two- phase (solid liquid) flow. His more recent 
interests, growing out of the earlier work, are concerned with singular 
perturbations of the Navier-Stokes equations. All member of chemical 
engineering with fluid mechanics interests will wish to get  know him.  This 
seminar will start promptly at 1:30 since Prof. Hsiao has a 2:30 class.



Apparatus for Blood FlowApparatus for Blood Flow



Blood Flow in VitroBlood Flow in Vitro

Velocity and viscosity profiles for representative Velocity and viscosity profiles for representative 
tests at higher concentrations in the 40tests at higher concentrations in the 40--m tube.m tube.



1974 ASCE Meeting1974 ASCE Meeting

• George Bugliarello:
University Professor,
Chancellor and                       
former President (1973-94)           
of Polytechnic University in 
Brooklyn, NY.

•• My mentor, collaborator  My mentor, collaborator  
and dear friend.      and dear friend.      

Pittsburgh, Pa.
Pittsburgh, Pa.



MetznerMetzner: Flow of Non: Flow of Non--Newtonian FluidsNewtonian Fluids



Viscous Viscous Fluid FlowFluid Flow

Photograph by Sadatoshi Taneda in
“An Album of Fluid Motion”, assembled by Milton van Dyke



Viscous Fluid FlowViscous Fluid Flow
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Boundary Value Problem (PRe)

(in dimensionless form) Ωc := R
2 \ Ω

−∆u + Re(u · ∇u) + ∇p = 0; ∇ · u = 0 in Ωc,

u|Γ = 0 on Γ = ∂Ω

u → u∞ := Q/|Q|, p → 0 as |x| → ∞.

Reynolds number. Re := D|Q|
µ/ρ << 1.

Force. F =
∫
Γ σ[n]ds, σ = −pI + (∇u + ∇uT ).
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Boundary Value Problem (PRe)

(in dimensionless form) Ωc := R
2 \ Ω

−∆u + Re(u · ∇u) + ∇p = 0; ∇ · u = 0 in Ωc,

u|Γ = 0 on Γ = ∂Ω

u → u∞ := Q/|Q|, p → 0 as |x| → ∞.

Reynolds number. Re := D|Q|
µ/ρ << 1.

Force. F =
∫
Γ σ[n]ds, σ = −pI + (∇u + ∇uT ).

Stokes Paradox. The reduced problem (P0)
has no solution.
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Main Results

Theorem (Hsiao and MacCamy 1982).

For any given constant vector A, there exists a
unique ”solution" pair (u, p) of the modified
Stokes problem:

−∆u + ∇p = 0; ∇ · u = 0 in Ωc,

u|Γ = 0 on Γ,

u − Alog|x| = O(1), p = o(1) as |x| → ∞.
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The force F admits the asymptotic expansion

F = 4π

{
A1

(log Re)
+

A2

(log Re)2

}
+O((log Re)−3)

as Re → 0+,
where the constant vectors A1 and A2 are
coincided with those obtained by the singular
perturbation procedure developed by Hsiao and
MacCamy in [1973].
Moreover, the constant vector A1 is independent
of the shape of the obstacle.
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Mathematical Ingredients

Asymptotic Analysis/Singular Perturbation
Theory

Boundary Integral Equations (of first kind)
/Boundary Element Methods
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An Historical PaperAn Historical Paper



I  read  your  paper  entitled  I  read  your  paper  entitled  
““Singular Perturbations for a Singular Perturbations for a 
Nonlinear Differential Nonlinear Differential 
Equation with a small Equation with a small 
parameter,parameter,”” with great with great 
interest.  Have you given any interest.  Have you given any 
thought to  extend  these  thought to  extend  these  
results  and  collecting  them  results  and  collecting  them  
in  book form?  If  so, I would in  book form?  If  so, I would 
be glad to consider it for my be glad to consider it for my 
Academic Press series.Academic Press series.

--Richard BellmanRichard Bellman

BellmanBellman’’s Letter (February 1, 1974)s Letter (February 1, 1974)



TH Darmstadt (1975TH Darmstadt (1975--76)76)



DerDer VortragVortrag von von HerrnHerrn HsiaoHsiao



Boundary Element
Methods
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A Schematic Procedure for BEM

Postprocessing

Linear System Solver

Numerical Integration

Asymptotic Error Estimates

Collocation Galerkin Least Squares

Boundary Elements

Boundary Integral Equations

Boundary Conditions

Representation Formula Boundary Potentials

Partial Differential Equations
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Two Fundamental PapersTwo Fundamental Papers



Fundamental Concepts

Weak solutions for the boundary integral
equations and their intimated relations with
those of the corresponding PDE’s

Stability of the boundary integral equations and
its dependance on the order of the BIO’s.
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2004 John Wiley & Sons, Ltd



GreenGreen’’s 2s 2ndnd FormulaFormula



A Pleasant SurpriseA Pleasant Surprise





A Thoughtful A Thoughtful Thank YouThank You



Some Numerical
Experiments
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Flow Flow PatternPattern

Viscous Flow Past Viscous Flow Past 
an Obstacle an Obstacle 

& Absolute Error & Absolute Error 
EstimateEstimate

Hsiao, G. C.,  Kopp, P.,  and Hsiao, G. C.,  Kopp, P.,  and WendlandWendland, W. L.,, W. L.,
Some applications of a Some applications of a GalerkinGalerkin –– Collocation method for Collocation method for 
boundary integral equations of the first kind, boundary integral equations of the first kind, 
Math. Method. Math. Method. ApplAppl. . SciSci. . 6 6 (1984) 280(1984) 280----325.325.



High Stress GradientsHigh Stress Gradients
G.C. Hsiao, E. Schnack, and W.L.Wendland, 
Hybride coupled finite-boundary element methods for 
Elliptic systems of second order,
Comput. Methods Appl. Mech. Engrg.  190 (2000) 431-485



Radar Cross SectionRadar Cross Section

G.C. Hsiao, R.E. Kleinman and D.Q. Wang,
Applications of boundary integral methods in 
3D electromagnetic scattering,
J. Comp. Appl. Math., 104 (1999) 89-110.



Ongoing Research:
Pseudo-differential Operators

(ψdOs)
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Basic Approaches

Recast boundary integral operators as ψdOs.

Analyse boundary integral equations by employ-
ing appropriate mathematical tools in ψdOs.
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The Standard ψdO

Symbol Class Sm(Ω × R
n)

Def: for m ∈ R, the symbol class Sm(Ω × R
n) is defined

to consist of the set of functions a ∈ C∞(Ω × R
n) with

the property that, for any compact set K ⊂⊂ Ω ⊂ R
n

and multiple-index α, β there exist positive constants
c(K,α, β) such that

|(
∂

∂x
)β(

∂

∂x
)αa(x, ξ)| ≤ c(K,α, β)(1 + |ξ|)m−|α|

for all x ∈ K and ξ ∈ R
n.
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Standard ψdO Class OPSm(Ω × R
n)

Def: For a ∈ OPSm(Ω × R
n), the set of all standard

ψdO’s A(x,D) of order m is denoted by OPSm(Ω × R
n),

A(x,D)u := F−1
ξ 7→x(a(x, ξ)Fy 7→ξu(y))

= 2(π)−n

∫

Rn

∫

Ω
ei(x−y)·ξa(x, ξ)u(y)dydξ

for u ∈ C∞
0 (Ω) and x ∈ Ω.
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Theorem 1 The operator A ∈ OPSm(Ω × R
n) is a

continuous operator

A : C∞
0 (Ω) → C∞(Ω).

The operator A can be extended to a continuous lin-

ear mapping from H̃s(K) into Hs−m
loc (Ω) for any com-

pact subset K ⊂⊂ Ω. Furthermore, in the framework
of distributions, A can also be extended to a continu-
ous linear operator

A : E ′(Ω) → D′(Ω).
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George C. Hsiao and Wolfgang L. Wendland

Boundary Integral Equations

Mathematics – Monograph

August 31, 2005

Springer-Verlag

Berlin Heidelberg NewYork
London Paris Tokyo
HongKong Barcelona
Budapest





Concluding Remarks
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Carl J. ReesCarl J. Rees
•• Carl Rees had a distinguished Carl Rees had a distinguished 

career at the University of career at the University of 
Delaware from 1920 until his Delaware from 1920 until his 
retirement in 1967. He advanced retirement in 1967. He advanced 
through the professorial ranks to through the professorial ranks to 
Professor of Mathematics and Professor of Mathematics and 
served as Chair of the Department served as Chair of the Department 
of Mathematics for ten years. He of Mathematics for ten years. He 
was appointed Dean of the was appointed Dean of the 
College of graduate Studies as College of graduate Studies as 
well as Provost of the University, well as Provost of the University, 
serving simultaneously in these serving simultaneously in these 
important posts for a number of important posts for a number of 
years.years.

•• He served his country in both He served his country in both 
World War I and World War II World War I and World War II 
and was awarded the Medal of and was awarded the Medal of 
Freedom by General H. H. (Hap) Freedom by General H. H. (Hap) 
Arnold for his work as an Arnold for his work as an 
operations analyst.operations analyst.

Carl J. ReesCarl J. Rees
SERVANT OF UNIVERSITYSERVANT OF UNIVERSITY

19201920--19621962
Professor of MathematicsProfessor of Mathematics
Graduate Dean, ProvostGraduate Dean, Provost



Rees Hall in 80Rees Hall in 80’’ss
(Applied Math Institute)(Applied Math Institute)



Our Friend RalphOur Friend Ralph



Rees HallRees Hall



MathematischenMathematischen ForschungsinstitutForschungsinstitut
OberwolfachOberwolfach

Professor Richard C. Professor Richard C. MacCamyMacCamy (Carnegie(Carnegie--Mellon University)Mellon University)
Professor Wolfgang L. Professor Wolfgang L. WendlandWendland (Stuttgart University)(Stuttgart University)



Three GenerationsThree Generations

Prof. Prof. ManilManil SuriSuri (UMBC), the author of the novel (UMBC), the author of the novel ““The Death of VishnuThe Death of Vishnu””
Prof. Gabriel Prof. Gabriel GaticaGatica, Chair of Numerical Math., Univ. de Concepcion, Chair of Numerical Math., Univ. de Concepcion



Three GenerationsThree Generations

Prof. Prof. ManilManil SuriSuri (UMBC), the author of the novel (UMBC), the author of the novel ““The Death of VishnuThe Death of Vishnu””
Prof. Gabriel Prof. Gabriel GaticaGatica, Chair of Numerical Math., Univ. de Concepcion, Chair of Numerical Math., Univ. de Concepcion



My Birthday GiftMy Birthday Gift



My Collaborators and MyMy Collaborators and My BossesBosses
in Mathin Math

•• Thomas S. AngellThomas S. Angell
•• FioralbaFioralba CakoniCakoni
•• Robert P. GilbertRobert P. Gilbert
•• Peter B. MonkPeter B. Monk
•• Richard J. Richard J. WeinachtWeinacht
•• ShangyouShangyou ZhangZhang
•• Ralph E. Ralph E. KleinmanKleinman

•• Russell Russell RemageRemage, Jr., Jr.
•• Willard E. BaxterWillard E. Baxter
•• L.P. CookL.P. Cook--IoannidisIoannidis
•• IvarIvar StakgoldStakgold
•• Philip Philip BroadbridgeBroadbridge



:Collaborators  in Engineering
Tsu-Wei Chou, Morton M. Denn, C.Y. Yang



Sea Grant CollegeSea Grant College



This lecture is dedicated toThis lecture is dedicated to



the new generation of the new generation of 
mathematicians mathematicians ……

M611M611--20042004

Seminar-2005



…… and  future generationsand  future generations
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