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Summary. Let u and uV ∈ V be the solution and, respectively, the discrete
solution of the non-homogeneous Dirichlet problem �u = f on P, u|∂P = 0.
For any m ∈ N and any bounded polygonal domain P, we provide a con-
struction of a new sequence of finite dimensional subspaces Vn such that
‖u − uVn

‖H 1 ≤ C dim(Vn)
−m/2‖f ‖Hm−1 , where f ∈ Hm−1(P) is arbitrary

and C is a constant that depends only on P and not on n (we do not assume
u ∈ Hm+1(P)). The existence of such a sequence of subspaces was first
proved in a ground–breaking paper by Babuška [8]. Our method is different;
it is based on the homogeneity properties of Sobolev spaces with weights
and the well–posedness of non-homogeneous Dirichlet problem in suitable
Sobolev spaces with weights, for which we provide a new proof, and which
is a substitute of the usual “shift theorems” for boundary value problems in
domains with smooth boundary. Our results extended right away to domains
whose boundaries have conical points. We also indicate some of the changes
necessary to deal with domains with cusps. Our numerical computation are
in agreement with our theoretical results.

Mathematics Subject Classification (2000): 65N30, 35J05, 35D10

The authors were supported in part by the NSF grant DMS 02-09497. Victor Nistor
was also partially supported by NSF grant DMS 02-00808.
Correspondence to: V. Nistor

Used Distiller 5.0.x Job Options
This report was created automatically with help of the Adobe Acrobat Distiller addition "Distiller Secrets v1.0.5" from IMPRESSED GmbH.You can download this startup file for Distiller versions 4.0.5 and 5.0.x for free from http://www.impressed.de.GENERAL ----------------------------------------File Options:     Compatibility: PDF 1.2     Optimize For Fast Web View: Yes     Embed Thumbnails: Yes     Auto-Rotate Pages: No     Distill From Page: 1     Distill To Page: All Pages     Binding: Left     Resolution: [ 600 600 ] dpi     Paper Size: [ 595 842 ] PointCOMPRESSION ----------------------------------------Color Images:     Downsampling: Yes     Downsample Type: Bicubic Downsampling     Downsample Resolution: 150 dpi     Downsampling For Images Above: 225 dpi     Compression: Yes     Automatic Selection of Compression Type: Yes     JPEG Quality: Medium     Bits Per Pixel: As Original BitGrayscale Images:     Downsampling: Yes     Downsample Type: Bicubic Downsampling     Downsample Resolution: 150 dpi     Downsampling For Images Above: 225 dpi     Compression: Yes     Automatic Selection of Compression Type: Yes     JPEG Quality: Medium     Bits Per Pixel: As Original BitMonochrome Images:     Downsampling: Yes     Downsample Type: Bicubic Downsampling     Downsample Resolution: 600 dpi     Downsampling For Images Above: 900 dpi     Compression: Yes     Compression Type: CCITT     CCITT Group: 4     Anti-Alias To Gray: No     Compress Text and Line Art: YesFONTS ----------------------------------------     Embed All Fonts: Yes     Subset Embedded Fonts: No     When Embedding Fails: Warn and ContinueEmbedding:     Always Embed: [ ]     Never Embed: [ ]COLOR ----------------------------------------Color Management Policies:     Color Conversion Strategy: Convert All Colors to sRGB     Intent: DefaultWorking Spaces:     Grayscale ICC Profile:      RGB ICC Profile: sRGB IEC61966-2.1     CMYK ICC Profile: U.S. Web Coated (SWOP) v2Device-Dependent Data:     Preserve Overprint Settings: Yes     Preserve Under Color Removal and Black Generation: Yes     Transfer Functions: Apply     Preserve Halftone Information: YesADVANCED ----------------------------------------Options:     Use Prologue.ps and Epilogue.ps: No     Allow PostScript File To Override Job Options: Yes     Preserve Level 2 copypage Semantics: Yes     Save Portable Job Ticket Inside PDF File: No     Illustrator Overprint Mode: Yes     Convert Gradients To Smooth Shades: No     ASCII Format: NoDocument Structuring Conventions (DSC):     Process DSC Comments: NoOTHERS ----------------------------------------     Distiller Core Version: 5000     Use ZIP Compression: Yes     Deactivate Optimization: No     Image Memory: 524288 Byte     Anti-Alias Color Images: No     Anti-Alias Grayscale Images: No     Convert Images (< 257 Colors) To Indexed Color Space: Yes     sRGB ICC Profile: sRGB IEC61966-2.1END OF REPORT ----------------------------------------IMPRESSED GmbHBahrenfelder Chaussee 4922761 Hamburg, GermanyTel. +49 40 897189-0Fax +49 40 897189-71Email: info@impressed.deWeb: www.impressed.de

Adobe Acrobat Distiller 5.0.x Job Option File
<<     /ColorSettingsFile ()     /AntiAliasMonoImages false     /CannotEmbedFontPolicy /Warning     /ParseDSCComments false     /DoThumbnails true     /CompressPages true     /CalRGBProfile (sRGB IEC61966-2.1)     /MaxSubsetPct 100     /EncodeColorImages true     /GrayImageFilter /DCTEncode     /Optimize true     /ParseDSCCommentsForDocInfo false     /EmitDSCWarnings false     /CalGrayProfile ()     /NeverEmbed [ ]     /GrayImageDownsampleThreshold 1.5     /UsePrologue false     /GrayImageDict << /QFactor 0.9 /Blend 1 /HSamples [ 2 1 1 2 ] /VSamples [ 2 1 1 2 ] >>     /AutoFilterColorImages true     /sRGBProfile (sRGB IEC61966-2.1)     /ColorImageDepth -1     /PreserveOverprintSettings true     /AutoRotatePages /None     /UCRandBGInfo /Preserve     /EmbedAllFonts true     /CompatibilityLevel 1.2     /StartPage 1     /AntiAliasColorImages false     /CreateJobTicket false     /ConvertImagesToIndexed true     /ColorImageDownsampleType /Bicubic     /ColorImageDownsampleThreshold 1.5     /MonoImageDownsampleType /Bicubic     /DetectBlends false     /GrayImageDownsampleType /Bicubic     /PreserveEPSInfo false     /GrayACSImageDict << /VSamples [ 2 1 1 2 ] /QFactor 0.76 /Blend 1 /HSamples [ 2 1 1 2 ] /ColorTransform 1 >>     /ColorACSImageDict << /VSamples [ 2 1 1 2 ] /QFactor 0.76 /Blend 1 /HSamples [ 2 1 1 2 ] /ColorTransform 1 >>     /PreserveCopyPage true     /EncodeMonoImages true     /ColorConversionStrategy /sRGB     /PreserveOPIComments false     /AntiAliasGrayImages false     /GrayImageDepth -1     /ColorImageResolution 150     /EndPage -1     /AutoPositionEPSFiles false     /MonoImageDepth -1     /TransferFunctionInfo /Apply     /EncodeGrayImages true     /DownsampleGrayImages true     /DownsampleMonoImages true     /DownsampleColorImages true     /MonoImageDownsampleThreshold 1.5     /MonoImageDict << /K -1 >>     /Binding /Left     /CalCMYKProfile (U.S. Web Coated (SWOP) v2)     /MonoImageResolution 600     /AutoFilterGrayImages true     /AlwaysEmbed [ ]     /ImageMemory 524288     /SubsetFonts false     /DefaultRenderingIntent /Default     /OPM 1     /MonoImageFilter /CCITTFaxEncode     /GrayImageResolution 150     /ColorImageFilter /DCTEncode     /PreserveHalftoneInfo true     /ColorImageDict << /QFactor 0.9 /Blend 1 /HSamples [ 2 1 1 2 ] /VSamples [ 2 1 1 2 ] >>     /ASCII85EncodePages false     /LockDistillerParams false>> setdistillerparams<<     /PageSize [ 576.0 792.0 ]     /HWResolution [ 600 600 ]>> setpagedevice
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Introduction

Let P be a bounded polygonal domain in the plane and m ∈ N = {1, 2, . . . }.
Denote by Hm(P) the mth order Sobolev space on P, with norm ‖u‖Hm . We
shall consider the non-homogeneous Dirichlet problem

�u = f u|∂P = 0,(1)

and the convergence properties of the finite element discretizations associ-
ated with it. The regularity of the solution of this problem and applications
towards efficient algorithms for solving it have received a lot of attention [8,
18,21,24,36,38,41,47].

Let u and uV ∈ V be the (weak) solution and the finite element (discrete)
solution of the equation (1), respectively. In [8,38], it was shown that it is
possible to obtain an optimal order of convergence for a suitable choice of a
sequence of spaces V .

One of the main results of our paper is to provide, for any fixed m ∈ N and
any polygonal domain P, a construction of a simple, explicit new sequence
of finite dimensional subspaces Vn such that

‖u − uVn
‖H 1 ≤ C dim(Vn)

−m/2‖f ‖Hm−1,(2)

where f ∈ Hm−1(P) is arbitrary and C is a constant that depends only on
P and not on n (we do not assume u ∈ Hm+1(P)). That is, we recover
the asymptotic order of convergence that is expected when the solution is
smooth. Similar results were obtained before in [8,9,38]. See also [4,6,7,14,
18,28,30] for surveys and related results. Our construction of the sequence
of spaces Vn is new and based on different principles than the ones used in
the aforementioned works.

Our proof that the asymptotic order of convergence is as stated is based
on a generalisation of the Bramble–Hilbert Lemma to Sobolev spaces with
weights on P and on the dilation invariance of these spaces. We provide a
new proof of the fact that the Dirichlet’s problem with zero boundary condi-
tions (i.e., the non-homogeneous Dirichlet problem) is well posed in suitable
Sobolev spaces with weights [26]. We hope that a similar construction in
3D will lead to meshes that are easy to construct explicitly and provide the
optimal rates of convergence [31]. Moreover, we briefly indicate some of the
changes that allow us to extend our method to domains with cusps. This will
be treated in detail in a forthcoming publication.

Let H 1
0 (P) be the subspace of distributions in H 1(P) with vanishing trace

on P. The inner product of f1, f2 ∈ H 0(P) = L2(P) will be denoted by
〈f1, f2〉. It will be convenient to write the non-homogeneous Dirichlet prob-
lem in the form

a(u, v) := 〈∇u, ∇v〉 = 〈f, v〉, ∀v ∈ H 1
0 (P).(3)
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Let V ⊂ H 1
0 (P) be a subspace, we shall denote by uV the solution to the

problem

a(uV , v) = 〈f, v〉, ∀v ∈ V.(4)

It is a basic problem to construct finite dimensional subspaces V ⊂ H 1
0 (P)

such that the error ‖u − uV ‖H 1 is small. We also want to achieve this in an
“economic” way, that is, with dim(V ) not too large.

To better explain our results, let us recall the following basic result in
approximation theory [4,15,19,20]. Let T = (Tj ) be a triangulation of P

with triangles. Let V = V (T , m + 1) be the finite element space associated
to the degree m Lagrange triangle [15]. More precisely, V = V (T , m + 1)

consists of of those continuous functions on P that restrict to polynomials of
order ≤ m on each triangle Tj ∈ T . For any function u ∈ C(P), we shall
denote by uI ∈ V = V (T , m + 1) the interpolating function associated to
u, the nodes being obtained by taking points with baricentric coordinates in
m−1

Z. Thus, for any continuous function u on P, uI is uniquely determined
by the conditions that uI (x) = u(x) for any node x and uI ∈ V (T , m + 1).
Then, if we consider on H 1(P) the norm | · |1 defined by the form a(·, ·)
(the energy norm), we have the standard inequality

|u − uV |1 ≤ |u − uI |1.(5)

The equivalence of the ‖ · ‖H 1 and | · |1 yields the following well known
result [4,15,19,20]:

Theorem 0.1 Let V = V (T , m + 1). Assume that all triangles Tj of the
triangulation T = (Tj ) of P have angles ≥ α and edges of length ≤ h and
≥ ah. Then there exists an constant C1 = C1(α, m) such that

c−1‖u − uV ‖H 1 ≤ ‖u − uI‖H 1 ≤ C1h
m‖u‖Hm+1(6)

for any u ∈ Hm+1(P). Similarly, there exists an absolute constant C2 =
C2(α, a, m) such that

c−1‖u − uV ‖H 1 ≤ ‖u − uI‖H 1 ≤ C2 dim(V )−m/2‖u‖Hm+1(7)

The constants c, C1, and C2 in the above theorem do not depend on the
triangulation T or on the function u.

One can argue, based on the theory of n-widths and Weyl’s lemma on the
asymptotic of eigenvalues of the Laplace operator with Dirichlet boundary
conditions [44], that the estimates obtained by combining Theorem 0.1 and
Equation (5) are optimal as far as the asymptotic order of convergence m, if
u ∈ Hm+1(P). However, it is not true, in general, that u ∈ Hm+1(P), even
if f = �u ∈ C∞(P), because the boundary of P is not smooth [21,25,43].
On the other hand, Weyl’s theorem mentioned above does not prevent similar
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asymptotic rates of convergence for polygons. However, it is known [9] that
the only hope to achieve similar rates of convergence is to choose carefully
the triangulation T . It is the purpose of this paper to provide conditions on
the triangulation T under which such higher asymptotic rates of convergence
are obtained.

More precisely, we shall construct for any P a class C(m, h, ε, κ, α, b) of
partitions T of P, depending on m ∈ N and some parameters h, κ, α, ε, b,
such that the following theorem holds.

Theorem 0.2 Let P be a bounded polygon in the plane with vertices at dis-
tance ≥ l. Then there exists a constant B = B(κ, α, l, ε, b) such that for any
partition T in C(m, h, ε, κ, α, b), the solutions u and uV of the Equations (3)
and (4) satisfy

‖u − uV ‖H 1 ≤ B dim(V )−m/2‖f ‖Hm−1, ∀ f ∈ Hm−1(P),

where V = V (T , m + 1).

The precise meaning of the constants h, κ, α, ε, and b is explained in
Section 4. Suffices to say now that m is the degree of the polynomials used
in the approximation, h is the largest admissible length of the sides of the tri-
angles in the partition, κ controls the decay of the triangles as they approach
a vertex, α is the minimum admissible angle of a triangle in the partition,
0 < ε < π/α1, where α1 is the largest angle of the polygon, and b controls
the ratio of the sizes of close triangles. The constants h, κ, α, ε, and b must
satisfy certain conditions for the class C(m, h, κ, α, ε, b) to be non-empty.
The following result is therefore relevant.

Theorem 0.3 For any polygon P there exist 0 < ε ≤ 1, α > 0, 1 > b > 0
and a sequence hn → 0 such that, if κ = 2−m/ε , the class C(m, hn, κ, α, ε, b)

is not empty.

The constants α and b can, in principle, be written explicitly in terms of
ε and the geometry of P. We should point out at this time that our results
could be supplemented by a study of best choices of the parameters κ, α, ε, b

appearing in the definition of the partitions in C(m, hn, κ, α, ε, b). This is
because it is important to choose α and κ large and b < 1 close to 1 in order
to decrease the constant B = B(κ, α, l, ε, b). Too small or too large values
for ε will increase the error. For this reason, we keep close track of the pre-
cise dependence of B on its arguments. Also, it is not clear when the class
C(m, κ, α, ε, b) is not empty.

The proofs use some estimates on the Dirichlet problem in Sobolev spaces
with weights [17,25,35]. These estimates follow from the results in [35], see
Section 2. The same estimates can be used for domains with cusps. An exam-
ple of such a domain is obtained by changing the metric on the polygon to
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one of the form (dr)2 + r2+2γ (dθ)2, γ > 0, in the neighborhood of each
vertex (using polar coordinates at that vertex).

Throughout this paper, “x := y” will mean that “x” is defined to be equal
to “y,” as customary.

1 Sobolev spaces with weights

We now recall the definition of Sobolev spaces with weights [17,22,25] and
establish some properties of these spaces needed for our results. Some simi-
lar estimates were obtained in [39]. See also [9,33] for additional results on
Sobolev spaces with weights.

1.1 Notation

We shall use the standard notation and denote by ∂α := ∂
α1
1 ∂

α2
2 , a constant

coefficient differential monomial on R
2, for any multi-index α = (α1, α2) ∈

Z
2
+. Also, |α| := α1 + α2. By L2(	), we shall denote the space of square

integrable functions on a subset set 	 ⊂ R
2 with respect to the usual Lebes-

gue measure, with norm ‖u‖2
L2 := ∫

	
|u(x)|2dx. Also, by L2

loc(	) we shall
denote the space of functions on 	 whose restriction to any compact subset
K of 	 is in L2(K).

First, let us recall [43] that the mth Sobolev space Hm(	), 	 ⊂ R
2 open,

is defined by

Hm(	) := {u ∈ L2(	), ∂αu ∈ L2(	), ∀|α| ≤ m},
and is endowed with the norm

‖u‖2
Hm :=

∑

|α|≤m

‖∂αu‖2
L2 .

(Compare with the definition of the norm on Sobolev spaces with weights
below.) We agree that ‖u‖Hm = ∞ if u �∈ Hm(	). Also, by Hm

sl (	) we shall
denote the space of functions on 	 that restricted to V belong to Hm(V ) for
any open subset V ⊂ 	 such that V is compact and it does not contain the
vertices of 	.

1.2 Weighted Sobolev spaces

A crucial role in our proof is played by a certain modification of the usual
definition above of Sobolev spaces. For the simplicity of the presentation,
we shall assume from now on that P is a triangle all of whose angles are
acute. The general case can be treated in a similar way by first dividing the
obtuse angles in acute angles, but the notation is more complicated. To make
a choice, we shall decide that P is an open set.
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We now introduce some notation that will remain fixed throughout the
paper. Let l be the length of the shortest edge of P. We denote by Q1, Q2,

and Q3 the vertices of P. Let Pδ be the union of the three isosceles triangles
that have equal sides of length = δ with the angle between them common
with P. The complement P � Pδ is a hexagon precisely when δ < l/2. (In
fact, we shall only need this construction when δ ≤ l/4.)

Fix in what follows a smooth function ρ : P → [0, ∞) such that ρ(x) =
the distance from x to the closest vertex of P, for x ∈ Pl/4, and l/4 ≤ ρ(x) ≤
l, for x ∈ P � Pl/4. We are ready now to recall the following definition (see
for example [17,25]).

Definition 1.1 Let m ∈ Z+ and a ∈ R. The mth Sobolev space with weight
ρa on 	 ⊂ P, 	 open, is the space Km

a (	) defined by

Km
a (	) := {u ∈ L2

loc(	), ρ|α|−a−1∂αu ∈ L2(	), ∀|α| ≤ m}, α ∈ Z
2
+.

The norm on Km
a is

‖u‖2
Km

a
:=

∑

|α|≤m

‖ρ|α|−a−1∂αu‖2
L2 .

Standard arguments show that Km
a (P) is complete (and hence a Hilbert space).

Our notation is slightly different from the one in above mentioned papers,
where the value of the weight parameter a is shifted. More precisely, Km

a =
V m

2,m−a−1, where

V m
2,b := {u ∈ L2

loc(	), ρ|α|+b−m∂αu ∈ L2(	), ∀|α| ≤ m}
is the standard notation for these weighted Sobolev spaces. Our notation is
more convenient for studying the homogeneity properties of these Sobolev
spaces.

1.3 Some lemmas

We now record some properties of the spaces Km
a (P) that will be needed

in what follows. All the following properties follow from straightforward
calculations and are, for the most part, well known.

Since most of the functions spaces used below are defined on P, we
shall often omit P from the notation. We shall thus write Km

a := Km
a (P),

L2 = L2(P), and so on. We shall denote ρaW = {ρaf, f ∈ W }, for any
space of functions W . Below, an isomorphism of Banach spaces means a
continuous bijection.

Lemma 1.2 The function ρ|β|−a∂βρa is bounded on P.
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This gives:

Lemma 1.3 We have K0
−1 = L2 and ρaKm

b = Km
a+b. Moreover, multiplica-

tion by ρa gives rise to an isomorphism Km
b → Km

a+b.

Proof The first part is a direct consequence of the definition of Km
a . Let us

prove the second part. Let u = ρaf with f ∈ Km
b . Then

ρ|α|−b−1∂αf ∈ L2, ∀ |α| ≤ m.

Next, due to the previous lemma, we have that

∣
∣ρ|α|−b−1∂αu

∣
∣ = ∣

∣ρ|α|−b−1∂α(ρaf )
∣
∣ = ρ|α|−b−1

∣
∣
∣
∣
∣
∣

∑

0≤α≤β

∂βρa∂α−βf

∣
∣
∣
∣
∣
∣

≤
∑

0≤α≤β

ρ|α−β|−b−1|∂α−βf |,

with ρ|α−β|−b−1|∂α−βf ∈ L2. Thus we have that ρaKm
b is continuously

embedded in Km
a+b. Since the embedding holds for any real number a, we

can conclude the opposite embedding as follows:

Km
a+b = ρaρ−aKm

a+b ⊂ ρaKm
b .

�
From the definitions of the spaces Hm and Km

a we have the following two
lemmas:

Lemma 1.4 Let m ≥ m′ and a ≥ a′. We have:
(a) ‖u‖Km′

a′
≤ la−a′‖u‖Km

a
.

(b) ‖u‖Km′
a′

≤ δa−a′‖u‖Km
a

, if u ∈ Km
a (Pδ), 0 < δ ≤ l/4.

(c) Km
a ⊂ Km′

a′ .

The proof of the above lemma is a direct verification.

Lemma 1.5 We have ‖u‖Hm ≤ M‖u‖Km
m−1

and ‖u‖Km
−1

≤ M‖u‖Hm , where
M = max{1, lm}.

From this we obtain.

Corollary 1.6

Km
m+a−1 ⊂ ρaHm ⊂ Km

a−1.

Proof From Lemma 1.5 we have that

Km
m−1 ⊂ Hm ⊂ Km

−1.

Then, we apply Lemma 1.3 �
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The following lemma asserts that the Hm and Km
a –norms are equivalent on

Hm(	), for any region 	 on which ρ is bounded from below. More precisely,
we have.

Lemma 1.7 Let 0 < δ < l/4 and let 	 ⊂ P be an open subset such that
ρ ≥ δ on 	. Then ‖u‖Hm ≤ M1‖u‖Km

a
and ‖u‖Km

a
≤ M2‖u‖Hm , for any

u ∈ Hm(	), where M1 := max{la+1, l−m+a+1, δa+1, δ−m+a+1} and, simi-
larly, M2 := max{l−a−1, l−m+a+1, δ−a−1, δm−a−1}.

The following lemma compares the weighted Sobolev spaces to the usual
Sobolev spaces close to the vertices.

Lemma 1.8 Let 0 < δ < min{l/4, 1} and 	 ⊂ Pδ be an open subset.
Then ‖u‖Hm ≤ δa−m+1‖u‖Km

a
, if a ≥ m − 1, and ‖u‖Km

a
≤ δ−a−1‖u‖Hm , if

a ≤ −1.

The proofs of the above two lemmas are based only on the definitions of
the norms involved.

One of the main reasons for using the weighted Sobolev spaces is the
homogeneity of their norms. We first need to introduce dilations for certain
functions defined on Pδ. Assume for a moment that Q1 = O := (0, 0), the
origin of the coordinate system. Let λ > 0 and let 	 ⊂ Pl/4 ∩ Pλl/4 be
completely contained in the triangle closest to Q1. Also, let v be a function
defined on 	. Then we define vλ(x) := v(λx) for any x ∈ λ−1	. (The con-
ditions on 	 are formulated so that this definition makes sense.) In general, if
	 ⊂ Pl/4 ∩Pλl/4, but is not necessarily contained in a single connected com-
ponent of Pl/4 ∩ Pλl/4, we define vλ(x) by translating each Qj , j = 1, 2, 3
to the origin first.

Lemma 1.9 Let λ > 0 and let 	 ⊂ Pl/4 ∩ Pλl/4 be an open subset. Then
‖uλ‖Km

a
= λa‖u‖Km

a
for any u ∈ Km

a (	).

Proof The proof is based on the change of variable y = λx and the fact that
ρ = r on our particular domain. Note that r(x) = λ−1r(y). Thus, we have

‖vλ‖2
Km

a
=

∑

|α|≤m

‖ρ|α|−a−1∂αvλ‖2
L2 =

∑

|α|≤m

∫

1
λ
	

r2|α|−2a−2|∂α[v(λx)]|2 dx

=
∑

|α|≤m

∫

1
λ
	

r(x)2|α|−2a−2λ2|α||∂α(v)(λx)|2 dx

=
∑

|α|≤m

∫

	

r(y/λ)2|α|−2a−2λ2|α|−2|∂α(v)(y)|2 dy

= λ2a
∑

|α|≤m

∫

	

r(y)2|α|−2a−2|∂α(v)(y)|2 dy
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= λ2a
∑

|α|≤m

‖ρ|α|−a−1∂αv‖2
L2

= λ2a‖v‖2
Km

a
.

�
The above lemma also explains why we are choosing a different normal-

isation for the weight factor ρa . (See the comment after our definition of
weighted Sobolev spaces.)

We shall need a well known alternative definition of the Sobolev spaces
with weights. Assume again, for a moment, that Q1 = O := (0, 0), the
origin of the coordinate system. Let 	 ⊂ Pl/4 be completely contained in
the triangle closest to Q1. Then the vector fields ∂r and ∂θ are defined using
polar coordinates on 	. For general 	 ⊂ Pl/4, we define these vector fields
by translations (or, which is the same thing, by considering polar coordinates
centered at either of the vertices Qj ). Then ρ = r , ∂rρ = 1 and ∂θρ = 0 on
Pl/4, by definition.

Lemma 1.10 We have

Km
a (P) = {u ∈ Hm

sl (P), r−a−1(r∂r)
i∂

j

θ u ∈ L2(Pl/4), ∀i + j ≤ m}.
Let us observe here that the “right” Sobolev spaces needed to treat the

case of domains with cusps is similar to the one in the above lemma, but
replacing r1+γ ∂r in place of r∂r .

We conclude our list of lemmas on the weighted Sobolev spaces with the
following result, which is also well known [37].

Lemma 1.11 Let P be a constant coefficient differential operator of order
k on R

d . Then P defines a continuous map P : Km
a (P) → Km−k

a−k (P), m ≥ k.

2 Estimates for Dirichlet’s problem

We shall need the following estimates on the solutions of non-homogeneous
Dirichlet problem. First, let us notice that Km

a (P) ⊂ Hm
sl (P). (Recall that by

Hm
sl (	) we denote the space of functions on 	 that restrict to an element of

Hm(V ) for any open subset V ⊂ 	 such that V is compact and it does not
contain the vertices of P.) Thus, if m ≥ 1, the trace

u|∂P ∈ H
m−1/2
sl (∂P), u ∈ Km

a(8)

is defined. One can give a more precise description of the range of this trace,
or restriction, map as follows [1,13,35]. Let

Km
a (∂	) := {u ∈ L2

loc(∂	), ρ|α|−a−1/2∂αu ∈ L2(∂	),

∀|α| ≤ m}, α ∈ Z
2
+.

We define Ks
a(∂	), s ∈ R+, by interpolation.
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Theorem 2.1 Let P be a polygon in the plane. Then the map

� : Km+2
0 (P) → Km

−2(P) ⊕ Km+3/2
0 (∂P), m ≥ 0,(9)

is an isomorphism.

The above theorem, except maybe the determination of the space Km+3/2
0

(∂P) is from [26] (Theorem 6.6.1). This reference was pointed out to us by
a referee, and we thank him for that. See also [13,27,32,37]. In particular,

� : Km+2
0 (P) ∩ {u ∈ H 1

sl(P), u|∂P = 0} → Km
−2(P), m ≥ 0,(10)

is an isomorphism as well.
We shall write Km+2

0 (P)∩{u|∂P = 0} := Km+2
0 (P)∩{u ∈ H 1

sl(P), u|∂P =
0} in what follows, for simplicity.

Proof We can reduce to the case when u|∂P = 0 as in [13]. Let �C be the
Laplace operator associated to the metric gC := ρ−2gE , where gE is the
Euclidean metric on R

2. Then the main result of [35] asserts that �C defines
an isomorphism

�C : Km+2
0 (P) ∩ {u|∂P = 0} → Km

0 (P).

The result then follows from � = ρ−2�C and Lemma 1.3. �

This gives right away the following corollary.

Corollary 2.2 For any polygon P, there exists a constant η > 0, depending
on P, such that

� : Km+2
ε (P) ∩ {u|∂P = 0} → Km

ε−2(P), m ≥ 0,(11)

is an isomorphism for any |ε| < η.

Proof Fix ε and denote by �ε the operator defined by � but with domain
Km+2

ε (P) ∩ {u|∂P = 0}. Then �ε is an isomorphism if, and only if,

Pε := ρ−ε�ρε : Km+2
0 (P) ∩ {u|∂P = 0} → Km

−2(12)

is an isomorphism. The result then follows from the fact that Pε is invertible
for ε = 0 and depends continuously in norm on ε. �
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2.1 Additional comments

It is possible to show that η = π/α1, where α1 is the largest angle of P

[26,37]. We include here a short argument for the interested reader. The ei-
genvalues of ∂θ on L2([0, α]) with Dirichlet boundary value conditions are
−(kπ/α)2. The indicial family of Pε := ρ−ε�ρε is (ıτ + ε)2 + ∂2

θ acting
on H 2([0, α]) with Dirichlet boundary conditions. By the results of [25],
the operator Pε := ρ−ε�ρε , with domain and range as in Equation (12) is
Fredholm if, and only if, its indicial family is invertible for all τ ∈ R. This
is seen to be the case, unless ε = ±kπ/α, with k ∈ N = {1, 2, . . . }. Thus,
for |ε| < π/α1, where α1 is the largest value of the angles of our polygon P

(this discussion is valid for arbitrary polygons), the operator ρ−ε�ρε (with
Dirichlet boundary conditions) is Fredholm of index zero. Since the kernels
of the operators ρ−ε�ρε are decreasing as ε is decreasing, we obtain that
they are invertible for 0 ≥ ε > −π/α1. By taking adjoints, we obtain the
same for 0 ≤ ε < π/α1.

For values of ε outside the range studied above, the operator Pε will no
longer be invertible. In fact, it will have a non-zero index that can be com-
puted using the results of [29]. Their theorem is very closely related to the
Atiyah-Bott index theorem [3]. See also [23,34,42]

Let us also mention here that in the case of cusps there is no restriction
on ε: we obtain an isomorphism for any ε > 0.

3 An approximation result

As we have explained in the introduction, we are looking for extensions of
the well known Theorem 0.1.

Let M(l, δ, α) := C(α)M1M2, where C(α) is as in Theorem 0.1 and M1

and M2 are as in Lemma 1.7. Also, recall that uI is the interpolant associated
to the degree m linear triangle (in the terminology of [15]), whose defini-
tion was also recalled in the Introduction in the paragraph right before the
statement of Theorem 0.1.

Theorem 3.1 Fix α > 0 and 0 < δ < l/4. Let P be a triangle with the
shortest edge = l and 	 ⊂ P be a polygonal domain such that ρ ≥ δ on 	.
Let T = (Tj ) be a triangulation of 	 with triangles with angles ≥ α and
sides ≤ h. Then

‖u − uI‖K1
0
≤ M(l, δ, α)hm‖u‖Km+1

ε
(13)

for any u ∈ Km+1
ε (	). (All norms above refer to functions defined on 	.)

Proof This follows from Theorem 0.1 and the equivalence of the Hm and
Km

a –norms on 	 (Lemma 1.7). �
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We now extend Theorem 3.1 to trapezoids of the form Pδ � Pκδ. Let
C1(κ) = M(l, κl/8, α)(l/4)m.

Theorem 3.2 Let κ, α > 0, and 0 < δ < l/4. Let T = (Tj ) be a trian-
gulation of 	 := Pδ � Pκδ with triangles with angles ≥ α and edges ≤ h.
Then

‖(u − uI )|	‖K1
0
≤ C1(κ)δε(h/δ)m‖u‖Km+1

ε
(14)

for any u ∈ Km+1
ε (	).

Proof We use Lemma 1.9 with λ = 4δ/ l to conclude that ‖u − uI‖Km
0

=
‖uλ−uIλ‖Km

0
. Then we notice that uIλ = uλI (that is, dilation commutes with

interpolation. Therefore, we can apply Theorem 3.1 to the region λ−1	 =
Pl/4 � Pκl/4, the triangulation λ−1T , and the function uλ to obtain that

‖uλ − uλI‖K1
0
≤ M(l, κl/8, α)

(
hl

4δ

)m

‖uλ‖Km+1
0

This then gives

‖u − uI‖K1
0
= ‖uλ − uλI‖K1

0
≤ C1(κ)(h/δ)m‖uλ‖Km+1

0

≤ C1(κ)δε(h/δ)m‖uλ‖Km+1
ε

,

where the last inequality is provided by Lemma 1.4b. �

4 The main results

We now introduce the class of triangulations for which we will prove our
main results, namely the class C(m, h, ε, κ, α, b). Then we prove our main
approximations results, including the Theorems 0.2 and 0.3 announced in the
introduction.

4.1 The class C(m, h, ε, κ, α, b)

The following definition is formulated for the case P an acute angle triangle,
for simplicity. The general case of a polygon possibly with reentrant corners
is completely similar and is discussed in Section 5.

We continue to denote by l the shortest edge of the triangle P. Also, recall
the constant M(l, δ, α) introduced in Theorem 3.1.
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Definition 4.1 Fix m ∈ N = {1, 2 . . . } and let ε ∈ (0, 1], h > 0, κ, b ∈
(0, 1), and α ∈ (0, π/2) be parameters. We define C(m, h, ε, κ, α, b) to be
the set of triangulations T defined as follows. Choose n such that

κnε ≤ M(l, κl/8, α)hm.

We decompose P as the union of 	0 := P � Pl/4, 	1 := Pl/4 � Pκl/4, ... ,
	n := Pκn−1l/4 � Pκnl/4, and 	̃n+1 := Pκnl/4. For each j = 0, . . . , n, we
triangulate 	j with triangles with all angles ≥ α, and edges of length at
most

hn,j = hκ(1−ε/m)j(15)

and at least bhn,j . Then T is the union of the triangles appearing in the
triangulations of 	j , j ≤ n, and of the three triangles forming 	̃n+1.

We begin with the following “hm”–approximation result for the triangu-
lations in C(m, h, ε, κ, α, b).

Theorem 4.2 There exists a constant B0 = B0(l, κ, α) such that

‖u − uI‖K1
0
≤ B0(2h)m‖u‖Km+1

ε
,(16)

for any triangulation T ∈ C(m, h, ε, κ, α, b) and any u ∈ Km+1
ε ∩{u|P = 0}.

Proof It is enough to establish the corresponding estimate for‖(u−uI )|	j
‖K1

0
,

for j = 0, 1, . . . , n + 1 and B0 = max{1, l}M(l, κl/8, α).
For j = 0, we use Theorem 3.1 for 	 = 	0. For j = 1, 2, . . . , n, we use

Theorem 3.2 for 	 = 	j . Then we notice that uI = 0 on 	̃n+1 and hence

‖(u − uI )|	̃n+1
‖K1

0
= ‖u|	̃n+1

‖K1
0
≤ δε‖u|	̃n+1

‖Km+1
ε

,(17)

by Lemma 1.4(c), with δ = κnl/4. The result then follows by adding the
squares of all these estimates, using also Equation (15). �

From this we obtain the following estimate on the error ‖u − uV ‖H 1 for
the discrete solution uV . (Recall that u and uV were defined in Equations (3)
and (4) in the Introduction). From now on we shall assume that 0 < ε ≤ 1 is
chosen such that

� : Km+1
ε ∩ {u|P = 0} → Km−1

ε

be an isomorphism. This is possible due to Corollary 2.2.

Theorem 4.3 There exists a constant B ′
0 = B ′

0(l, κ, α) such that

‖u − uV ‖H 1 ≤ B ′
0(2h)m‖f ‖Hm−1 .(18)

for any T ∈ C(m, h, ε, κ, α, b) and any f ∈ Km−1
ε , where u ∈ Km+1

ε ∩{u|P =
0} is the unique solution of �u = f .
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Proof Let νε be the norm of �−1 : Km−1
ε → Km+1

ε ∩ {u|P = 0}. We have

‖u − uV ‖H 1 ≤ c‖u − uI‖H 1

≤ Mc‖u − uI‖K1
0

≤ McB0(2h)m‖u‖Km+1
ε

≤ νεMcB0(2h)m‖f ‖Km−1
ε−1

≤ νεM
2cB0(2h)m‖f ‖Hm−1 .

For the first inequality we first replace the norm ‖u‖H 1 with the equivalent
norm |u|H 1 = ‖∇u‖L2 (use Poincaré’s inequality) and use that uV is the pro-
jection of u onto V in the inner product defined by | · |H 1 . The second and
fifth inequalities are obtained using Lemma 1.5 (use also ε ≤ 1). The third
inequality is obtained from Theorem 4.2. The fourth inequality is obtained
from the invertibility of � on the corresponding spaces. �

The above theorems are satisfactory, except for one feature, namely that
they do not give a bound for the dimension of the finite element spaces
V := V (T , m + 1). This is remedied by the following result.

Theorem 4.4 There exists a constant B1 = B1(l, ε, κ, α, b) such that

‖u − uI‖K1
0
≤ B1 dim(V )−m/2‖u‖Km+1

ε
, V = V (T , m + 1),(19)

for any partition T ∈ C(m, h, ε, κ, α, b) and any u ∈ Km+1
ε .

Proof The area of each triangle in the triangulation of 	j is bounded from
below because it has all sides of length ≥ bhn,j and all angles ≥ α. The
dimension of V is then bounded from above by estimating the minimum area
of the triangles in the partition, which must be ≤ area(P). �

4.2 The two main theorems

We now prove the two main theorems stated in the introduction. We begin
with Theorem 0.2.

Proof The proof of Theorem 0.2 is similar to that of Theorem 4.3, but using
Theorem 4.4 instead of Theorem 4.2. �

It remains to prove Theorem 0.3. This is achieved through the following
example.

Proof Fix P and m ∈ N = {1, 2, . . . } arbitrary. Also, choose 0 < ε ≤ 1 such
that

� : Km+1
ε ∩ {u|P = 0} → Km−1

ε−2
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be an isomorphism. Then choose κ = 2−m/ε .
For any triangulation T = (Tj ) of a polygonal domain 	, we shall denote

by 2−kT the triangulation of 	 obtained by dividing each triangle Tj of
T = (Tj ) into 22k equal triangles, all similar to Tj . Also, if T = (Tj ) is a
triangulation of Pδ � Pκδ, then we shall denote by (T )λ the triangulation of
Pλδ � Pκλδ obtained by applying a suitable similarity of ratio λ to each of
the triangles of T (the center of each similarity is the closest vertex to the
triangle that is transformed).

We shall use the notation of Definition 4.1, that is, 	̃j+1 := Pκj l/4, j =
0, 1, . . . , and 	j := 	̃j � 	̃j+1. Let T0 be the triangulation of 	0 obtained
by joining the baricenter of 	0 to each of the six vertices of 	0. Next, we
write 	1 = U1 ∪ U2 ∪ U3, the union of its connected components. Then, we
triangulate each trapezoid Uj into three triangles by joining the midpoint of
its long basis to the two opposite vertices. Let T1 denote the resulting trian-
gulation of 	1. We shall denote by 	̃t

n+1 the triangulation of 	̃n+1 into its
three connected components.

Next, we define α to be the least of the angles appearing in T0 ∪T1 ∪	̃n+1.
Let h′ be the shortest edge of T0 ∪ T1 and h = κε/m−1h′. Let b0 < 1 be the
ratio of the shortest and the longest edges in T0. Define b1 similarly, as the
ratio of the shortest and the longest edges in T0. We complete our set of
choices by taking b = min{b0, b1}κε/m−1.

We define

T = 2−nT0 ∪ 2−n+1T1 ∪n
j=2 2−n+j (T1)κj−1 ∪ 	̃t

n+1.

Then T ∈ C := C(m, 2−nh, ε, 2−n/ε, α, b), and hence C is not empty. The
statement of the theorem is obtained by taking hn = 2−nh. �

We note that for domains with cusps, the geometric sequence κn is re-
placed by sequences of the form n−β , β > 0. The cusp case will be treated
in detail in a forthcoming paper.

5 Numerical tests

We now present a few numerical tests of our theoretical results. We consider
the model problem

{−�u = 1, x ∈ P

u = 0, x ∈ ∂P,
(20)

where the domain P is the quadrilateral shown (together with an initial finite
element mesh) on the left in Fig. 5.1. We have chosen m = 1, because the
implementation is then much simpler, while the result is still relevant, because
our domain has a reentrant corner, and hence the solution is not automatically
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Fig. 5.1. Initial mesh (left) and the mesh after one refinement for κ = 1
4 (right)

Fig. 5.2. The mesh after 4 levels of refinement for κ = 1
4

in H 2(P). In fact, the apriori estimates in the usual Sobolev spaces only give
u ∈ Hs(P), with s < 5/3,[11,12,17,18,21,22].

For our quadrilateral, we can take η = π/α1 = 2/3 (see the discussion
in the second half of Section 2). Hence the range of ε is 0 < ε < η = 2/3,
which gives 0 < κ := 2−m/ε < 2−3/2 = 1/

√
8 ≈ 0.35.

The coarsest mesh we have used has 32 elements, is shown at the right
of Fig. 5.1 and is just one refinement of the initial mesh shown at the left of
Fig. 5.1. This is the starting point for our refinement. The method of refine-
ment is the one explained in the proof of Theorem 0.3 and is shown in Fig. 5.1
for κ = 1/4 (the proof of Theorem 0.3 is given in Section 4). For κ = 1/2, we
obtain a quasi-uniform family of meshes. For other values of κ < 1/2, this is
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Table 5.1. Laplace equations results – estimated convergence rate

j δ: κ = 1
2 δ: κ = 2

5 δ: κ = 1
3 δ: k = 1

4 δ: k = 1
5

2 0.92 0.94 0.95 0.95 0.95
3 0.90 0.95 0.97 0.98 0.98
4 0.86 0.95 0.97 0.99 0.99
5 0.83 0.94 0.98 0.99 0.99
6 0.79 0.94 0.98 0.99 1.00
7 0.76 0.93 0.98 1.00 1.00
8 0.73 0.93 0.98 1.00 1.00

not, however, the case. The meshes are nevertheless topologically equivalent
for all values of κ .

The finest mesh used in our numerical experiments is obtained after 8
successive refinements of the coarsest mesh and has 221 ≈ 2 ×106 elements.
To solve the resulting system of algebraic equations, we have used a simple
algebraic multigrid method developed and implemented by the third author.

We have tested several values of the parameter κ , and the results are
summarized in Table 5.1. These results convincingly show that the correctly
graded refinement improves the convergence rate with “a factor of about
h0.27.”

In fact, the improvement may be even greater, as the theoretical prediction
for the convergence rate in the quasi-uniform case (κ = 1/2) is h2/3 and our
theoretical prediction for the convergence rate in the case κ = 1/4 is h1.
Thus our numerical results completely agree with the theory we have pre-
sented in this paper. (In fact, it is rather imprecise here to say that the order of
convergence is hα, for some α, since we are not dealing with quasi-uniform
family of meshes. The correct, but less intuitive statements are obtained by
replacing h with N−1/2, where N is the number of elements in the mesh.)

The left most column in Table 5.1 shows the refinement level number. If
we denote the finite element solution on a j -th grid with uj (j corresponds
to a grid with 32 × 4j elements), the quantity printed in the last five columns
in the table is δ, where

δ = log2

[ |uj − uj−1|1,	

|uj+1 − uj |1,	

]

.

The quantity δ is not an exact convergence rate, but turns out to be a quite
reasonable approximation to it. One can see from our numerical results, that,
for a correctly graded refinement, the difference between two consecutive
solutions is decreasing as N−1/2, where N is the number of triangles in the
mesh.
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ing us a copy of her thesis and for useful conversations. The authors were supported in
part by the NSF grant DMS 02-09497. Victor Nistor was also partially supported by NSF
grant DMS 02-00808.

References

1. Ammann, B., Lauter, R., Nistor, V.: Pseudodifferential operators on manifolds with a
Lie structure at infinity. Math.DG/0304044

2. Arnold, D.N., Boffi, D., Falk, R.S., Gastaldi, L.: Finite element approximation on
quadrilateral meshes. Communications in Numerical Methods in Engineering 17,
805–812 (2001)

3. Atiyah, M., Bott, R.: The index problem for manifolds with boundary. Differential
Analysis (papers presented at the Bombay Colloquium 1964). Oxford University
Press, 175–186
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