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Abstract. We consider the reaction diffusion problem and present effi-
cient ways to discretize and precondition in the singular perturbed case
when the reaction term dominates the equation. Using the concepts
of optimal test norm and saddle point reformulation, we provide effi-
cient discretization processes for uniform and non-uniform meshes. We
present a preconditioning strategy that works for a large range of the
perturbation parameter. Numerical examples to illustrate the efficiency
of the method are included for a problem on the unit square.

1. Introduction

We consider the singularly perturbed reaction diffusion problem

(1.1)

{
−ε∆u+ cu = f in Ω,

u = 0 on ∂Ω,

for non-negative constant ε and cmax ≥ c(x) ≥ cmin > 0 on Ω, a bounded
domain in Rd. We focus on the reaction dominated case, i.e., ε � 1. The
discretization of the equation arises in solving practical PDE models, such as
heat transfer problems in thin domains [2] as well as when using small step
sizes in implicit time discretizations of parabolic reaction diffusion type prob-
lems [29]. The solutions to these problems are characterized by exponential
boundary layers which pose numerical challenges due to the ε-dependence
of the error estimates and of the stability constants.

The standard variational formulation for (1.1) is: Find u ∈ H1
0 (Ω) such

that

(1.2) ε(∇u,∇v) + (cu, v) = (f, v) for all v ∈ H1
0 (Ω).

To discretize (1.2), we propose a mixed variational formulation that allows
for higher order of approximation and for efficient preconditioning. Towards
efficient preconditioning, we introduce a simplified version of the Bramble,
Pasciak, and Vasilevski (BVP) multilevel precondtioner [14], that works for
nested spaces corresponding to uniform refinement meshes.
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A standard discretization of (1.2) can be solved by using a PCG algorithm
on Vh ⊂ H1

0 (Ω) with the BVP or the simplified preconditioner we introduce.
The process is efficient for a certain range of ε ≥ ε0. To improve the rate of
convergence (in the energy norm) for the case ε < ε0, we proceed by using
two main tools. The first is a mixed formulation that is suitable to Saddle
Point Least Squares (SPLS) discretization [7, 8, 9, 11]. This allows for a
higher order approximation of the flux ∇u using the same discretization
spaces as in the standard discretization of (1.1). The second tool is based
on using refined meshes towards the boundary layer(s) of the problem. Even
though the refinement approach presented in this paper is focused on the
case in which Ω is the unit square in R2, as well as the use of Shiskin meshes,
the ideas of mixed reformulation and multilevel preconditioning extend to
more general cases of Ω ⊂ Rd.

Classical first-order system least squares methods for the reaction diffu-
sion problem can be found in [1, 18, 29]. However, our approach of saddle
point least squares reformulation is different. We reformulate the standard
variational formulation (1.2) as a mixed variational formulation first, and
then further reformulate it as a saddle point problem that allows precondi-
tioning and extra approximability of the flux by using standard finite element
spaces. The approach is related to the Lagrange multiplier approach that
leads to Stokes type systems. In our case, the Lagrange multiplier is the
variable of interest. This idea was used before in other particular problems,
see e.g., [10, 20, 23, 25].

Many aspects of the SPLS formulation are also common to the DPG
approach [13, 17, 21, 22, 24, 27]. The SPLS method as a general method for
solving mixed variational formulations is presented in [7, 8, 9, 11]. In this
paper, we also combine SPLS formulation with the concept of optimal test
norm [16, 19, 20, 21, 24, 25, 27] and a general preconditioning technique,
introduced in [7], in order to improve the stability and approximability of
the final discretization process.

The paper is organized as follows. In Section 2, we review the Bramble-
Pasciak-Vasilevski multilevel preconditioning technique and introduce a sim-
plified preconditioner for the reaction diffusion equation. In Section 3, we
introduce the notation and review the SPLS formulation, discretization, pre-
conditioning, and the concept of optimal test norms. Sections 4 and 5 detail
how to apply the general SPLS theory to the reaction diffusion problem.
Numerical results are included in Section 6.

2. Spectral representation of H1 norm and Multilevel
Preconditioning

2.1. Abstract formulation. Assume V is a Hilbert space with inner prod-
uct a(·, ·) and that we have nested spaces V0 ⊂ V1 ⊂ · · · ⊂ VJ = Vh ⊂ V . We
let (·, ·) be another inner product on V that induces a weaker (than a(·, ·))
norm on V , and denote by Qj : V → Vj the orthogonal projection with
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respect to the (·, ·) inner product for j = 0, 1, · · · , J . We will we further
assume that the following norm equivalence

(2.1)
J∑

k=0

λk‖(Qk −Qk−1)v‖2 ' a(v, v),

holds on the entire space Vh = VJ . Here, the λj ’s are positive constants,
Q−1 = 0, and QJ coincides with the identity on VJ . Furthermore, we assume
the equivalence constants associated with the symbol “ '” are independent
of h or J .

Let c(·, ·) be another symmetric bilinear form defined on V and define the
operators Ah : Vh → Vh and Ch : Vh → Vh by

(Ahu, v) = a(u, v), (Chu, v) = c(u, v) for all v ∈ Vh.
We assume that there are positive constants µ1, . . . , µJ such that

(2.2)
J∑

k=0

µk‖(Qk −Qk−1)v‖2 ' c(v, v),

with equivalent constants independent of h or J . The goal of this section
is to present a simple multilevel preconditioning technique for the following
problem: Find uh ∈ Vh such that

ã(uh, v) := εa(uh, v) + c(uh, v) = (f, v) for all v ∈ Vh,
or in operator form

(εAh + Ch)uh = fh := Qhf.

2.2. Bramble-Pasciak-Vassilevski multilevel preconditioner. Using
that

QkQj = QjQk = Qj , j ≤ k
(Qk −Qk−1)(Qj −Qj−1) = (Qj −Qj−1)δj,k,

the equivalences (2.1) and (2.2) can be written in the operator forms

Lh : =
J∑

j=0

λj(Qj −Qj−1) ' AJ = Ah,

Kh : =

J∑
j=0

µj(Qj −Qj−1) ' CJ = Ch,

respectively. Using the above (projection type) spectral representations and
the properties of the projections, we obtain that

εLh + Ch =
J∑

j=0

(ελj + µj)(Qj −Qj−1) ' εAh + Ch,

Ph : =

J∑
j=0

(ελj + µj)
−1(Qj −Qj−1) = (εLh + Ch)−1,
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are symmetric positive definite (discrete) operators on Vh. In addition, Ph

is a (uniform) preconditioner for εAh + Ch.
The BPV approach further modifies Ph by using another (sum of local

projections type) operator that avoids computing the action of Qk (hence
mass matrix inversion). In the BPV approach, the projections Qk − Qk−1
are replaced by (Q̃k − Q̃k−1)

2, where Q̃k is given by

(2.3) Q̃k vh :=

nk∑
i=1

(vh, ϕ
k
i )

(1, ϕk
i )
ϕk
i for all vh ∈ Vh,

where {ϕk
i , i = 1, 2, · · · , nk} is a basis for Vk.

2.3. A simplified BVP (sBVP) preconditioner. A more general form
of the preconditioner Ph is given by

Ph =
J∑

j=0

γj(Qj −Qj−1),

where γj is a positive real number for each j. We further note that by using
“summation by parts” for the general form of Ph, we obtain

Ph fh =
J∑

k=0

γk(Qk −Qk−1)fh

=

(
J∑

k=0

γkQk −
J∑

k=1

γkQk−1

)
fh

=

(
J∑

k=0

γkQk −
J−1∑
k=0

γk+1Qk

)
fh

= γJ fh +

J−1∑
k=0

(γk − γk+1)Qkfh.

We are able to further simplify the preconditioner Ph under three assump-
tions that are easily satisfied in our applications. We first assume that {γj}
is a decreasing sequence of positive numbers:

(A1) γ0 ≥ γ1 ≥ · · · ≥ γJ > 0.

Second, we let {Q̃k : Vh → Vk}, with k = 0, 1, · · · , J − 1, be any family of
linear operators satisfying

(A2) (Q̃kvh, wh) = (vh, Q̃kwh) for all vh, wh ∈ Vh,

and

(A3) c1(Qkvh, vh) ≤ (Q̃kvh, vh) ≤ c2(Qkvh, vh) for all vh ∈ Vh,



EFFICIENT SOLVERS FOR REACTION-DIFFUSION SINGULAR PROBLEM 5

where c1, c2 are positive constants independent of h. We define a new oper-
ator P̃h : Vh → Vh by

P̃h fh = λJ fh +
J−1∑
k=0

(γk − γk+1)Q̃kfh.

Lemma 2.1. Under the assumptions (A1), (A2) and (A3) we have that

(2.4) c1(Phvh, vh) ≤ (P̃hvh, vh) ≤ c2(Phvh, vh) for all vh ∈ Vh.
Consequently, if Ph is a uniform preconditioner for Ah, then P̃h is also a
uniform preconditioner for Ah.

Proof. First, we note that due to (A1) and (A2) we have that P̃h is a sym-
metric positive definite operator on Vh. Multiplying the inequalities in (A3)
by the appropriate positive scalars and summing up the new inequalities,
we obtain (2.4). �

2.4. Preconditioning the reaction diffusion problem. The standard
variational formulation of problem (1.1) is: Find u ∈ H1

0 (Ω) such that

ε(∇u,∇v) + (cu, v) = (f, v) for all v ∈ H1
0 (Ω),

where (·, ·) denotes the standard L2 inner product for scalar or vector func-
tions. We consider the nested sequence of spaces {Vk}k=0,J of continu-
ous piecewise linear functions associated with the uniformly refined meshes
{Tk}k=0,J on Ω, and define the operators

(Ahu, v) = (∇u,∇v) for all u, v ∈ Vh,
(Chu, v) = (cu, v) for all u, v ∈ Vh.

That is, Ah is the discrete Laplacian operator and Ch is the discretization
of the multiplication by the function c(x) operator. It is well known, see
[14, 15], that for λj = 1/h2j ≈ 4j we have

Lh :=

J∑
i=0

λj(Qj −Qj−1) ' AJ = Ah.

Using that
∑J

j=0(Qj − Qj−1) = I, for µj := c∗, where c∗ is any value in

[cmin, cmax], we obtain

Kh :=
J∑

j=0

µj(Qj −Qj−1) ' (c∗I) ' Ch.

Thus, the BPV preconditioner for εAh + Ch becomes

(2.5)

BBV P
J :=

J∑
j=0

(ε/h2j + c∗)−1(Qj −Qj−1)

= γJI +
J−1∑
j=0

(γj − γj+1)Qj ,
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where γj = (ε/h2j + c∗)−1.

It was proved in [14] that BBV P
J is a uniform preconditioner for εAh +Ch.

Using the family {Q̃k : Vh → Vk}k=0,J−1 defined in (2.3), with {ϕk
i , i =

1, 2, · · · , nk} the standard nodal basis on Vk, we can define the simplified
BPV (sBVP) preconditioner for the reaction diffusion problem

(2.6) BsBV P
J := γJI +

J−1∑
j=0

(γj − γj+1)Q̃j ,

where γj = (ε/h2j + c∗)−1. To prove that BsBV P
J is a uniform preconditioner

for εAh +Ch, we only need to check that (A1)− (A3) are satisfied. Assump-
tion (A1) is sataisfied as the function h → (ε/h2 + c∗)−1 is decreasing on

(0, 1]. From the definition of Q̃k in (2.3), one can easily verify (A2). We will
prove that (A3) holds next.

Lemma 2.2. Let {Vk}k=0,J be a nested sequence of spaces of continuous
piecewise linear functions associated with a set of quasi-uniform meshes
{Tk}k=0,J on Ω, and assume that Q̃k is defined as in (2.3). Then assumption

(A3) holds.

Proof. Define the diagonal matrix D with entries Dii = (1, ϕk
i ), and let M

be the mass matrix for the basis {ϕk
i , i = 1 : nk}. Using that the mesh Tk is

quasi-uniform (could be just locally), we obtain

(vh, vh) '
nk∑
i=1

(1, ϕi) v
2
h(zi) for all vh ∈ Vh,

where the uniformity constants are indepnedent of k. Here, zi corresponds
to the nodal function ϕk

i , i.e., ϕk
i (zj) = δij . This is equivalent to

(2.7) M ' D or D−1 'M−1,

which implies

MD−1M 'M.

From (2.3), we obtain

(Q̃k vh, vh) =

nk∑
i=1

(vh, ϕ
k
i )2

(1, ϕk
i )

=

nk∑
i=1

(Qkvh, ϕ
k
i )2

(1, ϕk
i )

.

Let Qkvh =
∑nk

j=1 α
k
i ϕ

k
j and α = (αk

j )j=1:nk
. Then, using MD−1M 'M ,

(Q̃k vh, vh) =

nk∑
i=1

(
∑nk

j=1 α
k
jϕ

k
i , ϕ

k
i )2

(1, ϕk
i )

= (D−1Mα,Mα)e ' (Mα,α)e,

where (·, ·)e is the Euclidian inner product. Since

(Mα,α)e = (Qkvh, Qkvh) = (Qkvh, vh),

assumption (A3) holds. �
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Remarks on the implementation of BsBV P
J are included in the Appen-

dix. Other related works on preconditioning singularly perturbed reaction-
diffusion problem can be found in [26] for the finite element discretization
on quasi-uniform meshes, where a more general Additive Schwartz precon-
ditioner is proposed, and in [30] for finite difference discretization on fitted
meshes, where a block-structured preconditioning approach is proposed.

3. The notation and the general SPLS approach

We now review the main ideas and concepts for the SPLS formulation,
discretization, and preconditioning of a general mixed variational formula-
tion. Let V and Q be Hilbert spaces and F ∈ V ∗. We are interested in
problems of the form: Find p ∈ Q such that

(3.1) b(v, p) = 〈F, v〉 for all v ∈ V,

where b(·, ·) is a continuous bilinear form on V ×Q satisfying the following
inf − sup condition on V ×Q:

(3.2) inf
p∈Q

sup
v∈V

b(v, p)

|v| ‖p‖
= m > 0.

We view Q, the trial space in (3.1), as a subspace of larger (host) space Q̃

and equip Q with the induced inner product and norm from Q̃. The extra
space Q̃ is needed for the SPLS non-conforming discretization. We assume
the inner products a0(·, ·) and (·, ·)Q̃ induce the norms | · |V = | · | = a0(·, ·)1/2

and ‖ · ‖Q̃ = ‖ · ‖ = (·, ·)1/2
Q̃

. We denote the dual of V by V ∗ and the dual

pairing on V ∗ × V by 〈·, ·〉. We further assume that b(·, ·) has a continuous

extension to a bilinear form on V × Q̃ satisfying

(3.3) sup
p∈Q̃

sup
v∈V

b(v, p)

|v| ‖p‖
= M <∞.

With the form b, we associate the operator B : V → Q̃ defined by

(Bv, q)Q̃ = b(v, q) for all v ∈ V, q ∈ Q̃.

In this paper, we assume that V0 := Ker(B) = {0}. Most of the consid-
erations in this section extend to a nontrivial kernel V0, see [9]. It is well
known that if a bounded form b : V × Q → R satisfies (3.2), then prob-
lem (3.1) has a unique solution, see e.g., [3, 4]. The standard saddle point
reformulation of (3.1) (see [10, 11, 12, 20]) is: Find (w, p) ∈ (V,Q) such that

(3.4)
a0(w, v) + b(v, p) = 〈F, v〉 for all v ∈ V,
b(w, q) = 0 for all q ∈ Q.
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3.1. The concept of optimal test norm. If we assume that Range(B) ⊂
Q and that the operator B : V → Q is injective (V0 = Ker(B) = {0}) then,
as in [16, 19, 20, 21, 25], we can define an equivalent norm on V

|v|opt := sup
p∈Q

b(v, p)

‖p‖
= sup

p∈Q

(Bv, p)

‖p‖
= ‖Bv‖Q = ‖Bv‖Q̃,

that is operator dependent. We will refer to this as the optimal test norm.
By replacing the form a0(·, ·) in (3.4) with the inner product induced by the
optimal test norm, i.e., aopt(u, v) := (Bu,Bv)Q, we obtain that both the
continuity constant M and the inf − sup constant m are equal to 1. Thus,
the stability (at the continuous level) of the new saddle point formulation is
optimal.

3.2. The abstract variational formulation at the discrete level. The
non-conforming (trial space) SPLS discretization of (3.1) is defined as a sad-
dle point discretization of (3.4) with Vh ⊂ V and with Mh a subspace of

Q̃, but in general not necessarily a subspace of Q. Assume that standard
discrete sup− sup and inf − sup conditions hold for the pair (Vh,Mh) with
constants Mh and mh respectively. The discrete mixed variational formula-
tion of (3.1) is: Find ph ∈Mh such that

(3.5) b(vh, ph) = 〈F, vh〉 for all vh ∈ Vh.

In general, this might not have a unique solution. However, discretization
of (3.4): Find (wh, ph) ∈ Vh ×Mh such that

(3.6)
a0(wh, vh) + b(vh, ph) = 〈F, vh〉 for all vh ∈ Vh,
b(wh, qh) = 0 for all qh ∈Mh,

always has a unique solution. The variational formulation (3.6) is the non-
conforming saddle point least squares (n-c SPLS) discretrization of (3.1).

Using (·, ·), another (weaker) inner product on V , we can define the dis-
crete operator Ah : Vh → Vh associated with the form a0(·, ·) on Vh by

(Ahvh, wh) = a0(vh, wh) for all vh, wh ∈ Vh
and the linear operators Bh : Vh →Mh and B∗h :Mh → Vh by

(Bhvh, qh)Mh
= b(vh, qh) = (B∗hq, vh) for all vh ∈ Vh, q ∈Mh.

The Schur complement of (3.6) is denoted by Sh = BhA
−1
h B∗h. In what

follows, Vh ⊂ V will be chosen as a standard conforming finite element space.
On the other hand, each choice of the space Mh, possibly non-conforming
to Q, leads to a new SPLS discretization for which ph ∈Mh ⊂ Q̃.

3.3. Constructing a discrete trial space from a general test space.
Let Vh be a finite element subspace of V . Following [8, 9], we provide a gen-
eral construction of discrete trial spaces Mh, defined using the operator B
associated with the original problem (3.1). Let M̃h ⊂ Q̃ be a finite dimen-
sional subspace equipped with the inner product (·, ·)h. The corresponding
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induced norm on M̃h will be denoted by ‖ · ‖h. Define the representation

operator Rh : Q̃→ M̃h by

(Rhp, qh)h := (p, qh)Q̃ for all qh ∈ M̃h.

In the case when (·, ·)h coincides with the inner product on Q̃, we have that

Rh is precisely the orthogonal projection onto M̃h. Since the space M̃h is
finite dimensional, there exist constants k1, k2 such that

(3.7) k1‖qh‖ ≤ ‖qh‖h ≤ k2‖qh‖ for all qh ∈ M̃h.

Using the operator Rh, we define Mh as

Mh := RhBVh ⊂ M̃h ⊂ Q̃.

The following proposition, see [4] and [9], gives a sufficient condition on Rh

to ensure that the family {(Vh, RhBVh)} is stable.

Proposition 3.1. Assume that

(3.8) ‖Rhqh‖h ≥ c̃ ‖qh‖ for all qh ∈ BVh,

with a constant c̃ independent of h. Then

(3.9) inf
ph∈Mh

sup
vh∈Vh

b(vh, ph)

|vh| ‖ph‖h
≥ c̃ m > 0,

vhere m is defined in (3.2).

As a consequence of Proposition 3.1, we have that (3.6) has a unique
solution (wh, ph) ∈ (Vh,Mh) and wh = 0. Regarding the approximability
property of the projection type trial space, the following proposition was
proved in [9].

Proposition 3.2. If p is the solution of (3.1) and ph is the second compo-
nent of the solution of (3.6), then

‖p− ph‖ ≤ C inf
qh∈Mh

‖p− qh‖,

whith C = 1 + 1
k1 c̃

, where k1 and c̃ were introduced in (3.7) and (3.8),
respectively.

Remark 3.3. The choice of M̃h is important. In practice Vh is a space
of continuous piecewise polynomials, and by applying the (differentiation)
operator B we obtain discontinuous functions. The representation operator
Rh : Q̃ → M̃h acting on BVh can be viewed also as a smoothing operator,
as the range M̃h is a subspace of Q̃ consisting of continuous functions. The
SPLS discretization with M̃h as trial space can be viewed as a (smoothing
type) recovery or post-processing process.
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3.4. An Uzawa CG iterative solver. Note that a global linear system
may be difficult to assemble when solving (3.6) on (Vh,Mh = RhBVh),
especially if the operator Rh involves a global projection. In this case, bases
for the trial spaces Mh might be difficult to find. One can solve (3.6) and
avoid building a basis forMh by using an Uzawa Conjugate Gradient (UCG)
algorithm.

Algorithm 3.4. (UCG) Algorithm

Step 1: Choose any p0 ∈Mh. Compute w1 ∈ Vh, q1, d1 ∈Mh by

a0(w1, vh) = 〈fh, vh〉 − b(v, p0) for all vh ∈ Vh,
(q1, q)h = b(w1, q) for all q ∈Mh, d1 := q1.

Step 2: For j = 1, 2, . . . , compute hj , αj , pj , wj+1, qj+1, βj , dj+1 by

(UCG1) a0(hj , vh) =− b(vh, dj) for all vh ∈ Vh

(UCGα) αj =− (qj , qj)h
b(hj , qj)

(UCG2) pj = pj−1 + αj dj

(UCG3) wj+1 = wj + αj hj

(UCG4) (qj+1, q)h = b(wj+1, q) for all q ∈Mh

(UCGβ) βj =
(qj+1, qj+1)h

(qj , qj)h

(UCG6) dj+1 = qj+1 + βjdj .

Remark 3.5. From (UCG4), we have that qj+1 = Bhwj+1. Thus, qj+1 can

be computed by inverting the Gram matrix corresponding to a basis of M̃h,
which in our applications is component-wise a space of continuous piecewise
linear functions. The Gram matrix corresponding to a basis ofMh = RhBVh
is not needed for the computation of qj+1 in (UCG4) or q1 in Step 1.

The main inversion needed at each step involves a0(·, ·) in Step 1 or
(UCG1). In operator form, these steps become

(3.10) w1 = A−1h (fh −B∗hp0), and hj = −A−1h (B∗hdj).

In order to build an efficient solver for (3.1), we modify Algorithm 3.4 by
replacing the action of A−1h with the action of a suitable preconditioner.

3.5. Preconditioning the SPLS discretization. We summarize a gen-
eral preconditioning framework to approximate the solution of (3.1) that is
presented in [5, 7]. We plan to combine this framework with the new con-
cept of optimal test norm. Let Ph : Vh → Vh be a general (preconditioing)
operator that is equivalent to A−1h in the sense that

(3.11) (Phfh, gh) = (fhPhgh) for all fh, gh ∈ Vh,
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and

(3.12) m2
1|vh|2 ≤ a0(PhAhvh, vh) ≤ m2

2|vh|2,
where the positive constants m2

1,m
2
2 are the smallest and largest eigenvalues

of PhAh, respectively. Condition (3.12) is equivalent with the fact that the
condition number of PhAh satisfies

(3.13) κ(PhAh) =
m2

2

m2
1

.

It was proved in [5, 7] that the saddle point discretization (3.6) would not
lose stability and approximability properties if κ(PhAh) is independent of h
and A−1h is replaced by Ph. The replacement of the action of A−1h leads to
solving

(3.14)
wh = Ph(fh −B∗hph),

Bhwh = 0.

The Schur complement associated with the modified problem (3.14) is

S̃h = BhPhB
∗
h.

The corresponding version of Algorithm 3.4 to solve (3.14) is the following
Uzawa Preconditioned Conjugate Gradient (UPCG) algorithm.

Algorithm 3.6. (UPCG) Algorithm for Mixed Methods

Step 1: Choose any p0 ∈Mh. Compute u1 ∈ Vh, q1, d1 ∈Mh by

u1 =Ph(Fh −B∗hp0)
q1 =Bhu1, d1 := q1.

Step 2: For j = 1, 2, . . . , compute hj , αj , pj , uj+1, qj+1, βj , dj+1 by

(PCG1) hj =− Ph(B∗hdj)

(PCGα) αj =−
(qj , qj)Q
b(hj , qj)

(PCG2) pj = pj−1 + αj dj

(PCG3) uj+1 = uj + αj hj

(PCG4) qj+1 =Bhuj+1,

(PCGβ) βj =
(qj+1, qj+1)Q

(qj , qj)Q

(PCG6) dj+1 = qj+1 + βjdj .

According to [7], the UPCG iterations pj converge to the solution ph of
(3.14), and the rate of convergence for ‖pj−ph‖S̃h

depends on the condition

number of S̃h that satisfies

(3.15) κ(S̃h) ≤ κ(Sh) · κ(PhAh).
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4. SPLS formulation for the reaction diffusion problems

In this section, we consider the SPLS discretization for the reaction dif-
fusion problem using an optimal test norm. The goal is to emphasize how
stability and approximability for the mixed formulation can be gained by
using the SPLS approach and provide a way of choosing appropriate pre-
conditioners to find an efficient iterative solver. In what follows, (·, ·) and
‖ · ‖ will denote the standard L2 inner product and norm, respectively.

To place equation (1.1) into the general SPLS framework, we define the

spaces V := H1
0 (Ω), Q̃ := L2(Ω) × L2(Ω)d, and Q as the graph of the

operator ε∇ : H1
0 (Ω)→ L2(Ω)d, i.e.,

Q := G(ε∇) =
{

( v
ε∇v ) | v ∈ H1

0 (Ω)
}
.

Since the operator ε∇ is bounded from H1
0 (Ω) to L2(Ω)d, the space Q is

closed by the Closed Graph Theorem. We define b : V × Q̃→ R as

b(v, ( q
q )) := (cq, v) + (q,∇v) for all v ∈ V, ( q

q ) ∈ Q̃,

and the linear functional F ∈ V ∗ as

〈F, v〉 := (f, v) for all v ∈ H1
0 (Ω).

With this setting, the SPLS formulation of (1.2) is: Find p = ( u
ε∇u ) ∈ Q

such that

b(v,p) = (cu, v) + (ε∇u,∇v) = (f, v) for all v ∈ V.

On Q̃, we consider the weighted inner product

(4.1) (( q
q ) , ( p

p ))Q̃ = (cq, p) + (ε−1q,p) := (q, p)c + (q,p)ε−1 ,

which gives us the corresponding norm

‖ ( q
q ) ‖Q̃ =

(
‖c1/2q‖2 + ‖ε−1/2q‖2

)1/2
.

The operator B : V → Q̃ is then given by

Bv = ( v
ε∇v ) for all v ∈ V.

We note that

V0 = Ker(B) = {v ∈ H1
0 (Ω) |Bv = 0} = {0}.

Thus, the optimal test norm on V is induced by the inner product

aopt(u, v) = (Bu,Bv)Q = (ε∇u,∇v) + (cu, v) for all u, v ∈ V,

which gives rise to the norm

|v|opt =
(
‖c1/2v‖2 + ‖ε1/2∇v‖2

)1/2
.
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In addition, according to Section 3.1, we have that the continuity constant
M of the bilinear form b and the inf − sup constant m are equal to 1. One
can also directly check that

(4.2) sup
v∈V

b(v, ( u
ε∇u ))

|v|opt
= ‖ ( u

ε∇u ) ‖Q,

for any ( u
ε∇u ) ∈ Q. While this does lead to optimal continuity and inf − sup

constants, inverting the operator associated with |·|opt coincides with solving
the original problem. Fortunately, at the discrete level we can replace the
action of the discrete operator corresponding to aopt(·, ·) by a preconditioner,
as presented in Section 2.

5. SPLS discretization for the Reaction Diffusion Problems

In this section, we outline choices for the test and trial spaces involved in
SPLS discretization. We take Vh ⊂ V = H1

0 (Ω) to be the space of continuous
piecewise linear polynomials with respect to the mesh Th vanishing on the
boundary of Ω. To construct a trial space Mh, as discussed in Section 3.3,
we first define M̃h ⊂ Q̃ = L2(Ω)× L2(Ω)d as

M̃h := Mh × εMh,

where Mh consists of continuous piecewise linear polynomials with respect
to the mesh Th (with no restrictions on the boundary) and Mh is the vector-
valued product space in which each component consists of continuous piece-
wise linear polynomials. Let {φ1, . . . , φN} denote a nodal basis for Mh with
respect to the mesh Th and {Φ1, ...,Φ2N} denote a nodal basis for Mh,
where Φj = (φj , 0)T and ΦN+j = (0, φj)

T for j = 1, . . . , N . Two different
choices the projection type trial space, based on the inner product chosen
for M̃h, are considered. More details about the construction of these trial
spaces can be found in [6].

For the first choice of projection trial space, we equip M̃h with the inner
product induced from Q̃. In this case, Rh is the orthogonl projection from
Q̃ onto M̃h, and we define the trial space as

Mh := R orth
h BVh,

where we use the notation R orth
h to signify equipping M̃h with the induced

inner product from Q̃.
For the second choice of projection trial space, we equip M̃h with an

inner product related to lumping the mass matrix. More precisely, for two
elements ( qh

qh ) , ( ph
ph ) ∈ M̃h, where

qh =
2N∑
i=1

αiεΦi, and ph =
2N∑
i=1

βiεΦi,
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we define

(( qh
qh ) , ( ph

ph ))h := (cqh, ph) +

2N∑
i=1

αiβi(1, εΦi).

In this case, the action of Rh : Q̃→ M̃h is given by

Rh

(
q
q

)
=

(
Qhq

Q lump
h q

)
,

where Qh : L2(Ω) → Mh is the orthgonal projection with respect to the
weighted inner product (·, ·)c and

Q lump
h q =

2N∑
i=1

(q, εΦi)ε−1

(1, εΦi)
εΦi =

2N∑
i=1

(q,Φi)

(1,Φi)
Φi.

We then define the trial space as

Mh := R lump
h BVh,

where we use the notation R lump
h to signify equipping M̃h with this type of

inner product. For the remainder of this section, we will write Rh without
the superscript for simplicity as the results hold for either choice of inner
product.

The discrete mixed variational formulation is: Find ph = RhBuh, with
uh ∈ Vh, such that

b(vh,ph) = (f, vh) for all vh ∈ Vh,

and the corresponding SPLS discretization, with optimal test norm, is: Find
(wh,ph = RhA∇uh) ∈ Vh ×Mh such that

(5.1)
aopt(wh, vh) + b(vh,ph) = (f, vh) for all vh ∈ Vh,
RhBwh = 0.

In the above problem, as mentioned we can replace the action of the discrete
operator corresponding to aopt(·, ·) by a preconditioner. The following result
regarding the stability of these spaces was proved in [6].

Theorem 5.1. Let Ω ⊂ R2 be a polygonal domain and {Th} be a family
of locally quasi-uniform meshes for Ω. For each h, let Vh be the space of
continuous linear functions with respect to the mesh {Th} that vanish on ∂Ω
and Mh = RhBVh. Then the family of spaces {(Vh,Mh)} is stable.

Remark 5.2. While the above result assumes Ω ⊂ R2 is a polygonal domain,
the result can be extended to polyhedral domains in R3.
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6. Numerical results

We considered equation (1.1) on the unit square with variable coefficient
c = 2(1 + x2 + y2) and f computed such that the exact solution is given by

u(x, y) = x(1− x)
(

1− e−y/
√
ε
)(

1− e(y−1)/
√
ε
)

+ y(1− y)
(

1− e−x/
√
ε
)(

1− e(x−1)/
√
ε
)
,

as considered in [28]. For this problem, the solution has boundary layers
on all sides of the unit square. The test space Vh =⊂ H1

0 (Ω) was chosen to
be the space of continuous piecewise linear polynomials with respect to the
mesh Th and Mh = RhBVh as described in Section 5. We used Algorithm
3.6 to solve (5.1) with two types of preconditioners: the sBPV preconditioner
introduced in Section 2.3 and a multigrid preconditioner with Gauss-Seidel
smoother. We applied the method on both a uniform mesh as well as a
Shishkin type mesh, introduced in [32]. Details on the implementation of
the sBVP preconditioner can be found in the Appendix.

For the Shishkin mesh, we followed the construction outlined in [31]. We
add it here for completion. We first assume the parameter N is an integer
multiple of 8. This refers to the number of mesh intervals in the x and
y directions. The mesh itself is the tensor product of two one-dimensional
Shishkin meshes Tx×Ty. The process for obtaining Tx (and Ty) is as follows.
The interval [0, 1] is first decomposed into three subintervals [0, λ], [λ, 1−λ],
and [1− λ, 1], where

(6.1) λ = min

{
1

4
, 2

√
ε

c∗
lnN

}
with 0 < c∗ < c.

The intervals [0, λ] and [1− λ, 1] are then partitioned into N/4 subintervals

of length
4λ

N
, while the interval [λ, 1−λ] is partitioned into N/2 subintervals

of length
2(1− 2λ)

N
. The triangular mesh is obtained by drawing diagonals

from the top left to bottom right of each quadrilateral.
In the case of the Shishkin mesh, we also measured the SPLS error in a

balanced norm instead of the norm on Q. This is due to the fact that for
small ε the L2 part of the norm on Q dominates, leading to an unbalanced
norm not adequate to accurately measure the error, see [29, 31]. More
precisely, in this case, we compute

Error :=
(
‖u− uh‖2 + ε1/2‖∇u−Rh∇uh‖2

)1/2
.

In the Shishkin mesh case, we used a stopping criteria of ‖qj‖Q ≤ 10−10

for 10−8 ≤ ε ≤ 10−4, and a stopping criteria of ‖qj‖Q ≤ 10−16 for 10−14 ≤
ε ≤ 10−10. In the case of a uniform mesh, we used a stopping criteria of
‖qj‖Q ≤ 10−8 for ε ≥ 10−6.
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Table 1 displays results using uniform meshes,Mh = R orth
h AVh, and both

the sBVP and multigrid preconditioners. For ε ≤ 10−3 it is shown that the
sBVP preconditioner retains a lower iteration count across all levels. The
loss of order for small ε in the uniform mesh case is due to the boundary
layers and would need further refinements to resolve them.

Lev/ε
10−1 10−2 10−3

Error Order (a) (b) Error Order (a) (b) Error Order (a) (b)
1 0.0511 - 6 6 0.0866 - 5 6 0.1490 - 3 5
2 0.0146 1.81 16 21 0.0260 1.74 9 14 0.0680 1.13 5 7
3 0.0041 1.85 30 34 0.0072 1.85 17 25 0.0248 1.46 7 11
4 0.0011 1.88 57 53 0.0019 1.92 31 40 0.0074 1.75 12 20
5 0.0003 1.90 98 81 0.0005 1.95 57 61 0.0020 1.89 22 34
6 7.9e-05 1.92 152 76 0.0001 1.96 99 85 0.0005 1.96 40 53
7 2.1e-05 1.92 215 72 3.2e-05 1.97 150 82 0.0001 1.99 71 76
8 6.1e-06 1.76 220 49 8.4e-06 1.95 190 58 3.2e-05 2.00 108 89

Lev/ε
10−4 10−5 10−6

Error Order (a) (b) Error Order (a) (b) Error Order (a) (b)
1 0.1820 - 3 3 0.1920 - 2 2 0.1960 - 2 2
2 0.1090 0.74 3 5 0.1250 0.62 2 4 0.1290 0.60 2 4
3 0.0605 0.85 4 6 0.0820 0.61 3 5 0.0889 0.54 2 5
4 0.0270 1.16 5 8 0.0505 0.70 3 5 0.0607 0.55 2 5
5 0.0092 1.56 7 13 0.0267 0.92 4 7 0.0395 0.62 3 5
6 0.0026 1.81 14 25 0.0108 1.30 5 9 0.0234 0.76 3 6
7 0.0007 1.92 25 41 0.0034 1.66 8 17 0.0114 1.04 4 8
8 0.0002 1.98 45 62 0.0009 1.86 16 30 0.0042 1.44 5 10

Table 1: Uniform, Mh = R orth
h BVh (a)It-sBPV (b)It-mgGS

Tables 2 and 3 display results using Shishkin type meshes and the sBVP
preconditioner along with both types of trial spaces outlined in Section 5.
Here, N is related to the level according to Level = log2(N)− 1. According
to [29, 31], standard Galerkin methods for (1.2) lead to a covergence rate
of O(N−1 lnN) using piecewise linear approximation. As shown in Tables
2 and 3, we obtain a convergence rate of O

(
(N−1 lnN)2

)
using the SPLS

method. The numerical tests appear to show that in the case of Shishkin
meshes, the sBVP preconditioner appears to be robust with respect to ε for
a fixed stopping criteria. In addition, one notable advantage of the precon-
ditioner outlined in this paper is ease of implementation. All of the required
parameters and matrices needed to implement the sBVP preconditioner,
given in (8.3) or (8.4), are naturally computed in a standard implementa-
tion aside from the matrix that relates bases between spaces.

We mention here that, for the sBPV preconditioner on a Shiskin mesh, we
took adavantage of the fact that the Shiskin mesh is topologically equivalent
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with a uniform mesh. We used a piecewise linear bijection (in each direction)
to shift the uniform nodes to the Shiskin nodes. For the implementation
of sBPV on Shiskin meshes, we used the same extension and restriction
operators as in the case of uniform refinement. We plan to investigate the
convergence of the new sBVP preconditioner on nonuniform refinements
with suitable extension and restriction operators in a future work. This
seems to be a challenging problem by itself and, by the best knowledge of
the authors, has not been addressed in the case of Shiskin refinements or
more general cases of fitted meshes.

Remark 6.1. All numerical tests performed with the sBVP preconditioner
used the preconditioner given by (8.3) as it results in a lower iteration count.
At the expense of a slight increase in iteration count, the form given by (8.4)
can be implemented to reduce the computational time.

Lev/ε
10−4 10−6 10−8

Error Order It Error Order It Error Order It
1 0.2030 - 4 0.1970 - 3 0.1970 - 2
2 0.1570 0.89 5 0.1540 0.86 5 0.1540 0.86 4
3 0.1020 1.06 7 0.1020 1.03 6 0.1020 1.03 6
4 0.0539 1.36 11 0.0538 1.35 10 0.0538 1.35 9
5 0.0226 1.70 18 0.0226 1.70 17 0.0226 1.70 15
6 0.0079 1.94 30 0.0079 1.95 30 0.0079 1.95 28
7 0.0025 2.04 50 0.0025 2.04 55 0.0025 2.04 51
8 0.0008 2.05 88 0.0008 2.05 101 0.0008 2.05 95

Lev/ε
10−10 10−12 10−14

Error Order It Error Order It Error Order It
1 0.1970 - 3 0.1970 - 3 0.1970 - 2
2 0.1540 0.86 7 0.1540 0.86 7 0.1540 0.86 6
3 0.1020 1.03 11 0.1020 1.03 10 0.1020 1.03 9
4 0.0538 1.35 17 0.0538 1.35 16 0.0538 1.35 15
5 0.0226 1.70 28 0.0226 1.70 27 0.0226 1.70 25
6 0.0079 1.95 50 0.0079 1.95 47 0.0079 1.95 45
7 0.0025 2.04 90 0.0025 2.04 86 0.0025 2.04 83
8 0.0008 2.05 166 0.0008 2.05 159 0.0008 2.05 153

Table 2: Shishkin, Mh = R orth
h BVh

7. Conclusion

We presented a preconditioning technique for the singularly perturbed
reaction diffusion problem. We considered the concept of saddle point refor-
mulation of the problem and the concept of optimal test norm as presented
in [24, 27]. We showed the performance of our approach on a combination of



18 CONSTANTIN BACUTA, DANIEL HAYES, AND JACOB JACAVAGE

Lev/ε
10−4 10−6 10−8

Error Order It Error Order It Error Order It
1 0.2200 - 3 0.2140 - 3 0.2130 - 2
2 0.1800 0.70 4 0.1790 0.61 4 0.1790 0.60 4
3 0.1280 0.84 6 0.1280 0.84 6 0.1280 0.84 5
4 0.0776 1.07 8 0.0776 1.06 8 0.0777 1.06 7
5 0.0370 1.45 13 0.0369 1.45 12 0.0370 1.45 11
6 0.0138 1.84 24 0.0137 1.84 21 0.0137 1.84 20
7 0.0044 2.05 48 0.0043 2.06 39 0.0043 2.06 36
8 0.0013 2.08 100 0.0013 2.09 71 0.0013 2.09 67

Lev/ε
10−10 10−12 10−14

Error Order It Error Order It Error Order It
1 0.2130 - 3 0.2130 - 3 0.2130 - 2
2 0.1790 0.60 6 0.1790 0.60 6 0.1790 0.60 6
3 0.1280 0.84 9 0.1280 0.84 8 0.1280 0.84 8
4 0.0777 1.06 13 0.0777 1.06 12 0.0777 1.06 11
5 0.0370 1.45 21 0.0370 1.45 19 0.0370 1.45 18
6 0.0137 1.84 35 0.0137 1.84 34 0.0137 1.84 32
7 0.0043 2.06 64 0.0043 2.06 116 0.0043 2.06 58
8 0.0013 2.09 118 0.0013 2.09 113 0.0013 2.09 108

Table 3: Shishkin, Mh = R lump
h BVh

two projection trial spaces and two different preconditioners that efficently
cover a wide range of the parameter ε. The method is also robust with
respect to ε. The efficiency of the Uzawa preconditioned CG solver depends
on the robustness and efficiency of preconditioners for the discrete optimal
norm on the test space Vh. For quasi-uniform meshes, we introduced a
simplified version of the Bramble-Pasciak-Vassilevski preconditioner. The
numerical experiements demonstrate the preconditioner performs well even
in the case of Shiskin type refinements. In the case of Shishkin meshes, we
obtain higher order approximation of the gradient of the solution.

8. Appendix: A note on sBVP implementation

Using the (·, ·) inner product on Vh, we can identify V ∗h with Vh. The
implementation of the sBVP preconditioner defined in (2.6) is done by com-
puting the coordinate vector of the action of BsBV P

J on dual vectors. To be

more precise, let Mk be the mass matrix for the basis {ϕk
i , i = 1 : nk}, and

let Dk be the diagonal matrix with entries Dii = (1, ϕk
i ). We define Ek to

be the nJ × nk matrix that relates the bases on Vk and VJ . That is, for the
bases {ϕk

i , i = 1 : nk} of Vk and {ϕJ
i , i = 1 : nJ} of VJ , we have

(8.1) (ϕk
1, ϕ

k
2, . . . , ϕ

k
nk

)T = ET
k (ϕJ

1 , ϕ
J
2 , . . . , ϕ

J
nJ

)T .
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For fh ∈ Vh, the (dual) vector in Rnk is defined by

fh
∼k

:= ((fh, ϕ
k
1), (fh, ϕ

k
2), . . . , (fh, ϕ

k
nk

))T .

For wh =
∑nk

i=1 α
k
i ϕ

k
i ∈ Vk ⊂ Vh, the coordinate vector in Rnk is denoted by

∼k
wh := (αk

1 , α
k
2 , . . . , α

k
nk

)T .

Using (8.1) it is easy to check that

(8.2) fh
∼k

= ET
k fh
∼J

, and
∼J
wh = Ek

∼k
wh,

and by letting wh := Q̃k fh, we have, due to (2.3) and (8.2),
∼J
wh = EkD

−1
k ET

k fh
∼J

.

To obtain the contribution of γJI in (2.6), we note that
∼J

fh = M−1J fh
∼J

.

Thus, the matrix version of (2.6) is given by

(8.3) BsBV P
J fJ

∼
= γJM

−1
J fJ
∼

+

J−1∑
j=0

(γj − γj+1)EjD
−1
j ET

j fJ
∼
.

To avoid mass matrix inversion, we can use the equivalence (2.7) and further
simplify sBV P to the (matrix) version

(8.4) BsBV P
J fJ

∼
= γJD

−1
J fJ
∼

+

J−1∑
j=0

(γj − γj+1)EjD
−1
j ET

j fJ
∼
.

This way, we avoid mass matrix inversion and the iterative process is faster.
We note that the matrix version of (2.5) just uses Mj instead of Dj in (8.4).
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