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Abstract. We present a simple way to discretize and precondition
mixed variational formulations. Our theory connects with, and takes
advantage of, the classical theory of symmetric saddle point problems
and the theory of preconditioning symmetric positive definite operators.
Efficient iterative processes for solving the discrete mixed formulations
are proposed and choices for discrete spaces that are always compatible
are provided. For the proposed discrete spaces and solvers, a basis is
needed only for the test spaces and assembly of a global saddle point
system is avoided. We prove sharp approximation properties for the
discretization and iteration errors and also provide a sharp estimate for
the convergence rate of the proposed algorithm in terms of the condi-
tion number of the elliptic preconditioner and the discrete inf − sup and
sup− sup constants of the pair of discrete spaces.

1. Introduction

We provide a general approach in preconditioning mixed problems of the
form: Given f ∈ V ∗, find p ∈ Q such that

(1.1) b(v, p) = 〈f, v〉 for all v ∈ V,
where V and Q are Hilbert spaces and b(·, ·) is a continuous bilinear form on
V ×Q satisfying an inf − sup condition. In [8, 15], a connection was made
between problems of the form (1.1) and a natural saddle point formulation.
More specifically, if a(·, ·) is the inner product on V , then p is the unique
solution of (1.1) if and only if (u = 0, p) is the unique solution to: Find
(u, p) ∈ V ×Q such that

(1.2)
a(u, v) + b(v, p) = 〈f, v〉 for all v ∈ V,
b(u, q) = 0 for all q ∈ Q,

where appropriate assumptions on f and the form b(·, ·) hold, see Section
2.1. Thus, (1.2) is a saddle point reformulation of (1.1). It is clear that
the solution component p of this reformulation is independent of the inner
product (hence the norm) considered on V . This observation is essential for
the discretization and preconditioning of (1.1).
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For finite dimensional approximation spaces Vh ⊂ V and Mh ⊂ Q sat-
isfying a discrete inf − sup condition, we consider the discrete problem of
finding (uh, ph) ∈ Vh ×Mh such that

(1.3)
a(uh, vh) + b(vh, ph) = 〈f, vh〉 for all vh ∈ Vh,
b(uh, qh) = 0 for all qh ∈Mh,

which approximates the solution (u = 0, p) of (1.2). The discrete variational
formulation (1.3) is in fact a saddle point least squares discretization of (1.1),
see Section 2.2. This saddle point discretization of (1.1) is also adapted by
Demkowicz and Gopalakrishnan in [16, 17]. When solving the above prob-
lem, finding bases for the discrete trial space Mh and assembling a block
stiffness matrix for (1.3) can be avoided by applying an Uzawa type algo-
rithm. However, any attempt to solve (1.3) by an Uzawa iterative process
requires the exact inversion of the operator Ah associated with the inner
product a(·, ·) on Vh. To avoid exact inversion and to speed up the iterative
solvers, we consider another form ã(·, ·) on Vh, which leads to an equivalent
norm on Vh, and introduce a preconditioned discrete saddle point problem:
Find (ũh, p̃h) ∈ Vh ×Mh such that

(1.4)
ã(ũh, vh) + b(vh, p̃h) = 〈f, vh〉 for all vh ∈ Vh,
b(ũh, qh) = 0 for all qh ∈Mh,

where the action of the operator Ã−1h associated with the inner product
ã(·, ·) on Vh is assumed to be fast and easy to implement.

The goals of this paper are: describe how well the component solution
p̃h of (1.4) approximates the solution p of (1.1), describe possible choices
for the discrete pairs (Vh,Mh), and propose an efficient iterative solver for
(1.4) and estimate its convergence rate.

The paper is organized as follows. In Section 2, an abstract theory for
saddle point least squares formulations is presented. Section 3 describes
the general preconditioning theory and approximation results. In addition,
convergence rates for the proposed iterative solver are estimated. Possible
choices for discrete pairs of spaces are discussed in Section 4. Numerical
results are presented in Section 5. Advantages of the proposed method are
also discussed.

2. Abstract Saddle Point Least Squares Formulation for
Mixed Methods

2.1. Notation and the continuous problem. Let V and Q be infinite
dimensional Hilbert spaces and assume the inner products a(·, ·) and (·, ·)
induce the norms | · |V = | · | = a(·, ·)1/2 and ‖ · ‖Q = ‖ · ‖ = (·, ·)1/2. The
duals of V and Q will be denoted by V ∗ and Q∗, respectively. The dual
pairings on V ∗ × V and Q∗ × Q will both be denoted by 〈·, ·〉. With the
inner products a(·, ·) and (·, ·), we associate the operators A : V → V ∗ and
C : Q→ Q∗ defined by

〈Au, v〉 = a(u, v) for all u, v ∈ V,
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and

〈Cp, q〉 = (p, q) for all p, q ∈ Q.
Assume that b(·, ·) is a continuous bilinear form on V ×Q satisfying the

inf − sup condition

(2.1) inf
p∈Q

sup
v∈V

b(v, p)

|v| ‖p‖
= m > 0,

and is bounded, i.e.

(2.2) sup
p∈Q

sup
v∈V

b(v, p)

|v| ‖p‖
= M <∞.

With the form b(·, ·), we associate the linear operators B : V → Q∗ and
B∗ : Q→ V ∗ defined through the duality pairings

〈Bv, q〉 = b(v, q) = 〈B∗q, v〉 for all v ∈ V, q ∈ Q.

It is well known that if, in addition to the assumptions on b(·, ·), f satisfies
the compatibility condition

(2.3) 〈f, v〉 = 0 for all v ∈ V0 := {v ∈ V | b(v, q) = 0, for all q ∈ Q},

then (1.1) has a unique solution p, see e.g. [1, 2]. Furthermore, (u = 0, p) is
the unique solution of (1.2).

Remark 2.1. The saddle point problem (1.2) has a unique solution (u, p)
regardless of the compatibility condition (2.3). The operator form of problem
(1.1) is equivalent to finding p ∈ Q such that

A−1B∗p = A−1f,

and solving for p from (1.2) gives

(C−1B)(A−1B∗)p = (C−1B)A−1f.

Since C−1B is the Hilbert transpose of A−1B∗, we have that the p component
of the solution of (1.2) is the least squares solution of (1.1).

For the rest of this paper, we assume that the compatibility condition
(2.3) holds. Consequently, problem (1.1) has a unique solution.

2.2. Saddle point least squares discretization. Let Vh ⊂ V and
Mh ⊂ Q be finite dimensional approximation spaces and Ah be the discrete
version of the operator A, i.e. Ah satisfies

〈Ahuh, vh〉 = a(uh, vh) for all uh, vh ∈ Vh.

We define the discrete operators Bh : Vh →Mh and B∗h :Mh → V ∗h by

(Bhvh, qh) = b(vh, qh) = 〈B∗hqh, vh〉 for all vh ∈ Vh, qh ∈Mh.

Note that the operator Bh is defined using the inner product on Mh and
not with the duality on M∗h ×Mh. Thus, we can define the discrete Schur
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complement Sh : Mh → Mh as Sh = BhA
−1
h B∗h. We further assume the

following discrete inf − sup condition holds for the pair of spaces (Vh,Mh):

(2.4) inf
ph∈Mh

sup
vh∈Vh

b(vh, ph)

|vh| ‖ph‖
= mh > 0.

It is well known that the spectrum of Sh satisfies σ(Sh) ⊂ [m2
h,M

2
h ], where

(2.5) Mh := sup
ph∈Mh

sup
vh∈Vh

b(vh, ph)

|vh| ‖ph‖
≤M <∞,

and that m2
h,M

2
h are (the extreme) eigenvalues of Sh. Define

Vh,0 := {vh ∈ Vh | b(vh, qh) = 0 for all qh ∈Mh},

to be the kernel of the discrete operator Bh. We define fh ∈ V ∗h to be the
restriction of f to Vh, i.e. 〈fh, vh〉 := 〈f, vh〉 for all vh ∈ Vh.

Remark 2.2. In the case Vh,0 ⊂ V0, the compatibility condition (2.3) implies
the discrete compatibility condition

〈f, vh〉 = 0 for all vh ∈ Vh,0.

Hence, under assumption (2.4), the problem of finding ph ∈Mh such that

(2.6) b(vh, ph) = 〈f, vh〉, vh ∈ Vh, or B∗h ph = fh, or A−1h B∗h ph = A−1h fh,

has a unique solution. In general, (2.3) may not hold on Vh,0 and problem
(2.6) may not be well-posed. However, if the form b(·, ·) satisfies (2.4) then
the problem of finding (uh, ph) ∈ Vh×Mh satisfying (1.3) does have a unique
solution. Solving for ph from (1.3), we obtain

(2.7) Sh ph = Bh(A−1h B∗h) ph = BhA
−1
h fh.

Since the Hilbert transpose of Bh is BT
h = A−1h B∗h, we call the component ph

of the solution (uh, ph) of (1.3) the saddle point least squares approximation
of the solution p of the original mixed problem (1.1).

The following error estimate for ‖p− ph‖ was proved in [9].

Theorem 2.3. Let b : V ×Q→ R satisfy (2.1) and (2.2) and assume that
f ∈ V ∗ is given and satisfies (2.3). Assume that p is the solution of (1.1)
and Vh ⊂ V , Mh ⊂ Q are chosen such that the discrete inf − sup condition
(2.4) holds. If (uh, ph) is the solution of (1.3), then the following error
estimate holds:

(2.8)
1

M
|uh| ≤ ‖p− ph‖ ≤

M

mh
inf

qh∈Mh

‖p− qh‖.
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2.3. An Uzawa CG iterative solver. Note that a global linear system
may be difficult to assemble when solving (1.3) as bases for the trial spaces
Mh, which are chosen to satisfy (2.4), may be difficult to find. Nevertheless,
we can solve (1.3) and avoid building a basis for Mh by using an Uzawa
type algorithm, e.g. the Uzawa Conjugate Gradient (UCG) algorithm.

Algorithm 2.4. (UCG) Algorithm

Step 1: Choose any p0 ∈Mh. Compute u1 ∈ Vh, q1, d1 ∈Mh by

a(u1, vh) = 〈f, vh〉 − b(vh, p0) for all vh ∈ Vh,
(q1, qh) = b(u1, qh) for all qh ∈Mh, d1 := q1.

Step 2: For j = 1, 2, . . . , compute hj , αj , pj , uj+1, qj+1, βj , dj+1 by

(UCG1) a(hj , vh) =− b(vh, dj) for all vh ∈ Vh

(UCGα) αj =− (qj , qj)

b(hj , qj)

(UCG2) pj = pj−1 + αj dj

(UCG3) uj+1 = uj + αj hj

(UCG4) (qj+1, qh) = b(uj+1, qh) for all qh ∈Mh

(UCGβ) βj =
(qj+1, qj+1)

(qj , qj)

(UCG6) dj+1 = qj+1 + βjdj .

Note that the only inversions needed in the algorithm involve the form
a(·, ·) in Step 1 and (UCG1). In operator form, these steps become

(2.9) u1 = A−1h (fh −B∗hp0), and hj = −A−1h (B∗hdj),

respectively. In practical implementations of Algorithm 2.4, we would like to
replace the action of A−1h with the action of a suitable preconditioner. The
properties of the new preconditioned algorithm are discussed in the next
section.

Remark 2.5. In particular, Algorithm 2.4 recovers the steps of the conju-
gate gradient algorithm for solving the problem (2.7). Due to the assump-
tion (2.4), the Schur complement Sh is a symmetric positive definite oper-
ator. Consequently, the conjugate iterations pj converge to the solution ph
of (2.7), and the rate of convergence for the iteration error ‖pj − ph‖Sh

or

‖pj − ph‖ depends on the condition number of Sh, which is κ(Sh) =
M2

h

m2
h

.

The following sharp error estimation result was proved in [3].

Theorem 2.6. If (uh, ph) is the discrete solution of (1.3) and (uj , pj−1) is

the jth iteration for Algorithm 2.4, then (uj , pj−1)→ (uh, ph) and
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(2.10)

1

M2
‖qj‖ ≤ ‖pj−1 − ph‖ ≤

1

m2
h

‖qj‖,

mh

M2
‖qj‖ ≤ |uj − uh| ≤

M

m2
h

‖qj‖.

3. Preconditioning techniques

In this section, we develop a general preconditioning framework to ap-
proximate the solution of (1.1) based on (1.3) and elliptic preconditioning
of the operator associated with the inner product on Vh. More precisely,
we replace the original form a(·, ·) in (1.3) with a uniformly equivalent form

ã(·, ·) on Vh that leads to an implementably fast operator Ã−1h . We assume
that Vh ⊂ V and Mh ⊂ Q are finite dimensional approximation spaces
satisfying (2.4) and (2.5).

3.1. The preconditioned saddle point problem. First, we introduce a
general preconditioner operator Ph : V ∗h → Vh that is equivalent to A−1h in
the following sense

(3.1) 〈g, Phf〉 = 〈f, Phg〉 for all f, g ∈ V ∗h ,
and

(3.2) m2
1|vh|2 ≤ a(PhAhvh, vh) ≤ m2

2|vh|2,
where m1,m2 are positive constants. We note that assumption (3.1) implies
that the operator PhAh is symmetric with respect to the a(·, ·) inner product.
Indeed, from the definition of the operator Ah and (3.1), we have

a(PhAhuh, vh) = 〈Ahvh, PhAhuh〉 = 〈Ahuh, PhAhvh〉
= a(uh, PhAhvh).

Remark 3.1. Assuming that m2
1,m

2
2 are the smallest and the largest eigen-

values of PhAh, respectively, the inequality (3.2) gives us that the condition
number of PhAh satisfies

(3.3) κ(PhAh) =
m2

2

m2
1

.

With the preconditioner Ph : V ∗h → Vh, we define the form ã : Vh×Vh → R
by

(3.4) ã(uh, vh) := a((PhAh)−1uh, vh) for all uh, vh ∈ Vh.

Proposition 3.2. Under assumptions (3.1) and (3.2), we have that ã(·, ·)
is symmetric and equivalent with a(·, ·) on Vh.

Proof. For symmetry, we just use that PhAh is symmetric w.r.t. the a(·, ·)
inner product. For the equivalence, note that (3.2) and (3.4) imply

(3.5)
1

m2
2

|vh|2 ≤ ã(vh, vh) ≤ 1

m2
1

|vh|2.
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By Proposition 3.2, ã(·, ·) defines an equivalent inner product on Vh. Let

|vh|P := ã(vh, vh)1/2 be the norm induced by the inner product ã(·, ·) and

define the operator Ãh : Vh → V ∗h by

〈Ãhuh, vh〉 := ã(uh, vh) for all uh, vh ∈ Vh.

Note that for any uh, vh ∈ Vh

〈Ãhuh, vh〉 = ã(uh, vh) = a((PhAh)−1uh, vh)

= 〈Ah(PhAh)−1uh, vh〉,

which implies Ãh = Ah(PhAh)−1 = P−1h . Hence, we can view ã(·, ·) as
a preconditioned version of the form a(·, ·). The preconditioned discrete
saddle point problem consists of finding (ũh, p̃h) ∈ Vh ×Mh such that (1.4)
holds. To simplify the notation, we will drop the ˜ notation from (ũh, p̃h).
Thus, for the remainder of this paper, the preconditioned saddle point least
squares formulation is: Find (uh, ph) ∈ Vh ×Mh such that

(3.6)
ã(uh, vh) + b(vh, ph) = 〈f, vh〉 for all vh ∈ Vh,
b(uh, qh) = 0 for all qh ∈Mh.

Using that Vh ⊂ V and Mh ⊂ Q satisfy (2.4) and (2.5), we obtain

(3.7) m̃h := inf
ph∈Mh

sup
vh∈Vh

b(vh, ph)

|vh|P ‖ph‖
≥ m1mh > 0,

and

(3.8) M̃h := sup
ph∈Mh

sup
vh∈Vh

b(vh, ph)

|vh|P ‖ph‖
≤ m2Mh ≤ m2M.

Hence, the preconditioned saddle point least squares formulation (3.6) has a
unique solution.

The Schur complement associated with problem (3.6) is

S̃h = BhÃ
−1
h B∗h = BhPhB

∗
h.

Solving for ph from (3.6), we obtain

(3.9) S̃h ph = Bh(PhB
∗
h) ph = BhPhfh.

We call the component ph of the solution (uh, ph) of (3.6) the (precondi-
tioned) saddle point least squares approximation of the solution p of the
original mixed prolem (1.1). To estimate ‖p−ph‖ in this case, we will prove
the analog to Theorem 2.3 based on the Xu-Zikatanov argument, see [25].

Theorem 3.3. Let b : V ×Q→ R satisfy (2.1) and (2.2) and assume that
f ∈ V ∗ is given and satisfies (2.3). Assume that Vh ⊂ V , Mh ⊂ Q are
chosen such that the discrete inf − sup condition (2.4) holds. If p is the
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solution of (1.1) and (uh, ph) is the solution of (3.6), then the following
error estimate holds:

(3.10)
1

M

1

m2
2

|uh| ≤ ‖p− ph‖ ≤
M

mh

m2

m1
inf

qh∈Mh

‖p− qh‖.

Proof. Define the operator Th : Q → Q by Thp = ph. Note that Th is
linear and idempotent. To show the latter, consider the problem: Find
(u∗h, p

∗
h) ∈ Vh ×Mh such that

(3.11)
ã(u∗h, vh) + b(vh, p

∗
h) = b(vh, ph) for all vh ∈ Vh,

b(u∗h, qh) = 0 for all qh ∈Mh.

Since b satisfies (2.4), we have that (3.7) is satisfied as described above.
Thus, problem (3.11) has a unique solution. Since (u∗h, p

∗
h) = (0, ph) solves

the problem, we conclude Thph = ph which gives us T 2
h = Th. From Kato

[20] and Xu and Zikatanov [25], this implies

‖I − Th‖L(Q,Q) = ‖Th‖L(Q,Q).

Using the above equality, for an arbitrary qh ∈Mh we have

(3.12) ‖p− qh‖ = ‖(I − Th)p‖ = ‖(I − Th)(p− qh)‖ ≤ ‖Th‖ ‖p− qh‖.

We now estimate ‖Th‖. First, define Ṽ ⊥h,0 to be the orthogonal complement

of Vh,0 w.r.t. the ã(·, ·) inner product. Note that from the first equation of
(3.6) and the fact p solves (1.1) we have that

(3.13) b(vh, ph) = b(vh, p)− ã(uh, vh).

Also, since b satisfies (2.2) we have that (3.8) holds. Hence, from (3.7), (3.8),
and (3.13) we obtain

‖Thp‖ ≤
1

mhm1
sup
vh∈Vh

b(vh, Thp)

|vh|P
=

1

mhm1
sup

vh∈Ṽ ⊥h,0

b(vh, ph)

|vh|P

=
1

mhm1
sup

vh∈Ṽ ⊥h,0

b(vh, p)− ã(uh, vh)

|vh|P

≤ Mm2

mhm1
‖p‖.(3.14)

The right inequality now follows from (3.12) and (3.14). For the left in-
equality, note that

|uh|P = sup
vh∈Vh

ã(uh, vh)

|vh|P
= sup

vh∈Vh

b(vh, p− ph)

|vh|P
≤Mm2‖p− ph‖,

and

|uh| ≤ m2|uh|P .
�
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3.2. An iterative solver for the preconditioned variational formula-
tion. We use a modified version of Algorithm 2.4 to solve (3.6) by replacing
the form a(·, ·) by ã(·, ·) in Step 1 and (UCG1). With this modification,
we obtain the following (Uzawa) Preconditioned Conjugate Gradient (PCG)
algorithm for mixed methods.

Algorithm 3.4. (PCG) Algorithm for Mixed Methods

Step 1: Choose any p0 ∈Mh. Compute u1 ∈ Vh, q1, d1 ∈Mh by

u1 =Ph(fh −B∗hp0)
q1 =Bhu1, d1 := q1.

Step 2: For j = 1, 2, . . . , compute hj , αj , pj , uj+1, qj+1, βj , dj+1 by

(PCG1) hj =− Ph(B∗hdj)

(PCGα) αj =− (qj , qj)

b(hj , qj)

(PCG2) pj = pj−1 + αj dj

(PCG3) uj+1 = uj + αj hj

(PCG4) qj+1 =Bhuj+1,

(PCGβ) βj =
(qj+1, qj+1)

(qj , qj)

(PCG6) dj+1 = qj+1 + βjdj .

Note that only the actions of Ph, Bh, and B∗h are needed in the above
algorithm. For any preconditioner Ph and trial spaceMh that is not defined
via a global projection, these actions do not involve inversion processes, see
Section 3.3 for the case Ph -an additive multilevel Schwarz preconditioner.
Similar to the remark in Section 2.3, we have the following.

Remark 3.5. Algorithm 3.4 recovers in particular the steps of the conju-
gate gradient algorithm for solving the problem (3.9). Due to the discrete
inf − sup assumption (2.4) and the assumptions (3.1) and (3.2) on the pre-

conditioner Ph, the Schur complement S̃h is a symmetric positive definite
operator. Consequently, the conjugate iterations pj converge to the solution
ph of (3.9), and the rate of convergence for ‖pj−ph‖S̃h

or ‖pj−ph‖ depends

on the condition number of S̃h, which is κ(S̃h) =
M̃2

h

m̃2
h

.

The following result is analogous to Theorem 2.6.

Theorem 3.6. If (uh, ph) is the discrete solution of (3.6) and (uj , pj−1) is

the jth iteration for Algorithm 3.4, then (uj , pj−1)→ (uh, ph) and



10 CONSTANTIN BACUTA AND JACOB JACAVAGE

(3.15)

1

M2

1

m2
2

‖qj‖ ≤ ‖pj−1 − ph‖ ≤
1

m2
h

1

m2
1

‖qj‖,

mh

M2

m2
1

m2
2

‖qj‖ ≤ |uj − uh| ≤
M

m2
h

m2
2

m2
1

‖qj‖.

Proof. By induction over j, we have that

ã(uj , vh) + b(vh, pj−1) = 〈f, vh〉 for all vh ∈ Vh.

Combining this with the first equation of (3.6) gives us

(3.16) ã(uj − uh, vh) = b(vh, ph − pj−1) for all vh ∈ Vh.

Note that σ(S̃h) ⊂ [m̃2
h, M̃

2
h ]. Hence,

(3.17) m̃h‖qh‖ = (S̃hqh, qh)1/2 ≤ M̃h‖qh‖ for all qh ∈Mh.

By substituting vh = Ã−1h B∗h(ph − pj−1) into (3.16),

|uj − uh|2P = (S̃h(ph − pj−1), ph − pj−1) = ‖ph − pj−1‖2S̃h
.

The above equality, (3.5), and (3.17) gives us that

(3.18) m1m̃h‖ph − pj−1‖ ≤ |uj − uh| ≤ m2M̃h‖ph − pj−1‖.

From (PCG4), the second equation of (3.6), and (3.16) we have that

qj = Bhuj = Bh(uj − uh) = S̃h(ph − pj−1).

Thus,

(3.19) m̃2
h‖ph − pj−1‖ ≤ ‖S̃h(ph − pj−1)‖ = ‖qj‖ ≤ M̃2

h‖ph − pj−1‖.

The inequalities (3.15) follow from (3.18), (3.19), and the fact that m̃h ≥
mhm1 and M̃h ≤ Mm2. From Remark 3.5 and the standard estimate for
the convergence rate of the conjugate gradient algorithm, [11, 18], we have
that

(3.20) ‖ph − pj‖S̃h
≤ 2

(
M̃h − m̃h

M̃h + m̃h

)j

‖ph − p0‖S̃h
.

Hence, pj → ph. From (3.15), we conclude that uj → uh as well. �

The following estimates are a direct consequence of (3.7), (3.8), (3.20),

and the formula κ(S̃h) =
M̃2

h

m̃2
h

.

Proposition 3.7. The condition number of the Schur complement
S̃h = BhPhB

∗
h satisfies

(3.21) κ(S̃h) ≤
M2

h

m2
h

m2
2

m2
1

= κ(Sh) · κ(PhAh).
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Consequently, the convergence rate ρh for ‖pj − ph‖S̃h
satisfies

ρh ≤
Mh
mh

m2
m1
− 1

Mh
mh

m2
m1

+ 1
.

Remark 3.8. We can relate our preconditioned SPLS discretization method
for solving the general mixed problem (1.1) with the Bramble-Pasciak least
squares approach presented in [12]. In our notation, the Bramble-Pasciak
least squares discretization can be formulated as: Find ph ∈Mh such that

b(A−1h B∗hqh, ph) = 〈fh, A−1h B∗hqh〉 = b(A−1h fh, qh) for all qh ∈Mh.

With a suitable preconditioner Ph replacing A−1h , the problem becomes: Find
ph ∈Mh such that

(3.22) b(PhB
∗
hqh, ph) = b(Phfh, qh) for all qh ∈Mh.

We note that (3.22) is equivalent to our Schur complement problem (3.9).
While we arrive at essentially the same normal equation for solving (2.6),
our saddle point approach is more direct and allows sharp error estimates
for the error ‖p− ph‖. The two approaches are also essentially different in
the way the trial spaces are chosen, see Section 4 for our choices of trial
spaces. In [12], to iteratively solve (3.22) bases for both the test and trial
spaces are needed. In contrast, we solve the coupled preconditioned saddle
point problem (3.6) using Algorithm 3.4 which avoids the need of a basis for
the trial space.

3.3. An example of a preconditioner. In order to illustrate the appli-
cability of the theory presented thus far, we consider the case when Ph

is given by the additive multilevel Schwarz or BPX preconditioner, see
[13, 14, 26]. Assume that we have a nested sequence of approximation
spaces V1 ⊂ V2 ⊂ · · · ⊂ VJ = Vh and let {φk1, φk2, . . . , φknk

} be a basis for Vk.
For fh ∈ V ∗h , the action of Ph is given by

(3.23) Phfh =
J∑

k=1

nk∑
i=1

〈fh, φki 〉
a(φki , φ

k
i )
φki .

It is known that for V = H1
0 (Ω) and a nested sequence {Vk} of piecewise

linear functions that, under standard mesh uniformity conditions, Ph is a
preconditioner for Ah satisfying (3.1) and (3.2), see [13, 19, 23, 24, 26].

In this case, the first equation in (Step 1) of Algorithm 3.4 becomes

(3.24) u1 = Ph(fh −B∗hp0) =

J∑
k=1

nk∑
i=1

〈fh, φki 〉 − b(φki , p0)
a(φki , φ

k
i )

φki .

Furthermore, the iterates for hj in (PCG1) are given by

(3.25) hj = −
J∑

k=1

nk∑
i=1

b(φki , dj)

a(φki , φ
k
i )
φki ,
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which implies that

(3.26) b(hj , qj) = −
J∑

k=1

nk∑
i=1

b(φki , dj)b(φ
k
i , qj)

a(φki , φ
k
i )

,

in (PCGα). Thus, the implementation of Algorithm 3.4 does not involve
matrix inversion. Certainly, any elliptic preconditioner, including the stan-
dard multigrid ones, can be used for Ph. We decided to show details of a
general additive multilevel Schwarz (or BPX) preconditioner to emphasize
the simplicity of implementation when dealing with mixed methods precon-
ditioning. More details on implementing the matrix action of multilevel
preconditioners (including BPX) can be found in [24].

3.4. Computational complexity of the proposed PCG algorithm.
From Step 1 or Step 2 of Algorithm 3.4, we observe that at each step the
number of operations depends on the complexity of Ph and the dimension of
the test space Vh, say n = nh. A preconditioner Ph is of optimal complexity
if O(n) operations are needed to compute its action, where n is the dimension
of Vh. Preconditioners such as multigrid or the BPX preconditioner are of
optimal complexity. For the BPX preconditioner defined in (3.23), this is
because for each k (using a standard refinement strategy, e.g. in 2D split
each triangle in four smaller triangles), we have nk = O(αk) for some α > 1
depending on the dimension of the domain, where n = nJ is the dimension
of Vh. Thus, in this case the action of Ph needs

O

(
J∑

k=1

nk

)
= O

(
J∑

k=1

αk

)
= O(αJ) = O(n),

operations. Using that the action of Bh is the action of a differential operator
(most often of first order) on a finite element function in Vh, we can conclude
from formulas (3.24), (3.25), and (3.26) that the rest of the operations in
Step 1 or Step 2 of Algorithm 3.4 sum up to at most O(n) operations.

Regarding the global complexity and optimality of the algorithm, it is
known that if the condition number of the symmetric positive definite oper-
ator S̃h, defined in (3.9), is independent of h then the number of iterations of
the PCG algorithm is bounded independent of h. Thus, if Ph is an optimal
complexity preconditioner which is also a uniform preconditioner, i.e. the
constants m1,m2 in (3.2) are independent of h, and the discrete inf − sup
constant mh of (2.4) is independent of h, then Algorithm 3.4 is optimal.
That is, to achieve a certain accuracy, it needs a number of operations that
is proportional to the dimension of the space Vh.

4. Discrete spaces that satisfy an inf − sup condition

In this section, we describe two pairs of discrete spaces, introduced in [9],
which satisfy the discrete inf − sup condition (2.4) in the general abstract
framework of Section 2. In light of (3.21), we would like to provide families
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of spaces {(Vh,Mh)} such that κ(Sh) is small. Let Vh ⊂ V be a finite
element test space and assume the action of C−1, where C was defined in
Section 2, is easy to obtain at the continuous level.

4.1. No projection trial space. The first choice defines Mh ⊂ Q by

Mh := C−1BVh.
In this case, Vh,0 ⊂ V0 and a discrete inf − sup condition holds. Indeed, for

a generic ph = C−1Bwh ∈Mh where wh ∈ V ⊥h,0, we have

mh,0 := inf
ph∈Mh

sup
vh∈Vh

b(vh, ph)

|vh| ‖ph‖
= inf

wh∈V ⊥h,0
sup
vh∈Vh

(C−1Bvh, C−1Bwh)

|vh| ‖C−1Bwh‖

≥ inf
wh∈V ⊥h,0

‖C−1Bwh‖2

|wh| ‖C−1Bwh‖
= inf

wh∈V ⊥h,0

‖C−1Bwh‖
|wh|

> 0.(4.1)

Hence, by Remark 2.2 we have that (2.6) has a unique solution ph ∈ Mh

and (uh = 0, ph) solves (1.3). In this case, ph is an optimal approximation
to the solution p of (1.1). Indeed, for any vh ∈ Vh

0 = b(vh, p− ph) = 〈Bvh, p− ph〉
= (C−1Bvh, p− ph).

Thus, ph is the orthogonal projection of p onto Mh which implies

(4.2) ‖p− ph‖ = inf
qh∈Mh

‖p− qh‖.

While (4.2) gives optimal approximation error, to efficiently approximate ph
using Algorithm 2.4 or 3.4, it requires spaces {(Vh,Mh)} for which κ(Sh) =
M2

h

m2
h

is small or independent of h.

4.2. Projection type trial space. The second choice definesMh ⊂ Q by

Mh := RhC−1BVh,
where Rh : Q→ M̃h is defined by

(4.3) (Rhp, qh)h := (p, qh) for all qh ∈ M̃h,

and M̃h is a finite dimensional subspace of Q equipped with the inner prod-
uct (·, ·)h.

Remark 4.1. If the (·, ·)h inner product coincides with the inner product

on Q, then by definition Rh is the orthogonal projection onto M̃h.

In general, the inner product on M̃h could be different from the inner
product on Q, but we assume that (·, ·)h induces an equivalent norm inde-
pendent of h. The following proposition provides a sufficient condition on
Rh which implies well-posedness of problems (1.3) and (2.6) and relates the
stability of the family of spaces {(Vh, RhC−1BVh)} with the stability of the
family of spaces {(Vh, C−1BVh)} defined in Section 4.1.
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Proposition 4.2. Assume that

(4.4) ‖Rhqh‖h ≥ c̃‖qh‖ for all qh ∈ C−1BVh,

with a constant c̃ independent of h. Then Vh,0 ⊂ V0. Furthermore, the
stability of the family {(Vh, C−1BVh)} implies the stability of the family
{Vh, RhC−1BVh)}.

Proof. Let vh ∈ Vh,0. Then, for any ph ∈Mh,

0 = b(vh, ph) = (C−1Bvh, ph) = (RhC−1Bvh, ph)h.

Taking ph = RhC−1Bvh gives us ‖RhC−1Bvh‖h = 0 and the inclusion Vh,0 ⊂
V0 follows from (4.4). For the stability, note that for a generic function
ph = RhC−1Bwh ∈Mh, where wh ∈ V ⊥h,0, we have

mh = inf
ph∈Mh

sup
vh∈Vh

b(vh, ph)

|vh| ‖ph‖h
= inf

wh∈V ⊥h,0
sup
vh∈Vh

(C−1Bvh, RhC−1Bwh)

|vh| ‖RhC−1Bwh‖h

= inf
wh∈V ⊥h,0

sup
vh∈Vh

(RhC−1Bvh, RhC−1Bwh)h
|vh| ‖RhC−1Bwh‖h

≥ inf
wh∈V ⊥h,0

‖RhC−1Bwh‖2h
|wh| ‖RhC−1Bwh‖h

≥ c̃ inf
wh∈V ⊥h,0

‖C−1Bwh‖
|wh|

= c̃ mh,0,

where mh,0 is defined in (4.1). �

In this case, we have that ph is a quasi-optimal approximation of the
solution p of (1.1) by Theorem 3.3.

Remark 4.3. The benefit of using the projection type trial space is that it
could lead to a better approximation of the continuous solution p. Indeed,
for the case when preconditioning is not used, super-convergence of ‖p− ph‖
is observed, see [6, 7, 9, 10]. Using uniform preconditioners and Theorem
3.3, we expect the same order of super-convergence for ‖p− ph‖.

Remark 4.4. With this choice of trial space, Algorithms 2.4 and 3.4 need
to be modified to account for the (·, ·)h inner product on Mh ⊂ M̃h. This
modification is nothing more than replacing the (·, ·) inner product with the
(·, ·)h inner product where it appears in the algorithms.

5. Numerical Results

In this section, we compare the performance of Algorithm 3.4, referred to
in this section as the UPCG algorithm, with the standard PCG algorithm.
The problem considered is: Find u ∈ H1

0 (Ω) such that

(5.1) −∇ · (A∇u) = f in Ω,
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where Ω ⊂ R2, f ∈ L2(Ω) is given, and the matrix A is symmetric and
satisfies

(5.2) amin|ξ|2 ≤ 〈A(x)ξ, ξ〉 ≤ amax|ξ|2 for all x ∈ Ω, ξ ∈ R2,

for positive constants amin ≤ amax. From [10], we have that equation (5.1)
fits the SPLS framework outlined in Section 2.1 with V = H1

0 (Ω), Q = A∇V ,
and b : V ×Q→ R and f ∈ V ∗ defined as

b(v, q) := (q,∇v) for all v ∈ V, q ∈ Q,

and

〈f, v〉 := (f, v) for all v ∈ V.

On V , we can consider the inner products

a(u, v) := (∇u,∇v), or a(u, v) := (A∇u,∇v) for all u, v ∈ V,

and on Q we consider the inner product

(p, q)Q = (A∇u,A∇v)Q := (A∇u,A∇v)A−1 = (A∇u,∇v).

We solve (3.6) using the UPCG algorithm with a suitable choice of pre-
conditioner Ph. The test space Vh ⊂ H1

0 (Ω) is chosen to be the space of
all continuous piecewise linear functions with respect to quasi uniform or
locally quasi uniform meshes Th. The trial space Mh is chosen to be of the
no projection type outlined in Section 4.1, i.e. of the form Mh = A∇Vh.
This choice of trial space is independent of the choice of preconditioner.
Furthermore, the pair (Vh,Mh) is stable, i.e. mh,0, defined in (4.1), satisfies
mh,0 ≥ c > 0 where c is a constant independent of h, see [10].

Two approaches are taken for the initial iterate p0 in Step 1 of the UPCG
algorithm. The first takes p0 = 0 for each level of refinement. The second
uses a cascadic approach in which p0 = 0 on the coarsest mesh, but for all
successive refinements p0 is chosen as the extension of the final iterate from
the previous level [3, 5]. This approach is referred to as the UPCG cascadic
algorithm for the remainder of this section. The stopping criteria is chosen
to be the same across all examples.

5.1. Application of multilevel preconditioners. We consider (5.1) when
Ω = (0, 1) × (0, 1), A = I, and f is computed such that the exact solution
is u(x, y) = x(1 − x)y(1 − y). We apply the standard PCG, UPCG (Algo-
rithm 3.4), and UPCG cascadic algorithms with the preconditioner Ph the
standard BPX, see e.g. [13, 24]. Table 1 compares the performance of the
UPCG algorithm, as well as the cascadic version, with the standard PCG
algorithm.

From Table 1, we see the performance of the UPCG algorithm is compa-
rable with standard PCG. In addition, there is a significant reduction in the
number of iterations using the cascadic approach.
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error = ‖∇u−∇uh‖
h = 2−k

k

PCG UPCG UPCG cascadic
error rate it error rate it error rate it

1 0.045 0.000 1 0.045 0.000 2 0.045 0.000 2
2 0.024 0.903 5 0.024 0.896 4 0.025 0.837 2
3 0.012 0.974 7 0.012 0.944 5 0.013 0.952 3
4 0.006 0.991 8 0.006 1.016 7 0.007 0.974 3
5 0.003 0.996 9 0.003 0.988 8 0.003 0.994 3
6 0.001 1.002 11 0.001 1.012 10 0.002 1.002 3

Table 1: Comparison on unit square example.

For the next example, we consider (5.1) when Ω = (0, 1) × (0, 1) with
interface Γ := Ω ∩ {(x, y)| x = 1/2}. We computed f such that for

A(x, y) = a(x, y)I2, where a(x, y) =

{
β if x ≥ 1

2 ,

1 if x < 1
2 ,

the exact solution is

u(x, y) =

{
β x(x− 1

2)y(y − 1) if x < 1
2 ,

(x− 1
2)(x− 1)y(1− y) if x ≥ 1

2 .

The preconditioner is taken to be the additive multilevel Schwarz precondi-
tioner as described in Section 3.3. Table 2 compares the performance of the
UPCG algorithm, as well as the cascadic version, with the standard PCG
algorithm for β = 10. Table 3 compares the same algorithms for β = 100.

error = ‖A∇u−A∇uh‖
h = 2−k

k

PCG UPCG UPCG cascadic
error rate it error rate it error rate it

1 0.244 0.000 1 0.255 0.000 1 0.254 0.000 1
2 0.127 0.939 4 0.133 0.936 3 0.132 0.939 3
3 0.064 0.985 6 0.067 0.986 5 0.068 0.963 3
4 0.032 0.995 7 0.034 0.989 6 0.034 0.978 3
5 0.016 1.000 9 0.017 1.001 8 0.017 0.999 3
6 0.008 0.999 10 0.008 0.996 9 0.009 1.007 3

Table 2: Comparison on interface example with β = 10.

From Tables 2 and 3, we see a similar behavior in the performance of the
UPCG and standard PCG algorithms as in the previous example.

The impact of using the projection type of trial space, presented in Section
4.2, will be tested in the near future. For the case of the interface problem
(5.1) and no preconditioning, we can point out numerical results showing
super-convergence in [6]. As mentioned in Remark 4.3, by using (uniform)
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error = ‖A∇u−A∇uh‖
h = 2−k

k

PCG UPCG UPCG cascadic
error rate it error rate it error rate it

1 2.427 0.000 1 2.439 0.000 2 2.439 0.000 2
2 1.265 0.940 4 1.271 0.940 5 1.271 0.940 4
3 0.639 0.985 6 0.642 0.985 7 0.642 0.985 5
4 0.320 0.994 7 0.322 0.996 9 0.322 0.996 6
5 0.160 1.000 9 0.161 0.999 11 0.161 0.999 5
6 0.080 0.999 10 0.081 0.999 12 0.081 0.999 6

Table 3: Comparison on interface example with β = 100.

preconditioning we expect the same order of super-convergence for ‖p−ph‖.
Similar observations can be made for saddle point least squares discretization
of div− curl systems, as presented in [9], and the Maxwell equations in [7].

6. Conclusion and future work

We presented a general preconditioning approach to mixed variational
formulations of the form (1.1) that relies on the classical theory of symmet-
ric saddle point problems and on the theory of preconditioning symmetric
positive definite operators. First, a discrete saddle point variational formu-
lation (1.3), that approximates the solution of the original mixed problem in
a least squares sense, is considered. In this formulation, the inner product
a(·, ·) is replaced by an equivalent bilinear form that give rise to efficient
elliptic inversion or preconditioning.

In addition, an Uzawa preconditioned conjugate gradient algorithm for
solving the new symmetric saddle point system was proposed that requires
bases only for the space Vh and avoids costly inversion processes. Due to the
saddle point interpretation of the preconditioned system, we were able to
prove sharp approximability properties for the discretization and iteration
errors and were able to provide practical estimates for the rate of conver-
gence of the final preconditioned conjugate algorithm. Using a common test
space, two choices of compatible discrete spaces were given. The numerical
experiments demonstrate that the method is comparable in performance to
the standard PCG algorithm for the no projection type of trial space.

We plan to combine this approach with multilevel and adaptive tech-
niques. We are currently working on implementing 3D preconditioners for
elliptic problems with various types of boundary conditions. We plan to
extend this preconditioning technique to the case of non-conforming choices
of trial spaces and further investigate the efficiency of the proposed precon-
ditioned saddle point least squares discretization to first order systems of
PDEs, including div− curl and Maxwell Equations, as well as more general
second order elliptic problems. Non-conforming test spaces are also possible,
[4, 22, 21], but the theory and its advantages need to be further investigated.
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Math., 94(1):195–202, 2003.

[26] X. Zhang. Multilevel schwarz methods. Numerische Mathematik, 63(1):521–539, Dec
1992.

University of Delaware, Department of Mathematics, 501 Ewing Hall 19716
E-mail address: bacuta@udel.edu

University of Delaware, Department of Mathematics, 501 Ewing Hall 19716
E-mail address: jjacav@udel.edu


