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Abstract The dispersion of heavy particles subjected to a turbulent forcing is often sim-
ulated with Lagrangian stochastic models. Although these models have been employed suc-
cessfully over land, the implementation of traditional LS models in the marine boundary
layer is significantly more challenging. We present an adaptation of traditional Lagrangian
stochastic models to the atmospheric marine boundary layer with a particular focus on the
representation of the scalar turbulence for temperature and humidity. In this new model, the
atmosphere can be stratified and the bottom boundary is represented by a realistic wavy sur-
face that moves and deforms. Hence, the correlation function for the turbulent flow following
a particle is extended to the inhomogenous, anisotropic case. The results reproduce behav-
iour for scalar Lagrangian turbulence in a stratified airflow that departs only slightly from the
expected behaviour in isotropic turbulence. When solving for the surface temperature and the
radius of evaporating heavy water droplets in the airflow, the modelled turbulent forcing on
the particle also behaves remarkably well. We anticipate that this model will prove especially
useful in the context of sea-spray dispersion and its associated sensible heat, latent heat, and
gas fluxes between spray droplets and the atmosphere.

Keywords Lagrangian stochastic model · Marine boundary layer · Multiphase flow ·
Sea-spray evaporation

1 Introduction

The sensible heat and water vapour fluxes at the air–sea interface are important boundary
conditions for atmospheric and oceanic numerical models that attempt to capture the physics
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136 J. Mueller, F. Veron

and evolution of weather and climate. While these fluxes are fairly well-known at moderate
wind speeds, they remain obscured at high wind speeds found in storms and hurricanes.
In high wind-speed conditions, frequent wave-breaking along with airflow and surface sep-
aration produce sea spray in the air and these spray droplets are believed to significantly
influence the heat and water vapour fluxes between the ocean and the atmosphere. However,
accurate estimates of the spray-mediated fluxes depend on a robust description of the trajec-
tories, temperature and size evolution of the spray droplets as they are transported in the near
surface, turbulent atmospheric marine boundary layer (MBL).

The study of small particle dispersion and evolution in any boundary layer inherently
involves the study of turbulence, since molecular diffusion is orders of magnitude smaller
than turbulent diffusion. Because direct numerical simulation techniques are too computa-
tionally expensive for most applications, including that presented here, the turbulent flow
needs to be modelled. Different turbulence models have various strengths and weaknesses,
and the results can be sensitive to the model that is used. For this study, we choose to use a
Lagrangian turbulence model. Although Lagrangian coordinates, which follow the trajecto-
ries of individual fluid parcels, are sometimes more physically intuitive in describing fluid
motion than Eulerian coordinates that are fixed in space, Lagrangian coordinates are used
less frequently because they are often awkward to implement. Studies of particle dispersion,
however, are well-suited to a Lagrangian frame of reference (Yeung 2002), and modern com-
puting power has enabled the calculation of the large number of random trajectories necessary
for Lagrangian stochastic (LS) modelling. A primary advantage is the superior accuracy of
dispersion simulation in the near field of a source. Recent advances in LS models for heavy
particle dispersion in the marine boundary layer above a complex unsteady bottom boundary,
and where the turbulence is anisotropic and inhomogenous (Mueller and Veron 2009b), have
been rather encouraging and motivate the work presented here.

For the scalar fields such as temperature and water vapour, the advantage of LS models
lies in their ability to include temporal evolution of the particle phase, such as droplet evap-
oration, with relative ease. An important drawback, however, is the difficulty involved in
the calculation of the ambient scalar fields surrounding a moving heavy particle. The fluid
temperature and humidity at the particle location do not follow that of a Lagrangian mass-
less fluid particle. Therefore, we also formulate in this paper a hybrid of the Eulerian and
Lagrangian (spatial and temporal) frames of reference.

Unfortunately, Lagrangian turbulence models for passive scalars are still relatively unso-
phisticated when compared to their velocity analogue, and the LS model presented here for
both temperature and water vapour differs substantially from our recent advances with regard
to velocity (Mueller and Veron 2009b).

2 Scalar Mean and Turbulence Profiles

To model the instantaneous temperature and specific humidity of the airflow in the MBL
and above a wavy surface, we use the standard Reynolds decomposition where the potential
temperature and specific humidity of the air, θ and q , respectively, are represented by

θ = � + θ ′, (1a)

q = Q + q ′. (1b)

Here � and Q are the ensemble (or temporal) averages in surface-following coordinates, and
θ ′ and q ′ are the turbulent deviations from the respective means. Similarly, the air velocity
is decomposed into:
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Lagrangian Scalar Turbulence in Marine Boundary Layer 137

ui = Ui + u′
i , (2)

where, in this model, we only consider the vertical and streamwise horizontal directions, i.e.
i = {1, 3} (see Mueller and Veron 2009b, for details).

2.1 Eulerian Mean

Following the decomposition above, we first examine the mean temperature and humid-
ity. Turbulent boundary-layer theory over a smooth flat surface offers a starting point for
the mean scalar profile over ocean waves. Within a turbulent boundary layer, we consider
two distinct regions. The first region closest to the surface is the diffusive sublayer, where
molecular effects dominate, and the scalar profile in this layer is linear. The second region
is the logarithmic layer, where the turbulent fluxes dominate and the scalar profile becomes
logarithmic. In smooth flow, these two regions are self-similar in wall coordinates (i.e. nor-
malized distance from the wall z+ = zu∗/ν, where u∗ is the friction velocity and ν is the
kinematic viscosity of the air). In the MBL, waves form, grow, and interact. Small capillary
waves effectively cause the surface to become rougher, and surface gravity waves make the
surface topographically uneven. In addition, the waves propagate at different phase speeds.
Therefore, the velocity profile over ocean waves, not surprisingly, departs from the smooth,
flat plate case, and these effects on the momentum flux also translate to a departure from
smooth flow for the scalar fluxes (Mueller and Veron 2009c). The partition of the surface
stress is modelled according to Mueller and Veron (2009a), while the details of the scalar
flux partitions at the surface are described in Mueller and Veron (2009c). The finer points of
the scalar flux profiles, however, will be described in the next section.

The form for the mean temperature and humidity profiles is determined using a hybrid of
the standard logarithmic profile from flat plate theory and the van Driest damping function
(van Driest 1956), which approximates both the near-wall linear, molecular sublayer and the
smooth transition to the logarithmic layer. In fact, the mean scalar profile is simply the sum-
mation of the two layers with the logarithmic layer exponentially damped in the near-wall
region. In wave-following coordinates (where the height above the surface is denoted by ζ ),
and assuming constant-flux layers, the mean velocity profile is analogous to that presented in
Mueller and Veron (2009a, b) and can be written using the notation given in Liu et al. (1979)
for comparison:

U (ζ ) − U0 = Cu∗ν (1 − exp(−ζu∗/Cν))

∣
∣
∣
∣

u∗ν

u∗

∣
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∣
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+u∗
κ

[

ln
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δ

)

− �m

]

(1 − exp(−ζu∗/Cν)), (3)

where C is the viscous layer height in wall coordinates and usually taken to be O(10). The
equivalent temperature and humidity mean profiles become (Mueller and Veron 2009c):

�(ζ) − �0 = Sθ∗ (1 − exp(−ζu∗/SKθ ))
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Q(ζ ) − Q0 = Dq∗
(

1 − exp(−ζu∗/DKq)
)
∣
∣
∣
∣

u∗ν

u∗

∣
∣
∣
∣

+q∗
κ

[

ln

(
ζ + δq

δq

)

− �q

]
(

1 − exp(−ζu∗/DKq)
)

, (4b)
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where κ = 0.4 is the von Karman constant, ρu2∗ν
represents the viscous component of the total

surface stress ρu2∗, and ρ denotes the air density, θ∗ and q∗ are the turbulent scales for sensible
heat and water vapour, respectively, and θ0 and q0 are the corresponding surface values. Also,
Kθ and Kq are the diffusivities for heat and water vapour respectively, S and D are the heights
of the molecular layers in wall coordinates, and relate to the viscous sublayer thickness C
with S = C Pr1/2 and D = C Sc1/2, where Pr = ν/Kθ and Sc = ν/Kq are respectively the
Prandtl (≈ 0.72 at 20◦C) and Schmidt (≈ 0.63 at 20◦C) numbers. The stability corrections
due to stratification, �θ (ζ/L) and �q (ζ/L), are a function of the height, ζ , and the Obukhov
length scale, L . The variables δθ and δq merely ensure a smooth transition between the two
layers, regardless of the flow roughness. The profile form given in Eq. 4 offers a continuous
(and second-order differentiable) formulation that smoothly connects the molecular (linear)
and logarithmic layers. The van Driest components have been slightly modified to account for
the roughness of the flow. The profiles converge to the habitual surface limits (i.e. ζ+ → 0),
and yield (�−�0)/θ∗ = Prζ+ ∣

∣u∗ν /u∗
∣
∣ and (Q − Q0)/q∗ = Scζ+ ∣

∣u∗ν /u∗
∣
∣. In the smooth

flow limit where the surface stress is entirely due to viscosity, the surface limits further reduce
to (� − �0)/θ∗ = Prζ+ and (Q − Q0)/q∗ = Scζ+. Accordingly, the kinematic molecular
fluxes at the surface are Kθ d�/dζ |ζ=0 = θ∗

∣
∣u∗ν

∣
∣ and Kqd Q/dζ |ζ=0 = q∗

∣
∣u∗ν

∣
∣. Outside

the molecular sublayers, the profiles converge to the non-singular, standard logarithmic layers
with

�(ζ) − �0 = θ∗
κ

[

ln

(
ζ + δθ

zθ

)

− �θ

]

, (5a)

Q(ζ ) − Q0 = q∗
κ

[

ln

(
ζ + δq

zq

)

− �q

]

. (5b)

The roughness lengths zθ and zq are given by

δθ = zθ exp

(

κS

∣
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∣

u∗ν

u∗

∣
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)

, (6a)

δq = zqexp

(

κ D

∣
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∣

u∗ν

u∗

∣
∣
∣
∣

)

. (6b)

As they follow the surface displacement, the mean temperature and water vapour profiles
are shifted up and down, with the wave-following vertical coordinate ζ simply the distance
above the local surface, ζ(x, z, t) = z − η(x, t), where η(x, t) is the instantaneous wavy
water surface. We choose to follow the empirical omni-directional spectrum of Elfouhaily
et al. (1997) to describe the amplitudes of capillary and deep-water gravity wave modes, an ,
but any other spectrum can be substituted. The instantaneous elevation of the surface is then
estimated as a linear superposition of these modes and becomes:

η(x, t) =
∑

n

ancos (kn x − ωnt + φn) , (7)

where kn, ωn , and φn are the wavenumber, orbital frequency, and phase of each wave mode
n respectively. The phase speed of each wave mode is cn = ωn/kn , determined by the dis-
persion relationship for deep-water capillary-gravity waves. Each wave phase, φn , is chosen
from a random distribution uniformly distributed on the interval [−π, π).

2.2 Lagrangian Stochastic Scalar Turbulence

Once the mean scalar fields are determined, the turbulent deviation needs to be modelled. The
underlying principle of Lagrangian stochastic (LS) models is that certain variables of a fluid
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Lagrangian Scalar Turbulence in Marine Boundary Layer 139

particle evolve as a Markov process, which means that consecutive values in time are only
partially correlated and the uncorrelated component is independent of previous values (for a
review of LS models, see Rodean 1996). For the fluid kinematics, Markov processes are not
only well understood mathematically but can also be used to describe the evolution of the
position, velocity, and acceleration of a fluid element within a turbulent flow. A zero-order
LS model treats the fluid particle position as Markovian, and the random displacement model
is recovered. Likewise, a first-order LS model, or originally proposed by Taylor (1921) as
the drunkard’s walk, treats the fluid particle velocity as Markovian, thereby recovering the
generalized Langevin equation (Thomson 1987). Finally, a second-order LS model treats the
acceleration as Markovian (Du et al. 1995). For the scalar turbulent components of a fluid
particle, we consider here a model similar to a Langevin-type evolution:

dθ ′ = aθ dt + bθu3 dξu3 + bθ dξθ , (8a)

dq ′ = aqdt + bqu3 dξu3 + bqdξq , (8b)

where dξu3 , dξθ and dξq are independent Gaussian variables with zero mean and variance
dt . The natural approach to modelling aθ and aq would be to extend the drift term from
the Lagrangian stochastic model of velocity (see Mueller and Veron 2009b) by substituting
θ and q and eliminating dimensionally incorrect terms. This approach, however, does not
reproduce the correct second-order, one-point correlations (θ ′2, q ′2, u′

3θ
′ and u′

3q ′).
Recent work comparing Lagrangian stochastic models of passive scalars to direct numer-

ical simulations results is promising (Couzinet 2008), but ultimately such models are unable
to recover the one-point correlations in more complicated flows such as that presented here.
However, though the corresponding probability distribution function may not be exactly right,
the one-point correlations can still be recovered if we instead follow an approach similar to
Moissette et al. (2001). The model presented here applies the bulk stress model of Mueller and
Veron (2009a) and solves the generalized Langevin equation for the fluid velocity, extending
the Lagrangian stochastic model of the continuous phase fluid in Moissette et al. (2001) to
the marine boundary layer, where the turbulence is non-homogenous. The current model also
adapts the heavy particle correlation function from Mueller and Veron (2009b) and solves the
full equation of motion and microphysical equations for the discrete phase fluid, extending
the model to the case of evaporating sea-spray drops with significant inertia. Accordingly,
the first terms in Eq. 8 follow the form of the classical Langevin equation:

aθ = −Cθ εθ

σ 2
θ

θ ′ = − θ ′

TLθ

, (9a)

aq = −Cqεq

σ 2
q

q ′ = − q ′

TLq

, (9b)

where Cθ ≈ π/2 and Cq ≈ π/2 are the constants from the second-order Lagrangian struc-
ture functions of temperature and water vapour, respectively, and εθ and εq are the respective
scalar dissipation rates. The corresponding variances for the scalar turbulence are σ 2

θ and σ 2
q .

The specification of these scalar dissipation rates and integral time scales TLθ = σ 2
θ /Cθ εθ

and TLq = σ 2
q /Cqεq , will be presented in more detail below. The diffusion terms bθ and bq

are similar to their velocity counterparts but are modified to ensure that the heat and water
vapour fluxes, i.e. the covariances, are recovered:
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b2
θ = 2Cθ εθ

(

1 − Ĥ2
θ3

Ĥθθ τ̂33

)

, (10a)

b2
q = 2Cqεq

(

1 − M̂2
q3

M̂qq τ̂33

)

, (10b)

where Ĥ, M̂, and τ̂̂τ̂τ are, respectively, the normalized heat flux, water vapour flux, and stress
tensors:

Ĥ =
(

Ĥθθ Ĥθ3

Ĥ3θ Ĥ33

)

, (11a)

M̂ =
(

M̂qq M̂q3

M̂3q M̂33

)

, (11b)

and

τ̂̂τ̂τ =
(

τ̂11 τ̂13

τ̂31 τ̂33

)

(11c)

whose components will be defined explicitly in the next section. The other Wiener process
in Eq. 8 should evolve as the second-order Lagrangian structure function of (vertical) veloc-
ity and temperature or water vapour (Couzinet 2008), but to ensure that all second-order,
one-point correlations are recovered, these terms are taken to be

bθu3 = √

2Cθ εθ Ĥθ3/

√

Ĥθθ τ̂33, (12a)

bqu3 = √

2Cqεq M̂q3/

√

M̂qq τ̂33. (12b)

In discretized form, in which �t is the numerical timestep, the temperature and water
vapour fluctuations at time t + �t are

θ ′ (t + �t) = θ ′ (t) Rθ

+σθ

√

1 − R2
θ

⎛

⎝γu3 Ĥθ3/

√

Ĥθθ τ̂33 + γθ

√

1 − Ĥ2
θ3

Ĥθθ τ̂33

⎞

⎠, (13a)

q ′ (t + �t) = q ′ (t) Rq

+σq

√

1 − R2
q

⎛

⎜
⎝γu3 M̂q3/

√

M̂qq τ̂33 + γq

√
√
√
√1 − M̂2

q3

M̂qq τ̂33

⎞

⎟
⎠, (13b)

where Rθ = exp
(−�t/TLθ

)

and Rq = exp
(−�t/TLq

)

are the autocorrelation functions of
temperature and water vapour, respectively. Finally, γu3 , γθ , and γq are independent Gaussian
variables with zero mean and unit variance.

As noted earlier, the scalar fields and the description of the mean and turbulent quantities
are linked to the description of the velocity and stresses in the MBL. For the work presented
here, we have used our previous parameterizations for the air–sea stress (Mueller and Veron
2009a), and for the air–sea scalar fluxes (Mueller and Veron 2009c), but other models can be
readily used instead. Similarly, the LS model for the temperature and humidity is dependant
on a turbulence model for the velocity. For example τ̂̂τ̂τ is needed and γu3 is a Gaussian variable
for the vertical turbulent velocity. To estimate these, we use here the Lagrangian stochastic
model of Mueller and Veron (2009b) which has been specifically designed to include various
phenomena found in the MBL such as wavy surfaces and atmospheric stratification.

123



Lagrangian Scalar Turbulence in Marine Boundary Layer 141

With the Eulerian means and turbulent fluctuations described above, the (total) temperature
and humidity at the location of a heavy particle such as a sea-spray droplet can be obtained.
The heat and water vapour flux tensors above are the only remaining variable needed for the
LS model.

3 Flux Profiles and Heavy Particle Autocorrelation

We briefly describe here the scalar flux model employed by Mueller and Veron (2009c),
which was specifically developed in the context of the stratified MBL for looking at spray
dispersion problems. The constant-flux assumption yields the profiles of sensible heat and
water vapour fluxes1:

H(ζ ) = H(0) = Hmol(ζ ) + Ht (ζ ), (14a)

M(ζ ) = M(0) = Mmol(ζ ) + Mt (ζ ), (14b)

with respective molecular fluxes (Hmol and Mmol ) and turbulent fluxes (Ht and Mt ). Although
the total fluxes are conserved, the fraction of each component changes away from the surface.
The vertical profiles of the molecular fluxes are implicitly defined from the mean profiles,
and under the assumption that the contribution from the wave perturbation is negligible, they
can be approximated as:

Hmol(ζ ) ≈ ρcp Kθ

∂�(ζ )

∂ζ
, (15a)

Mmol(ζ ) ≈ ρKq
∂ Q(ζ )

∂ζ
. (15b)

From the constant-flux assumption, the preceding two equations yield the turbulent flux
profiles:

Ht (ζ ) = H(0) − Hmol(ζ ), (16a)

Mt (ζ ) = M(0) − Mmol(ζ ). (16b)

Figure 1a shows the vertical profiles in wall coordinate for the mean temperature (Eq. 4a)
at three different 10-m wind speeds, with corresponding dominant wave slopes between
0.10 and 0.16. The vertical mean profiles for the moisture (not shown) are not significantly
different. The effects of the surface waves on the mean profiles are not explicitly modelled
and therefore play a role only in the modification of the turbulent friction velocity profiles
(Mueller and Veron 2009c). Figure 1a indeed shows only a small difference in the mean heat
profiles with increasing wind speeds and surface wave slopes. The corresponding molecular
heat fluxes (Eq. 15a) normalized by the surface heat fluxes H(0) are shown on Fig. 1b for the
corresponding wind speeds. As expected, the maximum molecular flux fraction is attained
within the molecular sublayer where ζ+ ∼ O(1 − 10). The decrease in the normalized
molecular flux at the surface is a result of the flow roughness, airflow separation, and surface
waves, which are acounted for in the stress model and yield a non-zero turbulent and wave
induced fraction of the momentum flux at the surface (i.e. at the surface, the viscous stress
ρu2∗ν

does not account for the total stress ρu2∗). Therefore, at the surface, the molecular flux
of heat is given by: Hmol(0) = ρcp Kθ d�/dζ |ζ=0 = ρcpθ∗

∣
∣u∗ν

∣
∣ < H(0) = ρcpθ∗ |u∗|.

Alternatively, this means that H(0) �= Hmol and Ht (0) �= 0.

1 The water vapour flux M relates to the commonly used latent heat flux E with M = E/Lv where Lv the
latent heat of evaporation.
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ζ

(a)

(b)

Fig. 1 (a) Vertical profiles of the mean temperature for 10-m wind speeds of 10 m s−1 (black), 20 m s−1

(dark grey), and 30 m s−1 (light grey); (b) the corresponding molecular heat flux (Eq. 15a), normalized by the
fluxes at the surface

ζ ζ ζ

(a) (b) (c)

Fig. 2 Vertical profiles of the molecular (solid line) and nonmolecular (dashed line) flux fractions for heat
(black) and water mass (dark grey) for 10-m wind speeds of 10 m s−1 (a), 20 m s−1 (b), and 30 m s−1 (c)

Figure 2 shows the vertical profiles of the scalar flux components for the three different
10-m wind speeds in Fig. 1. As the wind speed increases, the molecular fraction of the sur-
face scalar fluxes decreases, while the non-molecular fractions of the scalar fluxes increase.
The height of the molecular layer is nearly constant in wall coordinates for all wind speeds,
though the heights for the heat and water mass fluxes are slightly different because the Prandtl
number is unequal to the Schmidt number. Since we have not explicitly modelled the wave-
induced components of the scalar fluxes, the non-molecular components of the scalar fluxes
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are assumed to be turbulent throughout the boundary layer. Therefore, the non-molecular
fluxes are hereafter considered to be turbulent fluxes.

With the turbulent flux constituents, the components of the heat and water vapour flux
tensors from the previous section can now be defined as

Ĥθθ = σ 2
θ , (17a)

Ĥθ3 = −Ht/ρcp, (17b)

and

M̂qq = σ 2
q , (18a)

M̂q3 = −Mt/ρ, (18b)

and where the standard deviations of the turbulent scalars in neutral stratification conditions
are:

σθ = 2.9Ht/ρcpu∗ = 2.9θ∗, (19a)

σq = 2.9Mt/ρu∗ = 2.9q∗. (19b)

Assuming that dissipation equals production, a fair assumption except in extremely strati-
fied flows (Edson and Fairall 1998), the mean dissipation rates for the temperature and water
vapour variances can be respectively expressed as

εθ = −2u′
3θ

′ d�

dζ
= 2Ht

ρcp

d�

dζ
, (20a)

εq = −2u′
3q ′ d Q

dζ
= 2Mt

ρ

d Q

dζ
. (20b)

We note here that all of the terms in Eqs. 17–20 vary with height because the turbulent fluxes
change with height.

This closes the LS model of scalars for fluid particles and fully defines the scalars that
include a mean component and a Lagrangian turbulent fluctuation. In the context of inves-
tigating the Lagrangian dispersion of heavy particles, however, the LS model needs to be
further extended to non-fluid particles, whose trajectories differ from those of air parcels.

We propose a formulation that not only tracks the separation at each timestep explicitly but
also extends to the anisotropic case, which is necessary to properly model the stratified MBL.
When the turbulent intensity of velocity differs in the horizontal and vertical directions, there
are two (streamwise horizontal, i = 1; and vertical, i = 3) Eulerian length scales for each
scalar, temperature and water vapour:

Lθi = σ 2
θ σi

2εθ

, (21a)

Lqi = σ 2
q σi

2εq
. (21b)
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The resulting two autocorrelation coefficients include both the Lagrangian time scale and
Eulerian length scales as:

R̂θ = exp

[

− �t

TLθ

−
( |s1|

Lθ1

) 2
3 −

( |s3|
Lθ3

) 2
3
]

, (22a)

R̂q = exp

[

− �t

TLq

−
( |s3|

Lq3

) 2
3 −

( |s1|
Lq1

) 2
3
]

, (22b)

where s is the separation vector between the fluid particle trajectory and the heavy parti-
cle trajectory. Our model therefore differentiates the direction of the separation between the
fluid particle and heavy particle at each timestep and calculates the decorrelation accordingly.
Also, the exponent for the separation between the fluid particle and the heavy particle is 2/3,
as given by the Eulerian structure function, instead of 1. The autocorrelation function (Eq. 22)
satisfies both the limit of an extremely heavy particle falling through the turbulent eddies and
that of a massless fluid particle following the turbulent eddies.

4 Droplet Microphysics

With the LS model complete, we can now evaluate the evolution of a droplet size and temper-
ature as it evolves through the turbulent marine boundary layer. Following Andreas (1990,
1995) and Edson and Fairall (1994), the temporal evolution of the radius and temperature of
a saline (NaCl) water droplet in air is given by

dr

dt
= fw K

′
q Mwes

ρpr Rθ

×
[

Q RH − 1

1 + δ
exp

(

Lv Mw

Rθ

δ

1 + δ
+ 2Mw�

Rθρwr (1 + δ)
+ I�sms (Mw/Ms)

(

4πr3ρp/3
) − ms

)]

,

(23)

dTp

dt
= −3

r2ρpcps

(

fhk′
a

(

θ − Tp
) + fw Lv K ′

q

(

ρq − qp
))

, (24)

where Q RH is the fractional relative humidity, ρp the particle density and ρw the pure water
density, R is the universal gas constant, Mw and Ms are the molecular weights of water and
salt, respectively, es is the saturation vapour pressure at the droplet temperature Tp , cps is the
specific heat of salty water, Lv is the latent heat of vaporization, � is the surface tension for a
flat surface, ms is the mass of salt in the droplet, I = 2 is the number of ions salt dissociates
into, φs is the osmotic coefficient, and δ = Tp/θ − 1. The ambient potential temperature and
specific humidity for moist air, θ and q , are modelled as described above.

The water vapour density on the droplet surface is

qp = Mwes

Rθ
exp

(

2Mw�

Rθρwr (1 + δ)
+ I�sms

(

Mw

/

Ms
)

(

4πr3ρp
/

3
) − ms

)

. (25)
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Fig. 3 Evolution of temperature (solid), radius (dashed) and salinity (grey) for a water droplet with initial
radius 100 µm, initial temperature 22◦C and initial salinity 34 psu

The modified diffusivity for water vapour, K ′
q , and the thermal conductivity of air, k′

a , include
non-continuum effects and are, respectively, given by

K
′
q = Kq

r
r+δw

+ Kq
rαc

(
2π Mw

Rθ

)1/2 , (26)

k
′
a = ka

r
r+δT

+ ka
rαT ρad cpd

(
2π Ma

Rθ

)1/2 , (27)

where Kq and ka are the usual molecular diffusivity for water vapour and thermal conductiv-
ity of air, respectively, Ma is the molecular weight of dry air, cpd and ρad are respectively the
specific heat and density for dry air, and with constants δw = 8 × 10−8, αc = 0.036, δT =
2.16−7, and αT = 0.7. Ventilation coefficients fw = fh = 1 + √

Rep/4 are corrections to
the heat and water vapour diffusivity for large instantaneous particle Reynolds numbers, i.e.
Rep = 2r |u − v|/ν 	 1, where the total velocity vector of the air is given by u, while that
of the particle is denoted by v.

At each timestep, the model calculates the change in temperature, radius, (and position)
of a particle, and the local ambient values are updated for its new position. It should be noted
here that the microphysics model for the droplet is essentially that of Andreas (1990) with yet
a few minor differences: we have included ventilation coefficients as did Edson and Fairall
(1994), and also several of our parameterizations of the above-mentioned parameters are
different. In particular, we have paid detailed attention to the osmotic coefficient and surface
tension in order to produce a parameterization with the possibility of high salinity. Indeed,
when a droplet evaporates, its salinity can dramatically increase. Figure 3 shows the droplet
temperature, radius and salinity calculated with this model for a 100-µm droplet with an
initial temperature of 22◦C and salinity of 34 psu, in air at 20◦C and 85% relative humid-
ity. Droplet temperature and radius compare remarkably well with the model of Andreas
(1995,his Fig. 1); note that the salinity in this case reaches approximately 185 psu at the
droplet radius equilibrium.
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Fig. 4 Spectrum of the carrier fluid temperature following a fluid parcel (black) and the theoretical spectrum
from scaling analysis (grey)

5 Results and Discussion

Over a flat, rigid boundary, Kolmogorov’s similarity theory (Kolmogorov 1941, 1962), yields
the following Lagrangian time spectrum within the inertial-convective subrange (Inoue 1952;
Corrsin 1963):

E( f ) = Cθ εθ f −2. (28)

Below the inertial-convective subrange, the spectrum is white, while at frequencies higher
than the dissipative frequency scale, the spectrum falls off rapidly in the inertial-diffusive
subrange first then in the viscous-diffusive subrange. We have run the model for a fluid par-
ticle initially placed at 1 m above the surface in a 15 m s−1 wind speed and tracked it as it
propagates through the turbulent MBL. The height of this particular droplet never exceeded
30 m above the surface. Figure 4 shows the spectrum for the temperature of a massless fluid
particle—the specific humidity case is identical. For comparison, a line proportional to the
expected spectrum is also provided. As the particle traverses the MBL and changes height
above the surface, the turbulent intensity and the dissipation rate change because they vary
vertically in space as do the turbulent fluxes. For the purpose of this comparison and for
the results plotted in Fig. 4, we take the mean dissipation rate and turbulent intensity as
experienced by the fluid particle as it traverses the MBL. Of course, one advantage of this
Lagrangian approach is the ability to follow the heavy particle as it traverses the MBL, which
enables a local estimation of various scalars, dissipation rates and other parameters used to
solve the particle momentum, heat and mass equations. The modelled spectrum generally
follows the expected spectrum but appears to be slightly higher, which could be due to the
additional fluctuations from turbulent transport. Also, this could possibly be due to the use of
mean values to scale the spectrum. Nevertheless, the temperature spectrum of the fluid parcel
still follows the expected frequency dependence. The spectrum continues into the scalar and
viscous dissipative subranges due to the timestep requirements that ensure all terms in the
exponent of Eq. 22 are small. Although this high frequency fluctuation is not physical, for
practical purposes there are no adverse consequences to using smaller timesteps because the
variance contained within this range is small compared to the total variance.
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In addition, to illustrate the behaviour of the model with heavy, non-fluid particles, we have
tracked two different sizes of water droplets as they are transported through the MBL. The
heavy particle trajectories were obtained from the model described in Mueller and Veron
(2009b), which includes, among other things, the effects of the heavy particle inertia and
gravitational settling. Because heavy particles take a finite amount of time to adjust to the
ambient airflow conditions, the spectra are expected to depart from the fluid particle case.
Moreover, liquid drops not only lose or gain mass through evaporation or condensation but
they also lose or gain latent heat. From Eq. 24, there are two distinct terms that determine
the droplet temperature. On the right-hand side of Eq. 24, the first term is the sensible heat
component, while the second term can be considered the latent heat component. Equation 24
can then be written in the following form:

dTp

dt
= − fh

τSH

(

θ − Tp
) − fw

τL H

Lv

ρcps

(

ρq − qp
)

, (29)

where τSH and τL H are the time scales respectively associated with the sensible heat and
latent heat components:

τSH = ρpcpsr2

3k ′
a

, (30)

τL H = ρpr2

3ρK ′
q
. (31)

As with the molecular fluxes at the air–sea interface, at least with the relatively small tem-
perature gradients typical of the atmospheric marine boundary layer, the latent heat flux
component dominates the air-drop heat flux until the droplet reaches and remains at its equi-
librium radius. Even though the evaporation time scale is much longer than the thermal time
scale, as seen in Fig. 3, which shows that the droplets reach an equilibrium temperature much
faster than they reach an equilibrium radius, the time scale of the latent heat flux is close
to that of the sensible heat flux. This is physically intuitive (people feel cooler soon after
becoming wet even though the water itself takes considerable time to evaporate).

Figure 5a shows the temperature spectrum of a water droplet with 100-µm radius along
with the temperature spectrum of the air following the droplet. Because the droplet has sig-
nificant inertia, its position at each timestep differs from that of a corresponding massless
fluid particle. This leads to an additional spatial decorrelation (Eq. 22), and the spectrum of
the air temperature following the droplet is somewhat whiter than the case of a fluid particle.
The departure is most noticeable at the highest frequencies, where spatial decorrelation is
comparable to temporal decorrelation. Nevertheless, this spectrum does not depart substan-
tially, besides being somewhat shallower, from the behaviour expected at the location of a
fluid particle. At lower frequencies, the droplet temperature spectrum is higher than that of
the air, which means that the droplet temperature fluctuates more than the air temperature sur-
rounding the droplet. This is because, under these typical atmospheric conditions, the latent
heat flux dominates the sensible heat flux, and therefore, the temperature fluctuation of the
droplets will be dominated by the fluctuation of ambient humidity around the droplet rather
than that of temperature. Furthermore, our model only has one-way coupling such that the
droplet does not cool the surrounding air as it evaporates. At higher frequencies there is less
droplet temperature fluctuation than in the ambient air. This particular droplet is sufficiently
large to have a lag in its response time to thermal forcing. Indeed, the droplet temperature
spectrum undergoes transition from an f −2 regime to an f −4 roughly at the frequency equal
to the inverse latent heat time scale.
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Fig. 5 The temperature spectra of the air following the droplet (black) and the droplet itself (grey) for a
100-µm radius, water droplet (a) and a 30-µm radius water droplet (b), along with the theoretical f −2 rela-
tionship (dark grey dashed line) and the phase relationships between the air temperature and droplet (grey
circles), as well as the specific humidity and the droplet temperature (black circles)

The phase relationships between the droplet temperature and the air temperature following
the droplet as well as the specific humidity following the droplet are also plotted in Fig. 5a.
There is a close phase relationship with ambient humidity that is qualitatively similar to the
momentum case (see Mueller and Veron 2009b) even though the phase relationship with
ambient temperature is seemingly random. This means that, as stated above, the droplet tem-
perature has a clearer relationship with the ambient humidity than it does with the ambient
temperature.

Figure 5b shows the same type of behaviour as Fig. 5a for a water droplet with 30-µm
radius. Because the smaller droplet has more surface area relative to its mass and volume, it
responds quicker to the ambient conditions. Therefore, the droplet temperature spectrum is
generally higher than the temperature spectrum of the air following the droplet for almost all
frequencies, even the higher ones. The droplet temperature spectrum only follows an f −4

regime at the highest frequencies, i.e. those to the right of the frequency equal to the inverse
latent heat time scale. Note that neither droplet stays suspended sufficiently long to reach
its equilibrium radius. Speculatively, the phase relationship between the droplet temperature
and ambient temperature becomes tighter at extremely low frequencies, which are lower than
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those depicted here and where the latent heat relationship may collapse. In the infinite time
limit where the radius is in equilibrium, the ambient temperature is expected to dominate the
droplet temperature because the latent heat flux is essentially zero when there is no further
evaporation or condensation. In this unsteady case, however, the droplet radius can only reach
quasi-equilibrium.

Spectral analysis such as the one presented here is useful and ultimately adds insight to
some of the particle response to the ambient turbulent conditions, but only so much can be
gained from techniques that do not account for local temporal changes. Such limitations arise
because the response transfer functions change as the droplets move and evolve. Perhaps a
wavelet transform technique, which accounts for temporal changes, would be more appro-
priate, but it lies beyond the scope of this work. Nonetheless, we feel that this illustrates the
strength of Lagrangian techniques with which we can follow droplets as they change and
evolve along their flight through the MBL.

Not only does the phase relationship between local specific humidity and droplet tempera-
ture look coherent, but the statistical significance of this relationship is also consistently high.
Analogous to time-lagged correlations in temporal space, coherence squared values show the
significance of correlations in frequency space. Figure 6a and b plot the coherence squared
between the droplet temperature and both local humidity and local air temperature for the
100-µm radius droplet and 30-µm radius droplet, respectively. For the middle frequency
range, the coherence squared values of droplet temperature with humidity approach 1, while
at extremely low and high frequencies, the values decrease fairly rapidly. At the higher end,
this roll-off occurs at the frequency equal to the inverse latent heat time scale. There is no
identifiable frequency for the decrease in the coherence at the low frequencies.

The statistical significance of the relationship between the droplet temperature and the air
temperature is quite low, generally with coherence squared values under 0.5. Again, although
the evaporation time scale is relatively large in the steady state case (seen in Fig. 3), the latent
heat flux affects the droplet temperature at much smaller time scales or higher frequencies.
Analogous to the interfacial heat flux, the latent heat flux appears to dominate the total droplet
heat flux at most frequencies. This relationship is particularly important considering that the
near-surface humidity is always high, regardless of stratification. In other words, significant
warming of falling droplets near the surface occurs at short time scales due to condensa-
tion. Even though the droplet radius may not change rapidly, the droplet temperature, due to
evaporation and condensation, does.

The next logical step would be to compare the relationship between the droplet radius
(or mass) with the ambient air temperature and specific humidity. Unfortunately, such an
analysis is not as straightforward and will not be presented here due to the following rea-
sons: first, Eq. 23 does not contain simple analytical solutions for the relative time scales.
Second, because the evaporation process occurs over long time intervals, essentially every
droplet, without artificial forcing, falls back into the ocean before the evaporation process
is complete. Finally, looking at the relevant coherence squared values, there are no distinct
time scales for the radius and ambient conditions. At high frequencies, the droplet radius has
coherence squared values under 0.5 for both air temperature and ambient humidity. At the
lowest resolved frequencies, the coherence squared values go toward 1 between the droplet
radius and both air temperature and humidity. Such different behaviour should not be unex-
pected, as the radius evolution equation (Eq. 23) looks very different from the thermal (and
momentum) evolution equation (Eq. 24).

As mentioned above, the model in its current form includes only one-way coupling. The
air affects the drops, but the drops do not affect the air so that the air surrounding a droplet
does not gain/lose heat or gain/lose moisture as the droplet temperature and radius evolve
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Fig. 6 The coherence squared between the droplet temperature and local air temperature (grey circles) as
well as that between droplet temperature and local specific humidity (black circles) for water droplets with a
radius of 100 µm (a) and 30 µm (b)

during its flight in the near-surface atmospheric boundary layer. In other words, the effects of
the droplet evaporation do not modify the mean profiles (Eq. 4) nor do they allow for adjust-
ment of the flux tensors (Eqs. 10–13). Another limitation of the model is that the droplets are
independent of each other and thus do not interact, although estimates show that this is not
an issue in all but the most highest wind speeds and spray loading conditions.

Despite the limitations of the one-way coupling, arguably, spray mediated fluxes obtained
with this model should provide upper bound values because the inclusion of feedback effects
would intuitively reduce the spray fluxes. For example, when a drop exchanges heat with
the near-surface atmosphere, the air warms and its temperature becomes closer to that of
the sea and the drop’s initial temperature. This would reduce not only the spray mediated
fluxes but also the heat exchanges at the air–sea interface. In its current form, the model
presented here is a necessary first step, providing one of many modules that are essen-
tial for a comprehensive model of spray mediated fluxes. Accordingly, the inclusion of
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feedback mechanisms is currently being developed for subsequent Lagrangian stochastic
model runs. Finally, a Lagrangian–Eulerian hybrid model may become routine as computing
power increases; in such a model, two-way coupling between the drops and the atmosphere
would be explicit at each timestep and grid point, and drop–drop interactions (e.g. collisions)
could be implemented naturally.

6 Conclusion

We have developed a Lagrangian stochastic (LS) model for heavy particles in the marine
boundary layer (MBL) where the turbulent scalar fluxes of temperature and water vapour
change with height above the wavy water surface. In addition to a model for these turbulent
fluxes, the traditional LS model has been extended to conserve the second-order, one-point
correlations (variances and covariances) and also takes into account the anisotropic, unsteady
case. The scalar turbulence of a fluid particle in a Lagrangian frame of reference in the MBL
is characteristically similar to the corresponding isotropic case, that is the scalar spectrum
still follows rather closely to the predicted inertial-convective behaviour with a f −2 depen-
dence. The slight difference observed in the MBL is perhaps a consequence of the additional
wave-induced fluctuations from turbulent transport, but the necessity to scale with the mean
turbulent intensity and dissipation rate obscures this conclusion.

Along the pathline of a heavy sea-spray droplet, however, the air temperature spectrum
no longer follows the theoretical f −2 slope. Instead, the actual spectral slope is whiter due to
additional decorrelation from the separation between the fluid flow and the particle trajectory.
The spectrum of the particle temperature exhibits different regimes. At lower frequencies,
where the temperature fluctuation of the droplet is dominated by the fluctuation of ambient
humidity around the droplet rather than that of temperature, the droplet temperature spectrum
shows a f −2 slope at a level higher than the spectrum of the surrounding air temperature.
At higher frequencies there is less droplet temperature fluctuation than in the ambient air.
The droplet has a lag in its response time to thermal forcing, and the droplet temperature
spectrum undergoes transition from an f −2 regime to an f −4 regime at approximately the
frequency equal to the inverse latent heat time scale. Concurrently, the phase relationship
between spray temperature and ambient humidity undergoes transition from being in phase to
completely out of phase (in quadrature), but the phase relationship between spray temperature
and ambient temperature is seemingly random.

We believe that this improved LS model will prove useful in modelling the sea-spray
evaporation in the atmospheric boundary layer above a wavy water surface. The Lagrangian
approach simplifies the estimation of latent heat and sensible heat fluxes on a per-droplet
basis, which will in turn assist with the accurate estimate of the overall spray-mediated air–sea
fluxes.
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