
1

Anisotropic regularity and optimal rates of convergence on three

dimensional polyhedral domains

Constantin Băcuţă1, Anna L Mazzucato2, Victor Nistor3, and Ludmil Zikatanov4

Abstract. We consider the the Poisson problem −∆u = f ∈ Ω,
u = g on ∂Ω, where Ω is a bounded domain in Rn. The objective of the
paper is twofold. The first objective is to present the well posedness
and the regularity of the problem using appropriate weighted spaces
for the data and the solution. The second objective is to illustrate
how weighted regularity results for the Laplace operator are used in
designing efficient finite element discretizations of elliptic boundary
value problems with the focus on discretization of the Poisson problem
on polyhedral domains in R3.
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Introduction

Let Ω ⊂ Rn be an open, bounded set. Consider the boundary value problem{
∆u = f in Ω
u|∂Ω = g, on Ω,

(1)

defined on a bounded domain Ω ⊂ Rn, where ∆ is the analyst’s Laplacian
∆ =

∑d
i=1 ∂

2
i . When ∂Ω is smooth, it is well known that this Poisson problem
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has a unique solution u ∈ Hm+1(Ω) for any f ∈ Hm−1(Ω) and g ∈ Hm+1/2(∂Ω)
[26]. Moreover, u depends continuously on f and g. This result is the classical
well-posedness of the Poisson problem on smooth domains.
On the other hand, when Ω is not smooth, it is also known [20, 36, 42, 46]
that there exists a constant s = sΩ, such that u ∈ Hs(Ω) for any s < sΩ, but
u 6∈ HsΩ(Ω) in general, even if f and g are smooth functions. For instance, if
Ω is a polygonal domain in two dimensions, then sΩ = 1 + π/αMAX , where
αMAX is the largest interior angle of Ω. For any polyhedra, we have sΩ <∞,
and this phenomenon is called loss of regularity and is responsible for the loss
of accuracy in certain approximation methods for the solutions of Equation
(1). It is therefore desirable to establish an alternative well-posedness result
on polyhedra.
A thorough analysis of the difficulties that arise for ∂Ω Lipschitz is contained
in the papers of Babuška [4], Baouendi and Sjöstrand [10], Băcuţă, Bramble,
and Xu [15], Babuška and Guo [32, 31], Brown and Ott [14], Jerison and Kenig
[34, 35], Kenig [39], Kenig and Toro [40], Koskela, Koskela and Zhong [44, 45],
Mitrea and Taylor [58, 60, 61], Verchota [73], and others (see the references
in the aforementioned papers). Other results specific to curvilinear polyhedral
domains are contained in the papers of Costabel [18], Dauge [20], Elschner
[21, 22], Kondratiev [42, 43], Mazya and Rossmann [54], Rossmann [63] and
others. Other relevant references are the monographs of Grisvard [28, 29] as
well as the recent books [46, 47, 52, 53, 62]. Another way to obtain a convenient
well-posedness result for the Poisson problem on a polyhedron Ω is to use the
stratified space geometry of Ω. This leads, by successive conformal changes of
the metric, to a metric for which the smooth part of Ω is a smooth manifold with
boundary whose double is complete. The resulting Sobolev spaces defined by
the new metric will lead to spaces on which the Poisson problem is well-posed
[9].
For the discretization on polyhedral domains we build discrete spaces Sk ⊂
H1

0 (Ω) and Galerkin finite element projections uk ∈ Sk that approximate the
solution u of Equation (1) for f ∈ Hm−1(Ω) arbitrary. We prove that, by using
certain spaces of continuous, piecewise polynomials of degree m, the sequence
Sk achieves quasi-optimal rates of convergence. More precisely we prove the
existence of a constant C > 0, independent of k and f , such that

‖u− uk‖H1(Ω) ≤ C dim(Sk)−m/3‖f‖Hm−1(Ω), uk ∈ Sk. (2)

We now describe these results and some extensions in more detail.

1 Isotropic weighted Sobolev spaces

Using the standard notation for partial derivatives, namely ∂j = ∂
∂xj

and ∂α =
∂α1

1 . . . ∂αn
n , for any multi-index α = (α1, . . . , αn) ∈ Zn+, the usual Sobolev

spaces on an open set V are

Hm(V ) = {u : V → C, ∂αu ∈ L2(V ), |α| ≤ m}.
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To define the weighted analogues of these spaces we wold need to introduce the
notion of singular boundary points for a domain Ω ⊂ Rn.
Let Ω(n−2) ⊂ ∂Ω be the set of singular (or non-smooth) boundary points of
Ω, that is, the set of points p ∈ ∂Ω such ∂Ω is not smooth in a neighborhood
of p. We will denote by ηn−2(x) the distance from a point x ∈ Ω to the set
Ω(n−2) and agree to take ηn−2 = 1 if there are no such points. That is, if ∂Ω
is smooth. We define the weighted Sobolev spaces

Kµa (Ω) = {u ∈ L2
loc(Ω), η|α|−an−2 ∂αu ∈ L2(Ω), for all |α| ≤ µ}, µ ∈ Z+, (3)

which we endow with the induced Hilbert space norm. We note that for n = 3
for example and Ω a polyhedral domain in R3, we have that η1(x) is the distance
to the skeleton made up by the union of the closed edges of ∂Ω.
Similar definitions hold for the spaces on faces of Ω. For example for n = 3,
we define

Kma (∂Ω) = {(uF ), η|α|−a∂αuF ∈ L2(F ) },

where |α| ≤ m and F ranges through the set of faces of ∂Ω.
For s ∈ R+, we define the space Ksa(∂Ω) by the standard interpolation.
The following result is proved in [8].

Theorem 1.1. Let Ω ⊂ Rn, n = 3, be a bounded, polyhedral domain and
m ∈ Z+. Then there exists γ > 0 such that ∆̃(u) = (∆u, u|∂Ω) defines an
isomorphism

∆̃ : Km+1
a+1 (Ω)→ Km−1

a−1 (Ω)⊕Km+1/2
a+1/2 (∂Ω),

for all |a| < γ. If m = 0, the solution u corresponding to a fixed data
(f, g) ∈ K−1

a−1(Ω) ⊕ K1/2
a+1/2(∂Ω), is also the solution of the associated varia-

tional problem:

B(u, v) :=
∫

P
∇u · ∇vdx =

∫
P
fvdx. (4)

For n = 2, and Ω a polygonal domain, a similar result was proved by Kondratiev
in [42]. In this case, γ = π

αMAX
, where αMAX is the measure in radians of the

maximum angle of Ω .

Remark 1.2. For general polyhedral domains in Rn, with n arbitrary, the result
is presented in [9]. For elasticity with mixed boundary conditions a similar
result is investigated by Mazzucato and Nistor in [56]. For the transmission
problems in 2D similar results are done by Li and Nistor. Using countably
normed spaces and analytic regularity, we mention the work of Babuška-Guo,
and Costabel-Dauge-Nicaise.

2 Anisotropic weighted Sobolev spaces and regularity

We start this section by introducing new weighted spaces. To make the presen-
tation easier we assume first that Ω = Dα = {0 < θ < α}, is a dihedral angle



4 V. Nistor et al

with edge along the Oz–axis and that f ∈ Hm−1(Dα). Then u ∈ Km+1
a+1 (Dα)

for positive and small enough a. Hence,

∂zu ∈ Kma (Dα).

However, we also have

∆∂zu = ∂z∆u = ∂zf ∈ Hm−2(Ω).

Then, using Theorem 1.1 we obtain that

∂zu ∈ Kma+1(Ω),

which is a better estimate than the previous one.
Previous argument suggests D1

a(Dα) := K1
1(Dα) and

Dma (Dα) := {u ∈ Kma (Dα), ∂zu ∈ Dm−1
a (Dα)}.

D1
a are thus independent of a.

If Ω = C, a cone centered at the origin. ρ(x) = |x| is the distance from x to the
origin, then

D1
a(C) := ρa−1K1

1(C) = {ρa−1v, v ∈ K1
1(C)}.

For m ≥ 2, let ρ∂ρ = x∂x + y∂y + z∂z be the infinitesimal generator of dila-
tions. Then, for m ≥ 2, we define by induction

Dma (C) := {u ∈ Kma (C), ρ∂ρ(u) ∈ Dm−1
a (C)}.

For a general bounded polyhedral domain Ω, we define the anisotropic weighted
Sobolev spaces Dma (Ω) by localization around vertices, edges, such that in away
from the edges these spaces coincide with the usual Sobolev spaces Hm.

Theorem 2.1. Let f ∈ Hm−1(Ω), with m ≥ 1. Then the Poisson problem (1)
with g = 0 has a unique solution u ∈ Dm+1

a+1 (Ω) for 0 ≤ a < η = ηΩ and

‖u‖Dm+1
a+1 (Ω) ≤ CΩ,a‖f‖Hm−1(Ω).

Earlier results of the same type are done by: Arnold-Falk, Apel99, ApelNicaise,
Babuška-Guo, Bacuta-Bramble-Xu, Buffo-Costabel-Dauge03, and Kellogg-
Osborn.

3 Quasi-optimal hm-mesh refinement

Based on the above regularity result, we will describe in this section a strategy
to obtain quasi-optimal hm-mesh refinement. Given a bounded polyhedral
domain Ω and a parameter κ ∈ (0, 1/2], we will provide a sequence Tn of
decompositions of Ω into finitely many tetrahedra, such that if Sn is the finite
element space of continuous, piecewise polynomials on Tn, then uI,n is the
Lagrange interpolant of u of order m, has “quasi-optimal” approximability
properties. The result can be formulated as follows:
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Theorem 3.1. Let a ∈ (0, 1/2] and 0 < κ ≤ 2−m/a. Then there exists a
sequence of meshes Tn and a constant C > 0 such that for the corresponding
sequence of finite element spaces Sn we have

|u− uI,n|H1(Ω) ≤ C2−km‖u‖Dm+1
a+1 (Ω),

for any u ∈ Dm+1
a+1 (Ω), u = 0 on the boundary, and any k ∈ Z+.

The main Theorem 2 is now a direct consequence of Theorem 3.1.

3.1 Refinement Strategy

Given a point P ∈ Ω, we shall say that P is of type V if it is a vertex of Ω;
we shall say that P is of type E if it is on an open edge of Ω. Otherwise, we
shall say that it is of type S(from Smooth!). The type of a point depends only
on Ω and not on any partition or meshing. The initial tetrahedralization will
consist of edges of type VE, VS, ES, EE:=E2, and S2. We shall assume that
our initial decomposition and initial tetrahedralization was defined, so that no
edge of type VV are present. The points of type V will be regarded as more
singular than the points of type E, and the points of type E will be regarded
as more singular than the points of type S. The triangles will be of one of the
types VES, VSS, ESS.
Let AB be a generic edge in the decompositions Tn. Then, as part of the
Tn+1, this edge will be decomposed in two segments, AC and CA, such that
|AC| = κ|AB| if A is more singular than B (i.e., if AB is of type VE, VS, or
ES). Except when κ = 1/2, C will be closer to the more singular point. This
procedure is as in [?, 16, ?]. See Figure 3.1.

BA C BA C

A more singular than B A and B equally singular
|AC| = κ|AB|, κ = 1/4 |AC| = |AB|

Figure 3.1: Edge decomposition

The above strategy to split edges induces a natural strategy for splitting tri-
angular faces. If ABC is a triangle in the decomposition Tn, then in Tn+1, the
triangle ABC will be divided into four other triangles, according with the edge
strategy. The decomposition of triangles of type S3 is obtained for κ = 1/2.
The type VSS triangle decomposition is suggested in Figure 3.3. One excep-
tion we have is for the case when ABC is of type VES. In this case we remove
the newly introduced segment that is opposite to B, see Figure 3.4, and divide
ABC into two triangles and a quadrilateral. The formed quadrilateral will
belong to a prism in Tn+1.
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A’

A

B C

C’ B’

V

E SA’

C’ B’

A of type V or E VER decomposition: ∠E = 90o

B and C of type S, |A′B| = |A′C| |V C ′| = κ|V E|, |V B′| = κ|V R|
|AC ′| = κ|AB|, |AB′| = κ|AC| |EA′| = κ|ER|, A′C ′ was removed

Figure 3.2: Triangle decomposition, κ = 1/4

A’

A

B C

C’ B’

Figure 3.3: Face decomposition: A of type V or E, B and C of type R, |AC ′| =
κ|AB|, |AB′| = κ|AC|, |A′B| = |A′C|, κ = 1/4
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V

E SA’

C’ B’

Figure 3.4: VER decomposition: |V C ′| = κ|V E|, |V B′| = κ|V R|, |EA′| =
κ|ER|, A′C ′ was removed, ∠E = 90o

3.2 Divisions in tetrahedra and prisms

We will assume, without loss of generality, that our domain Ω is a tetrahedra
itself, and describe how to construct the sequence of divisions Tn for n ≥ 0. For
the first level of semi-uniform refinement of a prism, more details are presented
in [8].

We start with an initial division T ′0 of Ω in straight triangular prisms and
tetrahedra of types VESS and VS3, having a vertex in common with Ω, and
an interior region Λ0, see Figure 3.5 and define.
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A

C

D

A

D

4

C2

3

C 4
C23

D1

3

D4

34

D14

D13

A 1

A 2

3

Figure 3.5: Initial decomposition.

We can further assume that some of the edge points (as in Figure 3.5) are moved
along the edges so that the prisms become straight triangular prisms i.e., the
edges are perpendicular to the bases. For n ≥ 1, the mesh Tn is obtained
from Tn′ ( with prisms and tetrahedra) by a canonical procedure, that can be
described as follows: THIS NEEDS ATENTION!
1) Split each prism is into 3 tetrahedra. See for example, Figure 3.6, where the
straight prism ABCA′B′C ′ is divided into three tetrahedra.
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C’

A

B

C

A’

B’

Figure 3.6: Marking a prism: BC ′ = mark, AA′ || BB′ || CC ′ ⊥ ABC and
A′B′C ′

2) Quasi-uniformly tetrahedralize the interior region of type Λ0 by us-
ing uniform refinement. Perform uniform refinement of a tetrahedra of
type S4, by dividing along the planes given (in affine coordinates) by :
xi + xj = k/2n, 1 ≤ k ≤ 2n, where xj are affine barycentric coordinates. The
division is compatible with adjacent faces.
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24

A

A A

A

A

A

A

A 1

12

2

23

3

34

4

14

A 13

C

A

Figure 3.7: First level of uniform refinement

3) Perform semi-uniform refinement for prism with (only) one edge as part of
an edge of Ω. The idea is suggested in Figure 3.8.
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F

A

B

CB’

C’

A’

D

Figure 3.8: First level of semi-uniform refinement of a prism, CD = mark

4) Perform non-uniform refinement for tetrahedron of type VS3 and VESS.
We divide a tetrahedron of type VS3 into 12 tetrahedra as in the uniform
strategy, with the edges through the vertex of type V divided in the ratio κ.
One tetrahedron of type VS3 and 11 tetrahedra of type S4. We iterate for the
small tetrahedron of type VS3, the tetrahedra of type S4 are divided uniformly.
See Figure 3.9.
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’

B

C

D

A

B

C

B’ D’

D1 1

1

C

Figure 3.9: A of type V, B, C, D of type R

For tetrahedron of type VESS we divide it into 6 tetrahedra of type S4, one
tetrahedron of type VS3, and a prism. The vertex of type E of will belong only
to the prism. See Figure 3.10.
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1

A

B

C

D

B’
D’

C’

C

D1

1

B

Figure 3.10: A of type V, B of type E, C, D of type R and D1D
′ = mark for

the prism BD1C1D
′C1B

′

The main ideas of refinement can be formulated as follows: Each edge, triangle,
or quadrilateral that appears in a tetrahedron or prism in the decomposition
Tn is divided in the decomposition Tn+1 in an intrinsic way, which depends
only on the type of the vertices of that edge, triangle, or quadrilateral. In
particular, the way that a face in Tn is divided to yield Tn+1 does not depend
on the type of the other vertices of the tetrahedron or prism to which it belongs.
This ensures that the tetrahedralization T ′n+1, which is obtained from Tn+1 by
dividing each prism in three tetrahedra, is a conforming mesh.

4 Conclusion
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[65] E. Schrohe. Fréchet algebra techniques for boundary value problems: Fred-
holm criteria and functional calculus via spectral invariance. Math. Nachr.,
199:145–185, 1999.

[66] E. Schrohe and B.-W. Schulze. Boundary value problems in Boutet de
Monvel’s algebra for manifolds with conical singularities. I. In Pseudo-
differential calculus and mathematical physics, volume 5 of Math. Top.,
pages 97–209. Akademie Verlag, Berlin, 1994.



Anisotropic regularity and discretization 19

[67] E. Schrohe and B.-W. Schulze. Boundary value problems in Boutet de
Monvel’s algebra for manifolds with conical singularities II. In Boundary
value problems, Schrödinger operators, deformation quantization, volume 8
of Math. Top. Akademie Verlag, Berlin, 1995.

[68] S. Semmes. Good metric spaces without good parameterizations. Rev.
Mat. Iberoamericana, 12(1):187–275, 1996.

[69] M. Shubin. Spectral theory of elliptic operators on noncompact manifolds.
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